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FIFTH INTERNATIONAL CONFERENCE ON IONIZATION PHENOMENA IN GASES 
28 Aucust — 1 SEPTEMBER, 1961, Municn, FEDERAL REPUBLIC OF GERMANY 


Sponsored by: Verband Deutscher Physikalischer Gesellschaften, 
FachausschuB Plasma- und Gasentladungsphysik 
(The Association of German Physical Societies, Special Committee for Plasma and 
Gas Discharge Physics) 
For information write to: Sekretariat, Fiinfte Internationale Konferenz tiber Ionisationsphainomene in Gasen 
Oskar-von-Miller-Ring 18, Munich I, Federal Republic of Germany 
Scope: Experimental and theoretical problems in 
fundamental processes in gas discharges (shock processes, radiation, general plasma 
physics, transport phenomena, surface effects, magnetohydrodynamics) ; 
discharge types (glow discharge, arc, shock discharge, high-frequency discharge) ; 
diagnostic methods (spectroscopy, shock waves, microwaves) ; 
applications. 
Manuscripts due by: 1 April 1961 


CONFERENCE ON PLASMA PHYSICS AND CONTROLLED NUCLEAR FUSION RESEARCH 
4 —8 SEepreMBER, 1961, SatzBpurG, AUSTRIA 


Sponsored by: International Atomic Energy Agency 
For information write to: Conference on Plasma Physics and Controlled Nuclear Fusion 
International Atomic Energy Agency 
Keerntnerring 11, Vienna I, Austria 
Scope: General theory of plasma and mathematical methods in research motivated by controlled nuclear 
fusion interest ; 
Experimental and theoretical problems in 
plasma confinement, stability, oscillations and turbulence; 
plasma compression, heating and acceleration; 
shock waves in plasma; 
interaction of particles and electromagnetic waves with plasma; 
plasma waves and radiation. 
Manuscripts: Abstracts due by 15 May 1961 and papers due by 1 July 1961 


CINQUIEME CONFERENCE INTERNATIONALE SUR LES PHENOMENES D’IONISATION DANS 
LES GAZ 


28 Aotvr ler SEPTEMBRE 1961, Municn (REPUBLIQUE FEDERALE D’ALLEMAGNE) 





eo Organisateur: Verband Deutscher Physikalischer Gesellschaften, Fachausschu8B Plasma- und Gas- 
entladungsphysik (Association des sociétés de physique d’Allemagne, Commission 
spéciale pour la physique des plasmas et des décharges dans les gaz) 
Pour tous renseignements, écrire au 
Sekretariat, Fiinfte Internationale Konferenz tber Ionisationsphinomene in Gasen 
Oskar-von-Miller-Ring 18, Munich I (République fédérale d’Allemagne) 
Théme: Recherche pure et appliquée dans les domaines suivants: 
processus fondamentaux de la décharge dans les gaz (processus de choc, rayon- 
nement, physique générale des plasmas, phénoménes de transport, effets de surface, 
magnétohydrodynamique), 
types de décharge (décharge luminescente, décharge d’arc, décharge de choc, 
décharge de haute fréquence), 
méthodes d’investigation (spectroscopie, ondes de choc, micro-ondes), 
applications. 
Date limite de réception des manuscrits: 1¢? avril 1961. 
, - 
CONFERENCE SUR LA PHYSIQUE DES PLASMAS ET LA RECHERCHE CONCERNANT LA FUSION 
NUCLEAIRE CONTROLEE 
a 4 8 SEPTEMBRE 1961, SALZBOURG (AUTRICHE) 


Organisateur: Agence internationale de l’énergie atomique 
Pour tous renseignements, écrire & 
Conférence sur la physique des plasmas et la recherche 
concernant la fusion nucléaire contrdélée 
Agence internationale de l’énergie atomique 
Kaerntnerring 11, Vienne I (Autriche) 
Théme: Théorie générale du plasma et méthodes mathématiques de recherche sur la fusion nucléaire con- 
trdlée ; 
Problémes théoriques et expérimentaux que posent 
le confinement, la stabilité, les oscillations et la turbulence du plasma; 
la compression, le chauffage et l’accélération du plasma; 
les ondes de choc dans le plasma; 
linteraction des ondes électromagnétiques et particules et du plasma; 
les ondes et rayonnements du plasma. 
Date limite de réception des manuscrits: 15 mai 1961 pour les résumés, 1¢" juillet 1961 pour les mémoires. 











NATAA MEKIYHAPOJHAA KOH®EPEHIINVA TO ABJIEHUAAM WOHH3ALIMUN B TA3AX 
28 ABrYCTA — | CEHTABPA 1961 TOA, MFOHXEH, PEJIEPATMBHAA PECIIYBJIUKA TEPMAHHA 


Opranu3atop: Verband Deutscher Physikalischer Gesellschaften, Fachausschu8 Plasma- und Gas- 
entladungsphysik 
(CneunanbHbii KOMHTeT NO @H3KKe Mia3MeHHbIX WH Fa30BbIX pa3pagaoB AccounalHu rep- 
MaHCKHX (H3H4eCKHX OGIeCTB). 

3a nHdopMaunei npocbG6a oGpaulaTeca moO apecy: 
Sekretariat, Fiinfte Internationale Konferenz tiber Ionisationsphinomene in Gasen 
Miinchen I., Oskar-von-Miller-Ring 18, Bundesrepublik Deutschland 

Tema KOHdepeHUHH: DKCHepHMeHTasIbHbie KH TeopeTHYecKHe MpoGseMbI, B YaCTHOCTH: 
OCHOBHBIe MpOLecchI B ra30BbIx pa3padax (MpOWeCchl CTOKHOBeHHA, PaanalluA, OOWaA u3HKa 
111a3Mbl, ABJICHHA NepeHOca, NOBepXHOCTHbie 3pdeKTbI, MaTHHTOrHApOAMHaMHka) ; 
THMbI pa3panoB (TNerOWHK pa3pand, AyroBO pa3pad, yapHble pa3pAbl, BbICOKO-YaCTOTHbiIe 
pa3psbI); 
MeTOJIbI H3MepeHHA (CNEKTPOCKONMMA, YUaPHbie BOJIHbI, CAHTHMETPOBbIe BOJIHbI); 
mpakTH4¥ecKoe MpHMeHeHne. 

Jlata nmpenctapnenua goKnanos: n0 | anpensa 1961 r. 


KOH®EPEHLUNA MO UCCJIEMOBAHUAM B OBJIACTH ®H3KKH TJIA3MbI UW YMPABJIAEMOTO 
AMEPHOTO CHUHTE3A 


4—8 CEHTABPA 1961 TOA, 3AJIBLIBYPT, ABCTPUA 


OpraHu3aTop: MexayHapoaHoe areHTCTBO NO aTOMHOM 9HEprHH 
3a HHdopMaunei npocb6a oOpauiaTeca mo ampecy: 
KondepexHuna no Kcce2OBaHHAM B OOacTH PH3KKH M11a3MbI HM YpaBsIAeMOFO ADEPHOTO CHHTE3=a, 
MexkayHaponHoe areHTCTBO NO aTOMHOM 3HeprHH KepxHTHeppuur 11, Bena I, Asctpua 
Tema kondepenunu: OG6uias Teopus m1a3MbI KH MATEMaTHY4eCKHe METOJIbI, IIPHMeHAeMBbIe B HCCC OBaHHAX B OGaCcTH 
ynpaBseMoro AepHOrO CHHTe3a. 
OKCNepHMeHTaJIbHbie H TeOpeTHYecKHe MpoOseMBbI: 
ylepxuBaHHe, ycTOM4nBOcTb, kKoneOaHHa HK TypOyNeHTHOCTb ma3MbI; 
cxKaTHe, HarpeBaHHe HW yCKOpeHHe Mm1a3MbI; 
BO3NeHCTBHE yapHOH BOHbI Ha ma3mMy; 
B3aHMOeCHCTBHE YaCTHLL HW 3ICKTPOMArHHTHBIX BOJIH C N1a3MOn; 
BOJIHOBbI€ ABJICHHA B Ta3Me KH PadwallHun. 
lata npeactaBneHua aHHoTaunii: no 15 mas 1961 r., noKknanoB nO | Hons 1961 r. 


QUINTA CONFERENCIA INTERNACIONAL SOBRE FENOMENOS DE IONIZACION EN LOS GASES 
28 pE Aaosto AL 1° DE SEPTIEMBRE DE 1961, Municu (REPUBLICA FEDERAL DE ALEMANIA) 


Patrocinada por la «Verband Deutscher Physikalischer Gesellschaften, FachausschuB Plasma- und 
Gasentladungsphysik» 
(Federacién de Sociedades de Fisica Alemanas, Comisién especial de fisica del 
plasma y de descargas en los gases) 
Para obtener informes, escribase a: Sekretariat, Fiinfte Internationale Konferenz iiber Ionisationsphiino- 
mene in Gasen 
Oskar-von-Miller-Ring 18, Munich I, Republica Federal de Alemania 
Temario Problemas experimentales y tedricos referentes a: 
procesos fundamentales de descargas en los gases (procesos de choque, radiacion, fisica 
generaldel plasma, fenédmenosde transporte, efectos desuperficie, magnetohidrodinamica), 
tipos de descarga (luminiscentes, en arco, de choque, y de alta frecuencia), 
métodos de diagndéstico (espectroscopia, ondas de choque, microondas), 
aplicaciones. 
Presentacién de manuscritos: hasta el 1° de abril de 1961. 


CONFERENCIA SOBRE LAS INVESTIGACIONES EN MATERIA DE FISICA DEL PLASMA Y FUSION 
NUCLEAR CONTROLADA 


4 AL 8 DE SEPTIEMBRE DE 1961, SaLzBuRGO (AUSTRIA) 


Patrocinada por el Organismo Internacional de Energia Atémica 


Para obtener informes, escribase a: Conferencia sobre las investigaciones en materia de fisica del 
plasma y fusién nuclear controlada 
Organismo Internacional de Energia Atémica 
Kaerntnerring 11, Viena I, Austria 
Temario Teoria general del plasma y métodos matematicos empleados en las investigaciones moti- 
vadas por el interés que suscita la fusién nuclear controlada 
Problemas experimentales y tedricos referentes a: 
confinamiento, estabilidad, oscilaciones y turbulencia del plasma, 
compresion, calentamiento y aceleracién del plasma, 
ondas de choque en el plasma, 
interaccién de particulas y ondas electromagnéticas con el plasma, 
ondas de plasma y radiaciones. 
Presentacién de manuscritos : Restimenes, hasta el 15 de mayode 1961 y memorias, hastael 1° de julio de 1961. 
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STATISTICAL THERMODYNAMICS OF PLASMAS* 


H.S. GREEN 


UNIVERSITY OF ADELAIDE, SouTH AUSTRALIA 


A systematic method for the computation, with arbitrary accuracy, of the thermodynamic 
functions of a gaseous plasma is developed from first principles. The theory of the grand partition 
function is used to derive a set of exact integral equations, which determine the electronic and 
ionic distribution functions. An approximate solution of these equations yields results similar to 
those of the Debye-Hueckel theory of electrolytes. More exact solutions are developed and used 
to compute the equation of state and other thermodynamic functions for plasmas. 


1. Introduction 


For the investigation of many problems of plasma 
physics, it is necessary to know the equation of state, 
and often also the specific heat of an ionized gas. 
In the literature, see, e. g. SprTzeR [1], it is usually 
assumed that a gaseous plasma behaves thermo- 
dynamically like a perfect gas. It is, of course, certain 
that, at sufficiently low densities, the perfect gas 
laws are very closely obeyed by un-ionized gases, 
where, on account of the low collision frequency, 
the effect of interactions between the gas molecules 
van be neglected. The major corrections can, if 
necessary, be calculated and are proportional to the 
square of the density. But in ionized gases it is very 
much less certain that the perfect gas laws are appli- 
cable as a good approximation. Owing to the slow 
rate of attenuation of the Coulomb forces with 
distance, the interactions between electrons and ions 
do not become negligible in a plasma, even at very 
low densities. It seems that the use of the perfect 
gas laws is tolerated in plasma physics at present 
mainly because no reliable alternative has yet been 
found. 

The development of an exact statistical thermo- 
dynamics of plasmas does, in fact, present considerable 
difficulties which have not yet been fully overcome. 
The well-known method found by UrRsE.i [2], 
MAYER [3] and others for developing thermodynamic 
functions in powers of the density fails at the outset 
because the definite integrals representing the virial 
coefficients all diverge. The reasons for the divergence 
of the integrals have been discussed by the author 
in a recent paper [4], where the attempt was also made 
to adapt the theory of the grand partition function, 
at least in its formal aspects, to ionized systems. 
What is still lacking is a practical and systematic 
method of successive approximations for calculating 
the thermodynamic functions, and this it is the purpose 
of the present paper to provide. 

Before going any further, it should be mentioned 
that an approximate method of dealing with ionized 
systems was found many years ago by DeBye and 
Hvuecket [5], and has been very successful in its 


application to electrolytes. According to the Debye- 
Hueckel theory, the Coulomb forces between the ions 
in an electrolyte are not effective beyond a certain 
distance (of the order of the Debye shielding distance), 
but are screened by an accumulation of charge of 
the opposite sign around an ion, in its electrolytic 
environment. The Debye-Hueckel theory is based on 
approximations which are recognized as rather crude 
by modern standards, but, in its essentials, it appears 
to give a reasonable qualitative and quantitative 
account of the thermodynamics of electrolytes. There 
is no difference between a gaseous plasma at high 
temperatures and the dilute plasma found in electro- 
lytic solutions that would preclude the application of 
the theory, as a first approximation, to ionized gases. 
Consequently, the real question is: how good is this 
approximation, and can anything be done to improve 
on it? 

The Debye-Hueckel theory incorporates two distinct 
approximations, one of amathematical kind appropriate 
to high temperatures, and the other of a statistical 
nature. The mathematical approximation, in which 
the Boltzmann factor exp (—/¢q) is replaced by 1—fq, 
where 6—1/kT and @ is the inter-ionic potential, 
can be improved or even avoided altogether, as 
MUELLER [6] and GRoNWALL [7] were the first to 
show. The statistical approximation, however, is 
essential to the method, and can only be avoided by 
a radical reformulation of the theory. Attempts to 
put the Debye-Hueckel theory on a rigorous statistical 
mechanical basis have been made, with some success, 
during the past decade, notably by Krrkwoop and 
PorRIER [8], STREL’TSOVA [9], SALPETER [10], and 
VEDENOV [11]. While differing widely in method, 
these various approaches have shown the possibility 
of overcoming the difficulties mentioned and finding 
the thermodynamic functions of a plasma more 
accurately than before. The present paper may be 
regarded as a further refinement of this work. 

The author has been considerably influenced by 
the analogy between plasma theory and the theory 
of liquids. In each instance, difficulties arise because 
every particle is in interaction with many other 
particles, in a disordered state. This analogy has 


* Work supported in part by United States Navy Contract No. N60530—5600. 
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also suggested to Yvon [12] the possibility of applying 
techniques similar to those devised for the theory 
of liquids, see e.g. GREEN [13]. Yvon’s method is 
based on two approximations: the “superposition 
approximation” of KtrKwoop [14], and a linearization 
approximation. But clearly it should be possible to 
exhibit the Debye-Hueckel theory as a first approxi- 
mation in an exact development of the thermo- 
dynamics of plasmas. Such a development will, in 
fact, be unfolded in the present paper. 

Kirkwood’s superposition approximation is, in the 
author’s opinion, a good one which would not be 
an important source of error. To remove any cause 
for doubt, however, it has been avoided by taking 
as the starting point a set of exact integral equations 
found by Mayer [15]. Mayer’s notation is rather 
complex and differs from that used here, and for 
this reason a brief derivation of the basic equations 
is set out in Section 3 below. Another discussion 
of the same equations has been published by 
Kirkwoop [16]. To the author’s knowledge, no 
systematic method for solving Mayer’s equations has 
yet been proposed, and a new method has therefore 
been devised for the purpose, which is explained in 
detail in Sections 3 to 5. Finally, in Section 6 some 
useful approximations to the thermodynamic functions 
are obtained, valid for a gaseous plasma at low 
densities. More exact formulas are also provided, but 
require a good deal of numerical computation to 
evaluate. (It is hoped to present some tables in a future 
publication). 


2. Basie equations 


Throughout most of this paper, the validity of 
classical mechanics is assumed. Quantum-mechanical 
effects are, in fact, known to be unimportant in 
gaseous plasmas, except for the electrons at temper- 
atures below 104 °K, and even there computed cor- 
rections to the classical thermodynamic functions are 
available, see, e.g. ScHRODINGER [17]. There is, 
however, one aspect of quantum-mechanical theory 
which cannot be ignored, i.e., the existence of a 
lower bound to the energy of a system of charges 
of opposite sign. This has to be taken into account 
in a classical theory by “cutting off” the attractive 
Coulomb interaction at short distances. Thus, while 
the mutual potential energy of two charges e, and 
e» of the same sign is 


Pab (1) (€aep > 0) (1) 


where r is the distance between them, it will be 
assumed for charges of opposite sign that 


€a ep/r 


Pab (r) = (€aev/r) [1 — exp (— r/oav)] (€aeo<9), (2) 


where @ap is of the order of the radius of the smallest 
Bohr orbit. Explicitly, 


Oab = — 2h? (ma + mp)/(ma ms ea ev) (3) 


where ma, is the mass of the charge éq. 
As gap is always small compared with other 
characteristic lengths in a plasma, this modification 
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of the attractive Coulomb interaction has little effect 
for “ordinary” values of r. Its importance lies in 
the fact that, according to Eq. (2), the energy of a 
pair of opposite charges cannot be less than eaep/Qa», 
which is exactly the quantum-mechanical lower bound. 

The model for a plasma will then be a collection 
of charged particles which, in a particular state, will 
consist of N, electrons (charge e,=e), N, ions of a 
particular kind (charge e,= —qe where q is an 
integer) and possibly N,, N,, ... ions of other kinds. 
To prevent these particles from spreading over the 
whole of space, it is supposed that they are contained 
within a region of volume 2 by a wall (e. g., by a 
very strong magnetic field) which they cannot pene- 
trate. This wall may be idealized as a potential barrier 
of extreme height. There is no harm in supposing 
the existence of a slowly varying external electric 
field as well. A particle will therefore have a potential 
energy a, depending on its charge type and position, 
as well as an interaction energy due to other particles. 
The positions of the particles of the a charge type 
in a particular configuration are denoted by Xa, Xa’, 
X,’’, ... and the total potential energy of the system 


of N (V=N,+N,+...) particles is then 
l : 
Pn av (Xa!) + 2 D> Gab (Xd, Xp’). (4) 
i i,j 


When the temperature 7'=1/(k 8) and the chemical 
potentials 4,, w.... of the various charge species are 
fixed, the probability that the plasma has N, electrons, 
at the points x,, x’;,..., N, ions of charge e,, at the 
points X,, X,’,..., ete., is proportional to 


exp [6 (Ny, 4 B Py). 


Thus, the probability of finding N, electrons, NV, ions 
of charge e,, etc., in the plasma (irrespective of po- 
sitions) is 


Noftet+---) 


Py=(ZN,!N,!...) exp [8 (Nym,+Neu.+..-)] 
: fexp (— B Dy) dXn (5) 
where dXy = dx, dx,’...d x, dx,'..., and the inte- 


grations with respect to all co-ordinates are from 
+ co. The constant Z is determined by the 


condition y Pn=1, i.e., 


— co to 


Z— J" (Ny! N,!...)- exp [B (Nii + Nome +---)] 
N 


< [exp (—B ®n) dXn, (6) 


where the summation is over all values of N,, N,.... 
etc., from 0 to oo. There is a relation between Z 
and the pressure P, in the absence of external forces: 


Z—exp (PPV). (7) 


If nadXq is the probability of finding a particle 
of the a-th kind in the volume element dx, at the 
point Xa, ma(Xa) is the number density of particles 
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of the a-th kind at the point Xx, and the total charge 
density at the point x is 


€ (X) =e, m, (X) +, My (X)+.... (8) 


In the absence of external forces, this will vanish 
in a neutral plasma, and the number densities n 
will be constants, so that 


€, My +eg Net... =90. (8a) 


One has 
Zna= 3 Na(Ny!N,!...)exp[B(N yi + Nome +---)] 

N 
|exp (— 6 ®y) dXn-1, (9) 


where the integrations are now carried out over 
all co-ordinates except Xa, for a single particle of 
the a-th kind. Similarly, if map dXadx,’ is the pro- 
bability of finding a particle of the a-th kind in the 
volume element dx, at the point x,, and a particle 
of the b-th kind in the volume element dx,’ at the 
point x,’, so that ma» is a pair density, or a joint 
distribution function, 


Znav = 3" Na (No — dav) (Ny! N,!...)74 
N 


.. fexp( B®n)dXn-2, 
(10) 


. WK exp[B(N uy + Nome + 


where now the integration over the co-ordinates X,’, 
as well as X,, is omitted. One can define and express 
joint distribution functions nap., Nabed, ete., inasimilar 


way. 
The thermodynamic functions 
Za = exp (f fa) (11) 
are the activities of the various charge species. If Z 
is expressed as a function Z(f,2z,,2,,...) of the 


inverse temperature # and the activities, it follows 
readily from Eqs. (6), (9), (10), ete., that 


Za OZ ( 
- Nad X, 
Z Oz b aes . 
— 27 -p 
Za Cc ‘4 - - 5 
- ‘ r | | Nap d Xad Xp (12) 
Z 2a 0% aa 


etc. All the derivatives of Z with respect to the za 
can be expressed in this way. 
From Eq. (7) it then follows that 


B V2a(@P/@ 2a) (1, dXa 
B Vza2 (@P/éza 0%) =| [lavdXadxy (13) 


etc., where /,, 1a», ete., are defined by 


na=l, 
Nab lab tT la l, (14) 
la: l, T ly. la T la l, I, 


Nab. law. T lab lL. T 


and, in general, every partition of the suffixes a, b, c 
etc., is represented by a term on the right-hand side. 
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The functions /,5, lao, ete., have the property that 
they approach the value zero whenever two of the 
positions Xa, Xp, X; are so far apart that they are no 
longer correlated. 

Since P=0 when all the activities z, are zero, it 
follows from Eq. (13) that 


BPV=S (lad Xe 


> if [ (lercd Xad Xo X —..... (15) 


7 > ( (ts d Xad Xp 


a,b 


This is an expansion which can be used to compute 
the equation of state of the plasma; it is, as Kirkwood 
has pointed out [13], quickly convergent even when 
the densities are not small. If one neglects las, las, 


etc., one obtains the perfect gas law £ P > bai to 


a 
find the major corrections to the perfect gas law, 
it is necessary to determine the functions Ia», lab... .. 
Mayer’s integral equations for this purpose will be 
derived in the following Section. 


3. The integral equations 


To derive the fundamental integral equations, the 
potential energy, as expressed in Eq. (4), is split 
into two parts: 


Dn : |p. (xz) dD Gab (Xa, xi) +@y3, (16) 
bi 
where the second part, ®y—1, does not depend on the 
co-ordinates Xx, of one particle of the a-th kind. Then, 
if Aq and ua» are defined by 


da = exp [B (Ma — Ga), 
Cab = exp (— Bar) =1+ Ua, (17) 


one will have 
zaexp (— B On) = A,exp (— B On Ta tu) (18) 
bi 


in which us) is an abbreviation for wap (Xa, Xp). 
This expression is first substituted into Eq. (9); under 
the integral one can then expand the product and 


replace SY” us) by)” (Np dab) u'ap (through inter- 
b 


b,i 
changing the co-ordinates 2“) and 2,’), 


l ‘ l . ’ 
% > us, ui) by 5 Dd b—Oab) (Ne—b a 


b,c, i, j b,c 
etc. Making use of Eqs. (6), (9), (10), ete., to simplify 
the result, one thus obtains: 


Na 2a{1 } y "ns ui, AX, 


b 


l e ” 
= Yb Wah Use dX6' AX, fe saceks toe 


b,c 


replace 


Ope) U' ab U” ac « 


Next the expression (18) is substituted into Eq. (10); 
the same procedure can then be applied, except that 
the factor 1 + wap =eay must be left intact. The result 
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is (omitting the primes, which will henceforth be 
understood to be present where necessary, though 
not shown): 


Np y Nbc Uac dX, 


c 


l 
oi y Nycd Uac Vad dX, A Xq4 
c,d 


4 


Nab ha Cab 





| . (20) 


Similarly one has 


Nabe = ha Cab eac | moc > Nbcd Uad AXa 4 ol (21) 


d 


etc. These results were obtained by Mayer, in another 
notation. They are not yet in a very convenient 
form, as the integrals converge only very slowly 
where Coulomb forces are involved. Eq. (19) is much 
improved in this respect by taking the logarithm: 


l “ 
log (Nal Aa) — 1! Dh l, Uab d Xp 
b : 


1 ie 
= y | | Un. Uab UacOX,dXe+ ... (22 
b,c we 


with J, l,., etce., defined by Eq. (14). When Iy., loca, 
etc., have been determined, this relation will enable Aa, 
and therefore the chemical potential ., to be expressed 
as a function of § and the number densities. In con- 
junction with Eq. (15), which represents the pressure 
in similar form, Eq. (22) will in fact enable all thermo- 
dynamic functions to be determined. 

To improve the convergence of the integrals in 
fq. (20) in a similar way, it is necessary to divide 
Eq. (20) by (19); the result is 


Nab [Na = Cab [4 { y | Un. Uacd X, 


€ 
l Pc ‘ 
= y | [loca Uac Wadd X-d Xg+-...}. (23) 
G d ys 
A similar equation for nap; is obtained by first dividing 
Eq. (21) by (19), then subtracting map mac/na®, as 
expressed in (23); one obtains 


Nabe Nab Nac y 1 . 
: — ~ = Cab Cac [%. T | Ip. d Uaad Xd 
Na Na ’ 
d 
l » rf -— 9 
1 | | locae Wad Uacd Xad X- T -* . (24) 


d,e 
The rule for the formation of these equations is now 
clear; on the left-hand sides one has a sequence of 
functions 1, 1, 1{%,, ete., defined by relations 
similar to Eq. (14): 

Nab/Na = ly) 


Nabe|na = 1 + 1 1, (25) 


etc. On the right-hand sides, one has a sequence of 


expressions containing a factor éay éac... and a series 
of integrals involving the J as the other factor. The 
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result is a system of integral equations to determine 
the n, or equivalently the 1. 

Before introducing a practical method for the so- 
lution of the above integral equations, it is instructive 
to notice a method which fails. If one attempts to 
obtain, by successive substitutions, a series solution 
in powers of the densities, one finds 


Nab = Na Np eas 1 4 y | Wac Ube Ne AX, 
c 


ere _ 
5D | | faded Mac Ue Uad Uhd Ucd Me Na AX, AX¢ 
c,d 


where 


faved =(1 + wae )(1 +-a0pt) + (1 + opt )(1 + pg) + we y— 1. 


This agrees with a result of the same type found by 
other methods, see De Borer [18]. For large values 
of r (the distance between x, and 2’), wap is very 
nearly B Gap, i. e., B eae/r; each of the integrals 
in the above series therefore diverges as the volume 
V is allowed to tend to infinity. The above solution, 
though it has been usefully applied to non-ionized 
gases [18], is in fact worthless for plasmas. The reason 
is easily given: na» approaches its asymptotic value 
Nam much more rapidly than the first approximation 
Na Nb ab in the above solution would suggest. Acco, ting 
to the Debye-Hueckel theory, 


Nab™ Na Ny exp [— PB ea & (e~"/r) | 


where « is the Debye shielding distance ; the asymptotic 
value is approached very rapidly when r > a, owing 
to the screening of the Coulomb forces by polarization 
of the plasma. Of course the Debye-Hueckel theory 
still lacks exact verification ; but still it is very plausible 
on physical grounds that the functions |,,, l,.a, ete. 
do tend to zero very rapidly as the distances between 
the positions Xa, x,’ etc. increase. This will be confirmed 
by the solutions obtained in the next two Sections. 


1. An approximate solution 


In this section it will be shown that, in an approx- 
imation valid at sufficiently high temperatures, the 
Debye-Hueckel theory can be recovered from the 
integral equations (23), (24), etc., and that the super- 
position approximation used by Yvon [12] is unne- 
cessary, as it is a direct consequence of the other 
approximations employed. 


Let 
Nab (r) > 
Vab(r log 26 
ya ( ) 5 NaN ( ) 
so that — kT’ ya» (r) is the mean interaction potential 


of two charges eg and e& at distance r in the plasma 
environment. According to Eq. (23), 


. l; 
Yab = Pyar log |1 + S| i, Wac d X¢ 
. b 


l ’ C Ubed - 
by | | Wace tard Xd Xa-+ «2.1. (27) 
2 de l 


c,d 
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At high temperatures, f is small and, if one neglects 
terms of order f?, wac B ac. As the term involving 
l,-a, and further terms in the series, contain more than 
one factor B q@ac, they may be neglected in the same 
approximation; also, the logarithm may be expanded, 
so that 


Yab = B| gas > | (loc/lo) PacAdXe} . 
me 
As yap is small, one may set 
lic 
exp( Yo. Ll ~ yo 
ly le P( bc) vy! 


and the equation becomes 


Yab = Bl pas } D> |v: Pac Nc AX). 27a) 
c 


The easiest way to solve this integral equation is 
by Fourier transforms, defining 


Yab (k) | Ya (r) exp (ik-r)dr 


Qab (k) (par (r) exp (ik-r)dr 


. 


4 7 eq ey [k? (1 +k? oay?)]-! (28) 


with oa») defined in Eq. (3) for ea ep - 
for @,e, >0. One finds 


0 and 04, —0 


Yab (k) Bl gav (k) - > ™ voc (k) par (k)]. (29) 


r 


a set of equations which can always be solved for the 
yab (k), and hence the ya» (r) by Fourier inversion. 
When there are only two kinds of charges present, 
equal and opposite in sign, so that e, e, =e, the 
solution (as will be seen in more detail in Section 5), is 


pete r/% 


¥11 (7) = Y22 (7) ms 
. . B e ra r/o « 
Y12 (") V21 (7) . (e ens), (30) 
where 
a*=8rPne®, 9=d1 (31) 


and g has been neglected in comparison with «. This 
is the same as the result of the Debye-Hueckel theory, 
apart from the term involving exp (— r/o), which 
has been introduced through the modification of the 
Coulomb law explained in Section 2. 

It is possible to improve on this approximate solu- 
tion in two ways. One can of course solve Eq. (27), 
e. g. by numerical methods, if only the terms involving 
lncd, lnede, ete., are neglected. But it is also possible 
to take these terms into account, by solving Eq. (24) 
and similar equations. To illustrate this possibility, 
Eq. (24) will be solved in the same approximation 
used above to obtain the Debye-Hueckel distributions. 
Combining Eqs. (23) and (24), or directly from 
Eqs. (21) and (19), one has 
Nabe . ny 
ean ea| Mb a | (Nbcd— Nbc Md) Madd Xqg- ... |. (32) 

d 


Na 
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Therefore, if 
ae (33) 


Na Nbc 


Ya, be = log | 


one finds, using the same approximations which led to 
Eq. (27a), 


Ya, be = p Pab Pac * Yl Ya, be Pad Nd dx,|. (34) 


d 


By comparison with Eq. (27a), it is easy to see that 
this equation has the solution 


Va, be Yab~ Vac (35) 
and consequently 


Ralignt —et (36) 
Na Nb ie 

in this approximation. The above Eq. (36) is a formal 
statement of the “superposition” approximation of 
Kirkwood. This approximation, as previously stated, 
is therefore a direct consequence of the approxima- 
tions used to derive Eq. (27a). A similar treatment 
of the equation for napa yields 


Nabed = (Nab Nac Nad Nbc Ned)/(Na Ny Nc Na)?*. (37) 


Before passing to the exact treatment of the integral 
equations, it should be noticed that as y,, has been 
assumed to be small, Eq. (26) can be written 


lab | ~ lab 


Yab log | l aly. lly 


in conformity with the approximation which has 
adopted in this section. 


5. An exact development 


The preliminary treatment of the integral equations 
in the last section has shown that the Debye-Hueckel 
theory may be applied to plasmas at “‘sufficiently 
high’ temperatures. The crude approximation adopted 
there, however, failed to provide any indication of 
the temperature limit below which corrections are 
likely to be required. If an extremely high limit 
existed, the solution would need correction anyway 
because of relativistic effects, especially magnetic 
interactions between the rapidly moving electrons, 
which become important above 10° °K. But, as will 
be shown in this Section, the range of validity of 
the Debye-Hueckel theory extends much further than 
the approximations used by Debye and Hueckel, 
and others who have recovered the theory, would 
suggest. It is to a large extent independent of the 
expansion in inverse powers of the temperature, of 
the linearization of equations, and even of the super- 
position approximation. It depends only on the low 
density approximation usual in ideal gas theory; the 
superposition approximation of course has a similar 
validity. The limit is probably reached beyond a 
density ~a-*, where « is the shielding length. 
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It will be found convenient to introduce the set 
of functions Aap, Aane ete., and yap, Yare, ete., defined 
by 


4 lab + ‘ 

hab » 1+Aw=expyab; (38) 
Nab 

4 lab 

hal : 


Na Nb N 


“ 


l Ahab + Abe hac habe exp (Yab t Vu Va t Vac) e (39) 


The first of the integral equations to be solved, 


tq. (23), can be written 


hab > | Abc Uac dO ~ flab s (40) 


c 


where daw, —n- dx, and 


[lab us| ] y | Anc Uac de, | 
C 


l r 
ay Cab y | | Avca Uac Uad dong +-.... (41) 
gd 
Similarly, Eq. (24) can be written 
habi >| Avcd Uad dd ~ Mave. (42) 
{ 
if 


where 


Mabe = hab hac + (Cab Car 1) | 2s. y | Abed Uad da 
d 


l *. - . 
91 Cab Cac y | Avede Uad Uae dena dive +... (43) 


d,e 


The integral equations for Aay<a ete. can be formulated 
in a similar way. 

A formal solution of Eqs. (40) and (42) can be 
obtained by introducing the ‘resolvent kernel’ ka», 
which satisfies the integral equation 


kav yh. Uac Ae = Uab- (44) 
c 


The solution of this equation will be given in the next 
paragraph; at the moment it is only necessary to 
notice that, since ua, is symmetric, i.e., Uap = Usa, 
ka is also symmetric. It follows easily from Eqs. (40) 
and (44) that 


dab = Mab 4 Dy [ha Meb dar. (45) 


c 


Similarly, it follows from Eqs. (42) and (44) that 


have Hab« t dD, | kad Mavedena, (46) 
4 
ete. 

The solution of Eq. (44) can be accomplished 
directly by Fourier transforms, and k,, is thereby 
expressed as a definite integral* involving Bessel 

* This has been done (according to the presently 
available preprint) in a paper entitled ‘‘Correction to 
the Debye-Hueckel Theory” by D.L. Bowers and 
E. E. Salpeter. 
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functions [19]. But for analytical purposes it is more 
convenient to adopt an iterative method, writing 
Eq. (44) in the form 


kab BS koe Pac di, BP Qav+ Var, (47) 


where 


Vab Vab >| kp. Vac di, 
( 


Vab = Uab +B Pap —e~*% %ab — 1 +qav. (48) 


It will be noticed that Eq. (47) is the same as (27a), 
apart from the additional term va», and it can be 
solved in the same way. 

ry . " . 

The general solution is 


kab B wav Vav p> | Wac Vecda,, (49) 


where 
Woe = Poe Exp (—r/a) , 


a-2 4npy Np Cp. (50) 
b 


To verify that Eq. (49) does satisfy the integral 
equation (47) in the approximation where o, the Bohr 
radius, is neglected in comparison with «, the Debye 
shielding distance, one can make use of the mathe- 
matical identity 


re-PS e-4t 4x(e-4' —e-P!) 
| 8 t ; (p? q*)r 


where t=r—s. From this it follows easily that 


BS’ \¢ ac Poe de = Pab — Pab (51) 


in the approximation stated ; thus f way is the resolvent 
kernel of Eq. (47). Combining Eqs. (48) and (49), 
one has 


kab p Wab~ jab DS (ia ken dae , (52) 


where 


Jab Vab py [ Wac Ub< du, = (53) 


The equation (52), unlike the original (44), can be 
solved by iteration, as the kernel j,, is not singular. 
However, as va» is singular by itself, the two terms 
on the right side of Eq. (53) may not be separated. 
At gaseous densities the approximation k,, = — B wav 

+ jab is valid, because the density appears as a factor 
of dw.=n, dx. 

Returning to the determination of the functions 
Aab; dave, ete., it is clear that they can be found from 
an iterative process, based on Eqs. (45) and (41), 
(46) and (43) etc. The plan is to substitute in (41), 
(43), ete., a set of first approximations /°,, /%,., ete., 
to the functions Ay», Aap, ete., and thus obtain cor- 
responding approximations u$,, u$,-, ete., tO Mab, Mabe: 
etc. These are then substituted into (45), (46), ete.. 
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to obtain improved approximations /;,, Aj). ete. to 
the 4. This process is then repeated until the desired 
accuracy is obtained. Clearly the efficacy of this 
procedure depends on the initial choice of A, 5, Aare. - +; 
if they are not well chosen, the convergence of the 
series approximations may be poor or completely 
illusory. One would like to have a set of functions 
which are exact solutions of the integral equations, 
or nearly so, at low densities. In the remainder of 
this Section it will be shown how such functions can 
be constructed. 

At first sight, the construction of solutions valid 
at low densities seems an easy matter, as the elements 
do,, dma, ete. in Eq. (41) are proportional to the den- 
sity. However, even the terms involving many inte- 
grations furnish contributions which are independent 
of the density, as one can see most easily by setting 


Opcd) (1 + Apc) (1 + Apa) (1 + Aca) 
doc — Ana —ha—l, (54) 


Ave d ( l 


where, according to (39), 
Oped = EXP (Yoca) — 1. (54a) 


The term Aj, Apa in the above expression for Abpea, 
when substituted into 


| Abed Uac Uad der dena, 


yields an expression which, according to Eq. (40), 
is equal to (Aa) —pay)*®. The other terms are less 
important and vanish with the density. Thus, to 
obtain an expression correct at low densities, one 
should substitute Ap< Apa for Anca, Ave Ava Ave for Avcde. 
etc., and thus obtain from Eq. (41) 

fab) + ap EXp far — 1 — fan, 


fab hab Hab ) hy. Uac dar, . (55) 


Hab Uab (1 


Eliminating a», this yields the equation 
Cab EXP fap — 1 + Aa (56) 


or taking logarithms, 


hab ) | An Uac dor. = fab 
= 


[ab B Gav + Aav — log (1 + Aap). (56a) 


A formal solution of this integral equation is provided 
by Eq. (45), and at low densities one has 


As ba b py [ ka. Yc b dw, 


T B Qav Vab (57) 


according to Eq. (47). Using the formulas for ja» in 
Eq. (56a), and ka, in (48), one finds 


Mab + kab 


1+ hab exp { p | Wab -D| Wac Vb. du, } . (58) 
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At sufficiently low densities, the integral in the 
exponent of Eq. (58) is negligible, and one then 
recovers the formula nap = mam exp (— fay) of the 
Debye-Hueckel theory. The validity of this formula 
is therefore not confined to high temperatures, as 
earlier derivations might suggest. Eq. (58) shows, 
however, that the formula requires correction at 
finite densities (greater than «~*), and exhibits the 
most important correction. 

A solution of Eqs. (42) and (43), valid under the 
same conditions, can be obtained in a similar way. 
When Eq. (54) is substituted into (43), it is convenient 
to set 


Apcd = Aya hea + Oped (1 + Apa) (1 + dea) (59) 


so that 

Avoca = Auc (Ana + Aca + Auca) + Anca: (60) 
Density-independent contributions to fa), also arise 
from the part 


An. (Ava hed hi, a) (Ane h e As, a 


(Ava A d) Ai, rar (Av. vy e) i. d Ay. d Ai 


of Av. de, etc., 
mation. 


so that to the desired order of approxi- 


(Cabea 1) [An (1 far fa five) ae | 
Cab ac Abc Xp (fab > fa havc) —Apc(1 + fan +fac + fae) 
-~exp (fab + fac + fave) — exp (fav + fac) — favel. (61) 


Habs Aab Aa 


where 
(1 An, ) aa hab Mabe Ap (Aab re ) 


(1 Apc) > i. d Uad dog. (62) 
ws 
d 
If one eliminates a), between Eqs. (61) and (62) 


and simplifies, with the help of Eq. (56), one finds 


have + Ave + har + hac +1 


(1 + Ape) (1 © Aab) (L > Aac) exp frre (63) 
and, with the help of (56a), 
- 4 (1 + Age + Ane + Aad 
Mab. hab l lnc) log , ; —. 
Habe = Aabe — (2 + Abe) OB} 9,2) (1 + Aas) (1 + deed 


oc {(B (Mav hab) (1 


Now Aas: can be found by using the solution (46) of 
the integral equation; discarding some terms which 
vanish with the density, one finds that f.,-—0, or, 
equivalently, dpc4 0 in Eq. (54). Thus the super- 
position approximation is rigorously applicable, at 
low densities. 

A similar discussion of the equation for Aqgp<4 shows 
that the superposition approximation again holds at 
low densities, in the form 


Pac)| +-log (1 +-Aac)}. (64) 


Nabcd = Nab Nac Nad Nbc Nod Nca/(Na Ny Nc Na)® (65) 


and this is obviously also a feature of the higher 
distribution functions. 

The low-density approximations which have been 
obtained in this Section can be improved by the 
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iteration procedure already discussed. The improved 
solutions will not be written down here, but a few 
words should be added concerning the computation 
of the fap, Mave. ete., from the formulas (41), (43), ete. 
To compute fa, one will substitute in general ex- 
pressions of the type 

hocd = Ave Ava + Anca; 


is a of 6s ot « a? «4 at 
Abcde = Abc Abd Abe + Abcd Abe + Abce Abd + Abed Abc + Abcde: 


etc. It will be found that if f., is defined again as 
in Eq. (55), and 


” l fe at 
2 “T S | Aicd Uac Uad da, daa, 
~<a 


, Plat = 
ps 31 Dy | Ave detac Uad Uac do dmad a, (67) 


t,d,e 


ete., then 


flab (1 1 fav) 
The expansion in the exponent of this formula is 
in many ways comparable with the ‘cluster’ ex- 
pansions in the theory of imperfect gases [18]. 


. 2 (3) ve) 
+ €ab exp (fan + fon +- f+...) (68) 


6. Thermodynamics of gaseous plasmas 


The results of the last Section enable one to calculate 
the distribution functions, and hence the thermo- 
dynamic functions, as accurately as desired. From 
the qualitative point of view, it is clear that the 
validity of the Debye-Hueckel theory extends much 
further than the approximations used by Debye and 
Hueckel, and others who have recovered the theory, 
would suggest. The next simplest approximation is 
represented by Eq. (58), and some elementary cal- 
culations based on this formula will be presented in 
this Section. 

For the equation of state, one can use the result* 


P > Pa 


Ne l F Ll, ) > 
Pa = 7 + -¢ D, eae| a dx, (69) 
b : 


which, though equivalent to Eq. (15), yields somewhat 
more accurate results with given approximations to 
lap, lavc, ete. For the internal energy per unit volume, 
one has* 


v=. 


. 3 Ma 1 p ke = 
U.=37 4 rd cae | a day. (70) 


b 


From Eqs. (69) and (70) it is clear that the thermo- 
dynamic variables of most interest depend on the 
integral 


Tap | lan Qab dx» 
* See Eqs. (27) and (37) of reference [4]. 
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which can be computed with the help of Eq. (58), 
from which one has 


lay = Na Np [exp ( 


p Jab) l | 9 
Zab Wab- dD, | yar Ubc do, . (72) 


In order to evaluate Eq. (71) exactly, one would 
have to resort to numerical methods. At high temper- 
atures, however, one can approximate Jl,, by 
— PB nan» av. Making use of the identity 

j h 

je-##((e-" l : )ds 

( 16 <=h(e-d'—e Pr) J,(24 hq ) 


q(p?—q*)r dq, (73) 


one finds 
Yab pa ye n/% 4 16 xB Y"n. e2 
c 


[ (e~4'— e-1/a) J, (2 B en ec gq) 
j q (a? — q*) 
0 


dq}. (74) 


To the proposed order of approximation, one has 
therefore 


Ip- =47 Np Ne Cp” €-? &. 


It is hoped that more accurate values, at present 
being computed, will soon be available**. The 
present approximation, equivalent to the Debye- 
Hueckel approximation, yields: 


B Pa Na [1 , Beat |: 


6a 


BU, na| 3 ee |. (76) 

To form some idea of the importance of corrections 
to the perfect gas laws, one may assume 7'= 104 °K, 
so that 6= 10" erg-!. For a plasma of electrons and 
singly charged ions, f e?/x becomes comparable to 
unity at densities ~10'§ electrons/em*, and the cor- 
rection is still appreciable at densities as low as 
10® electrons/em*. At higher temperatures the effect 
is somewhat less, but if doubly or multiply charged 
ions are present, it is increased. At high densities 
corrections to the perfect gas laws are of course very 
important. A more detailed quantitative study will 
be possible in the near future. 
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A SIMPLIFIED ANALYSIS OF THE DYNAMICS OF PLASMA GUNS 


J. G. LINHART 


ASSOCIATION EURATOM-COoMITATO NAZIONALE PER LE RICHERCHE NUCLEARI 


FRASCATI, ITALY 


The subject of this report is the acceleration of a cylindrical layer of plasma by an azimuthal 
magnetic field, a process similar to the ordinary B,J, pinch. The magnetic field is generated by 
a current drawn from a condenser. The system can be represented by an L, C circuit in which 
the value of the inductance is changing owing to the movement of the plasma conductor. A simple 
but approximate description of the acceleration of the plasma can then be derived using the 
adiabatic theorem for oscillators together with the law of conservation of energy. The resulting 
approximate solutions are compared with numerical solutions of the appropriate differential 
equations. The approximate solutions are also applied to a rail-type of plasma gun previously 
reported by Artsimovich, et al. [Zhur. Eksptl’ i Teoret. Fiz. 38 (1957) 3). 


Introduction 


A cylindrical layer of plasma, accelerated towards 
its axis, may have interesting applications in nuclear 
fusion [1], in generation of intense magnetic fields, 
and elsewhere. One suitable acceleration mechanism 
is akin to the well-known pinch effect and can be 
described as follows. 
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Fig.l A schematic representation of a cylindrical 
plasma gun. 








An axial current J, flowing through the plasma 
layer generates a magnetic field B,, see Fig. 1. The 


corresponding Lorentz force per centimetre length of 


the cylindrical shell of plasma is therefore, 


F, Iz B,. (1) 


This force accelerates a mass NM where M is the ion 
mass and N the density of positive ions per cm length 


of the cylindrical shell of plasma. The equation of 


motion is then written: 


NM (@ Rie t?) 1. B, (2) 


where FR is the mean radius of the plasma shell. 


The current J, is usually drawn from a battery of 


condensers, whose capacity is C. The rest of the 
circuit through which the current J, flows has the 
nature of an inductance L. Consequently, the flow 
of the current is governed by a circuit equation: 


(e/é t) (LIz) Q/C (3) 
where Q is the charge on the condenser bank and 
I,=é@Q/ét. (4) 


Equations (2), (3) and (4) are the basic differential 
equations describing the acceleration of the plasma 
shell. They are nonlinear and impossible to solve 
analytically.* These equations can be simplified in 
form, as will be shown in the next section, and can 
then be solved numerically. However, the numerical 
solutions apply to only a finite number of specific 
cases and are somewhat inflexible. In order to eliminate 
this drawback an approximate method has been 
developed. 

The approximate method is based on the adiabatic 
theorem for oscillators, which in the case of an 
electrical L, C circuit can be expressed as: 


Stored electromagnetic energy Ww 
Resonant frequency f 


y LL Iz? + (Q?/C)] 


; constant. () 
(22VLC) 

It will be shown that, in many cases, this theorem 

together with the law of conservation of energy 

y ‘ ‘ r 1 ¢ ‘ ’ 9 Y 2 

rQNM (CR/et)? + -LI2+ + (QC) = 4 (Q,2/C) (6) 

* Eqs. (2) and (3) are the Lagrangian equations for the 
system, the Lagrangian being 


L(R,é Ret, Q, eQ/ét) = +} MN1(é Rjét)? 


’ L (@Q/é t)? — 4 (Q2/C). 
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describes very closely the acceleration of the plasma 
layer. In Eq. (6) 1 is the length of the cylindrical 
shell of plasma, Q, the initial charge on C. Joule 
heating of the plasma is neglected. 

In the final section of this paper the above- 
mentioned approximation will be compared with 
solutions obtained by numerical methods. In an 
appendix the applicability of the adiabatic approxi- 
mation to the linear (rail) type of plasma gun will 
be discussed briefly and the results of the approximate 
analysis compared with computations carried out by 
ARTSIMOVICH et al. [2]. 


Mathematical formulation of the problem 
Let us first rewrite Eqs. (2), (3) and (4) for a cylindri- 
cal shell conductor. The azimuthal field B, in gauss 
is related to the current J; in amperes by 


B,—0.2 1:/R (7) 
and the total inductance JZ in henries is 


L —2-10-*l ln (R,/R)+ Leo, (3) 


where Ly is the inductance of condensers, connecting 
leads, etc. and R, is the initial mean radius of the 
plasma shell in centimetres. (The mixture of units 
is appropriate to our problem). Substituting Eqs. (7) 
and (8) into (2) and (3) yields: 


MN (é R/ét?) 0.2 (1,?/R) (9) 


and 


o ' AR @Q ‘ R, oq Q 
—?2.10-® 2.10-® y —- . 
2-1 R ct é@t 2-1 Un R Ly ct C 


(10) 
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Fig. 2 The normalized velocity x as a function of x for 
a,—1/100 and a,=1, 1/4, and 1/10. Numerically com- 
puted results are represented by broken lines. Adiabatic 
approximation results are represented by solid lines. 
Let us change to dimensionless variables: 

R/Ry= 2x, QQ, 
and introduce the two parameters 


a, ~Q,?/(100 MNR,?), a, 


(2-:10-°°10C)7, wt=r (11) 


q, ow? 


L|(2-10-9 1). 


DYNAMICS OF PLASMA GUNS 


Eqs. (9) and (10) become 


rez a,g (9a) 
(x/x)q+(Ina«—a,)q—q-0 (10a) 
for which the initial conditions are t—-0, 2,1, 


1 and qg, — 0. The dots denote differentiation 


with respect to Tt. 


Lo —9, 9 




















Fig. 3. The normalized velocity # as a function of x for 
a,=1 and a,=1, 1/4, and 1/10. Numerically computed 
results are represented by broken Adiabatic 


approximation results are represented by solid lines. 


lines. 


These two simultaneous, nonlinear differential 
equations are not soluble by analytical means and have 
been solved numerically, using the CERN Mercury 
computer, for several values of the parameters a, 
and a,. The results of these computations are plotted 
in Figs. 2, 3 and 4. 
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Fig.4 The normalized velocity # as a function of x for 
a,=100 and a,=1 and 1/4. Numerically computed 
results are represented by broken lines. 
approximation results are represented by solid lines. 
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The adiabatic approximation 


Let us assume that the capacity of the condenser 
bank is infinite while the stored energy is finite. In 
that case Eq. (3) simplifies to (é/ét) (LJ-) —0 and 
as, by definition, L Jz is equal to the magnetic flux q¢ 


associated with the current L., we have 
L I; — constant — Po. (12) 


A first integral of Eq. (2) can always be shown to 


lead to the law of conservation of total energy of 
the electrodynamic system which, in the case of 


infinite capacity, can be written as [see Eq. (6)]| 


1 MN (@R/é t)? + (e2/L) = (2/9) (13) 


where JL, is the initial inductance. Thus, instead of 


two differential equations, we have now two algebraic 
equations, Eqs. (12) and (13), which give the velocity 
0 R/ét directly as a function of the changing Z and 
therefore as a function of R. Thus, 


( R ) To [} is) (14) 
ot L,MNI Lj 

It would be very useful if a similar method could 
be used even when C is finite. In such a case, the 
theorem of conservation of magnetic flux cannot be 
used and one must look for another and more general 
integral theorem. It can be shown that for C—-0 
one can use the adiabatic theorem for oscillators, 
Eq. (5). A necessary condition for the applicability 
of the adiabatic theorem is that 


l of ‘ 
fet < f (15) 
where f I(2nVL C). It follows that f—-oco as C-+0 
and Eq. (15) is therefore satisfied. 
Let us assume that the condition Eq. (15) is satisfied. 
Then Eqs. (5) and (6) can be written as 


Wif=Weolfo (16) 
W ; MN l(éR/et)??— W, (17) 
from which 
oR \2 W, f 
(sr) =(zaewr)t—-;%)- 8 


Considering that W,— } Q,?/C and expressing Q in 
coulombs and C in farads, one has 


aR Qy Les : 
ét — /107 M NIC [Ly 2-10-*L In (R,/R)]2 
(19a) 


or in terms of the dimensionless variables, Eq. (11), 
this can be written as* 
. Ox In x 1}1 
jm oon, [1 (1 a (19b) 
CT Qs 


* For values r~1 (i.e. R~R,) the Eq. (19b) simplifies 
to 


& (\/a,/ a) Vl—2 
which suggests that for plane geometry the problem 


could be specified by a single constant, namely a,/do. 


SO 


Comparison of rigorous solutions with those derived 
from the adiabatic approximation 


€ 


In Figs. 2, 3, and 4 the quantity é2/é7, computed 


from Eq. (19b), is plotted as a function of x for the 


values of a, and a, used previously in the numerical 
computations. It is thus possible to compare the 
results obtained by means of the adiabatic approxi- 
mation with the correct results obtained numerically. 

Comparison makes it evident that the larger the 
value of a,, the poorer is the agreement between the 


two, i.e. the larger is the error in the adiabatic 


approximation method. Let us find out whether this 
observation agrees with the range of validity predicted 
by the condition of adiabaticity and expressed by 
Eq. (15). This condition can also be written as 

1 ef eR 


f eR @t 


where 
j—{(2n VC) [Ly + 2-10-91 In (Rol R)]}?- 
Using Eq. (19a) for @R/ét and changing to the 
dimensionless variables [Eq. (11)], one gets: 
| l l : ] 


3 — * = (20) 
S 9 

V4.1 By, ay) F® (2, as) V2= Va, 

where 


F (<,4,)=1 [(In 2)/ag}. 


The left-hand and right-hand sides of this inequality 
can be plotted as functionsy, (x) and y, (x), respectively, 
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Fig. 5 Schematic representation of the form of y, (x) 
and y, (2). 


as shown schematically in Fig. 5. It appears that a 
suitable approximation of the inequality Eq. (20) can 
be derived if we demand that 


MAX Y;<o (Xm) (21) 


where xm is the x coordinate of the maximum of y,. 
This maximum is given by 


dF 0 


re 4 ; F | dx 


from which the maximum of F is 9/4 and 


tm — exp (— 5a,/4). (22) 





S 


o> 7, 





The relation (21) can, therefore, be written as 


a, < (27/8 x?) a, exp (— 5a,/2). 23) 


As the right side of Eq. (23) is a maximum at a, = 2/5, 
then the highest admissible a, is 


(4,)max = 0.050. 


(24) 


This is in agreement with the comparison of the 
adiabatic x(x) solution and the 
(Figs. 2, 3, 4). 

From these figures it is also evident that the actual 
z¢ oscillates about the smooth curve obtained by 
using the adiabatic approximation and the fewer these 
oscillations the larger is their amplitude, especially 
at the beginning of the acceleration process. Thus 
even though the criterion (23) may be satisfied, the 
error attributable to the oscillating nature of # in 
a narrow range of x near x= 1 is so large that in this 
range the adiabatic approximation is inapplicable. 

This is understandable as the adiabatic theorem 
should not be applied in comparing states of an 
oscillator within the same half-cycle of an oscillation. 
Thus, as a supplementary criterion, we shall require 
that during the acceleration period, there is, at least, 
one current reversal. Hence, the processes described 
in Fig. 3 are near to the fulfillment of this criterion; 
those of Fig. 2 satisfy it well, whereas the conditions 
corresponding to Fig. 4 do not come anywhere near it. 


correct solution 


Conclusion 


It has been shown that the use of adiabatic theorem 


gives a good agreement with numerical solutions of 


the appropriate differential equations provided that 
C? V7/(100 ALN R,?) << 0.05 


where Cy, Vy are capacitance (farads) and initial 
potential (volts) of the condenser bank, M the positive 
ion mass, N the linear density of ions and R, the 
initial mean radius (centimetres) of the cylindrical 
shell of plasma. An additional proviso is that the 
current flow in the cylindrical plasma layer reverses 


at least once before the layer reaches the axis of 


symmetry. 

Even in case these criteria are not satisfied the 
adiabatic approximation gives a useful first estimate 
of the performance of cylindrical plasma guns as 
can be seen from the graphs of z (x) in Fig. 3 where 
C2 V,.?/(100 MN R,?) = 1 and not even one full reversal 
of current occurs. 
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Appendix 


It is interesting to apply the adiabatic approximation 
to the rail-type gun described by ARTsImMovicu et al. {2}. 


DYNAMICS OF PLASMA GUNS 
Equations (16), (17) and (18) are applicable to the 
linear geometry giving 


x (W, m){1 (f/fp)] (Al) 


where m= MN I. The inductance is, however, 


L=L,+ bz 


and using the notation of the Artsimovich article, i.e. 


t=(I/VL,C)t, y=2(b/L,) 
Eq. (Al) becomes 
‘ 1 1 
y=V2q}1 2 (A 2) 
Vicy 
where 
42 (C V,)* 
q 2-10-*‘mL, ° 


This last expression differs by a numerical factor 
from that of Artsimovich on account of the system 
of units used here: C (farads), L (henries), V (volts), 
m (grams) and length in centimetres. 
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Fig.6 Comparison between numerical computation 
(broken line) and adiabatic approximation (solid line) for 


a rail-type plasma gun. 


In Fig. 6 are plotted the y (y) curves deduced from 
the solutions given by Artsimovich et al. of the 
corresponding differential equations and also, for the 
same q, the y(y) curves representing Eq. (A2). The 
agreement is encouraging. 
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HEJMHEWHbBIE KOJIEBAHUHA PASPEXEHHOM MAA3MbI (I) 110 


A. A. BEJEHOB, E. I. BEsIMxOB UM P. 3. CAPEEB BE 
OPEHA JIEHAHA MHCTUTYT ATOMHOM SHEPrMM UM. VM. B. KYP4UATOBA 
AKAJEMMM HAYK CCCP, MockBa, CCCP | 


CtaTba, B OCHOBHOM, DpescTaBiseT coGoi 0630p pana paGoT, nocBAIeHHbIX TeOpHM HesMHeMHEIX DBH- (ex 
*KeCHHH MW1a3Mbl B YCJIOBHAX, KOra CTOJIKHOBEHHA MeXKAY 4aCTHUAMH He MIpaloT ONpenesAouleH pom. we 

Bo BBeneHHH dopMyIMpyeTcA NOCTaHOBKa 3aa4H: O6 9BOUIOWMM BO BPeMeHH HaasIbHOrO BO3MYLUICHHA = 
KOHCYHOK aMIMIMTyAbI. Bo3HHKaloulad du3H4eCKad KapTHHa OygeT 3aBMCeTb OT KOHKYPeCHUMM Mexy Mmpo- 
WeccaMH: HeJIMHeHHOTO yBeJIMYeHHA KPYTH3HbI, JMCHepCcHH, NOriouleHHA HM HeycTOM4MBOCTH. B pane cay4aes, 
KOra NOrOmleHve HK HeyCTOMYMBOCTb HeCyLICCTBeEHHbI, MOX%KHO MOJIYYHTh MpeucTaBseHHe O XapaKTepe HesIH- 
HeHHbIX JBHXKeHHH, NPHBIeKad COOTBETCTBYIOWUHH JHHeHMHbIM «3aKOH JMCrepcum». 

Bropas riaBa NOCBALIeHa H3JIOKeHHIO HEKOTOPbIX YaCTHbIX THMOB HeCTallMOHaPHbIX HeJIMHeMHbIX DBHKe- 
HM, JOMyCcKaloulHxX TOYHOe MaTeMaTHY4eCKOe PelleHHe: HeIMHeHbIe KONeOaHHA ZeKTpOHOB npn 7T=—0, 
HeJIMHeHHbIe [BYXKEHHA I1a3Mbl MOMepeK CHJIBHOrO MarHHTHOrO MOsIA, HOHHbIC BOIHbI KOHCYHOM AMMIMTYbI 
B HeEH30TEpMHYeCKOH M1a3Me NpH py, <p,. B pane ciyyaeB 9BOMIOUNA HaYaIbHOrO BO3MYLUCHHA MPHBOJMT K 
O6pa30BaHHIO MHOFOMOTOKOBbIX TeYeHH, HeKOTOPbie OcOGeHHOCTH KOTOpbIX OGcyxaloTcA B ru. 3. B 
YeTBepTOH rilaBe ONMCaHbI YCTaHOBHBIIMeCA HeJIMHeMHbIe BOJIHbI, T.e. BOJIHbI, He MCHAOUIHe CBOcH POpMBbI 
BO BpeMeHH. B yacTHOM CJIy¥ae 39TO TaK Ha3bIBaeMbie «“yeMMHeHHbIe»> BOJIHbI, HaNOWOGKe BOJIH Ha MoOBepx- 
HOCTH TAKeJIOM XHIKOCTH B KaHasie KOHeYHOH riyOnHbI. Bo3MO%xKHOCTb CyLIeCCTBOBaHHA TaKHX BOJIH Tpe- Py 
OyeT IHHeMHbIe 3aKOHbI QHCHepcMHH OMpeseneHHOrO xapakTepa. YKa3bIBaeTCA Ha BO3MOXHOCTb «yeMHeH- HO 
HbDO> BOJIH pa3spexeHHA. B naTow riaBe chelMabHO OOcyxaeTCA BONpOC O NOFIOWIeHHH BONH B pa3pe- 
%*KeCHHOK na3Me. Pa3BuBaeTca NpHONMxKeHHbI «KBa3HIMHeHHbIM> MeETON, NO3BOJAIOWIMH yIPOCTHTb KMHeTH- 
Y¥eCcKOe PACCMOTPeHHe NOPIOWEHHA BOJIH KOHEYHOH aMIMUIHMTy ABI. 

CylHOCTB MeTOa 3aKIOYaeTCA B TOM, 4TO tbyHKUMA pacmpeneneHua f(r, v,f) MpencTaBAeTcA B Bue 
CyMMBI 6bICTpO HM MeJJICHHO MeHsFOWIMXCca YacTeii. IIpH 3TOM B ypaBHeEHHH JIA MeJICHHO MeHsIOUIelica 
4aCTH Y4HTbIBaeTCA KBalpaTHYHblii ycpeqHeHHbIM sdexT ObicTpeix ocuMIIAUMM. MeTona mpuMeHseTcA K 
QBYM 4YaCTHbIM 3a7a4aM: O MOPIOWeHHH JICHTMIOPOBCKHX 3JICKTPOHHbIX KONeGaHHi (B Mpenene OYeHb - 
MaJIbIX AMIVIMTY BbIpaxKeHHe JIA 3aTYXAHHA BOJIH MepeXOQHT B H3BeECTHYIO OPMyJIy WA TaK Ha3biBae- Ji 
MOro «3aTyXaHHA JlaHtay»), O WMKIIOTPOHHOM TOMIOWleHHH MOMepeyHO NONAPH30BaHHbIX BOJIH, pacipo- 7 
CTPaHAIOMIMXCA BUOJIb NOCTOAHHOFO MarHHTHOrO MOJIA. re 

B nocnenHeli 6-of rnaBe yKa3bIBalOTCA HEKOTOPbie THIIbI HEYCTOMYMBOCTH HeJIMHeMHbIX JBHKeHHK. Kpome Ki 
HeycTOHM4MBOCTeH MHOTOMOTOKOBOrO JBHXKCHHA MOKa3aHa HeyCTOMYHBOCTb BOJIH B MarHHTHOM mouse (B 
YaCTHOCTH, YeJMHEHHBIX BOJIH), CCJIH HX aMIMIMTyHa MpeBbliiaeT HEKOTOPOe KPHTHMYeCKOe 3HaYeHHe, TEM 
MeHbiee, 4M MCHbIe TeMMepaTypa MJ1a3MbI. 
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1. Odume 3amMeyanna 


KoneOaTesbHbIM CBOMCTBaM pa3pexKeHHOH Ma3Mbl 
NOCBALICHa JOBONbHO OOWMpHad JIMTepatypa, B TOM 
yncIe H O630pHOrO XapakTepa. OJHaKO, Kak IpaBuic, 
B He H3y4alOTCA JIMLIb JIMHeHHbIC WIM MaJible KoJIe- 
6aHHA MIa3Mbl, T.c. TakHe, B KOTOPbIX XapaKTep JBH- 
*KCHHM He 34BMCHT OT aMMIMTyaAbI KONeGaHHi [1 —3]. 

B sHHeiHOH TeopHH KoONeOaTeIbHOe JBHxKeHHe 
la3Mbl MpesctaBssaeT CoOoK CyMepno3HlHlO OTesIb- 


HbIX H€B3aHMOCHCTBYIOLMX BOJIH — TapMOHHK 
(exp 1 (wt — k-r), rae w — yactota, k BOJIHOBOH 
BeKTOp). 
v 
ra Ny “XN 
a \ ath \ x= wt 








« 

\ 

Z \ 

Puc. 1 WUckaxeHve dopMbl 3ByKOBOH BOJIHbI M3-3a HesHHei- 
HOCTH. 


Mexay w u k, BooOule ropops, cyuuiecTByeT ompe- 
jlesIeHHad CBA3b — «3aKOH JMcnepcHn» (w= «(k)). 

ScHo, 4TO y4ueT HeIMHeMHOCTH KONeOaHHi MOxeT 
M3MCHHTb KapTHHY JBHXKeHHA, HMCHOLIYIO MeCTO B 
jMHeiHOM TeopHu. OOpaTuMcaA K HariaHOH aHa- 
JIOrHM CO 3BYKOBbIMH KOsIe¢OaHHAMH B OOBINHOH 1a30- 
JIMHaMHke. XOPOWWO H3BECTHO, 4TO 3BYKOBbIC BOJIHI, 
rapMOHH4eckHe B JIMHeMHOM NpHOWKeHHM, H3-3a 
KOHCYHOCTH AaMILIMTYIbI C TeYeHHeM BPeMeCHH HCKa- 
*KaloTca (cM. pxe. 1). Sta AesbopmMallusA NpodpusA 3By- 
KOBOM BOJIHbI MaTeMaTH4eCKH OMMCbIBacTCA HeJIH- 
HeHiHbIM “WJICEHOM B YpaBHeHHH yBHxKeHHA (V-V )V 
B ra30BOi TMHaMHKe, OTpaxatollleM TOT @akT, 4TO 
y4acTKH Npoduss, KOTOpbIM CooTBeTCTByeT OobUaA 
CKOPOCTb, CTPeMATCA OepeHTb y4aCTKM C MCHbILIeH 
ckopocTbwo. Ecau 3ByK HMeeT 2OCcTaTO4HO GOsbIIyHO 
aMIVIMTY Ay WA Toro, YToObI NOAOOHBI HeMHeHHbI 
apdekT ychesl NPOABUTbCA PaHbule, 4M BOJIHA MIpOCcTo 
3aTyXHeT H3-3a TeNMJONPOBOAHOCTH HM BA3KOCTH B 
raze, TO B KOHUe KOHUOB OOpa3ylOTCA pa3pbIBbI. 
Pa3pbiBbI B OOBIMHOH ra3z0BO AMHaMHke (ecu He 
Y4MTbIBATh JIMCCHMATMBHBIX MpoleccoB) 3aMeHAOTCA 
MaTeMaTHY¥eCKHMH TOBeEPXHOCTAMH, MpeCTaBJIAO- 
IMMMH (ppOHTbI yapHbIx BOJIH. Ha camMom Jeu, 
(bpoHT yRapHoi BONHbI NpectaBsseT coOoi nepe- 
XONHYIO OOacTb KOHeYHOM TOUIMHI (B OOBIMHOM 
ra30MHaMHkKe BO BCAKOM CJly¥ae Ooslbue UIMHbI 
cpo6ogHoro mpooera). 

Tenepb mpocneaiM 3a BO3MOXHbIM HCKaxKCHHeM 
npoduna Kakoli-HuOyQb rapMOHHYeCKO BOJIHbI B 
pa3pexeHHOi mia3Me*. Ha 9BOJOWIMIO TaKOM BOJIHbI 


* B ormmune OT 3ByKa B OOBIYHOM ra3e Takad MOCTaHOBKa 
3aa4H WIA MWa3Mbl CO*KHee, TAK KaK B IJ1la3Me€ MOXET Cyllle- 
CTBOBaTb HECKONBKO pa3IHYHbIX THNOB KONeGaHHi (KomeG6a- 
TeIbHbIX «BeTBel»). Tak MPH HasIMYHH NOCTOAHHOTO MarHHT- 
HOrO MONA BO3MOXKHbI CEMb Pa3HbIxX BeTBCii. 


HEJIMHEMHbIE KOJIEBAHMA TJIA3MbI 


BO BpeMeHH OyJleT BAMATS Ba dbakTopa: 1) HemHHEeii- 
HOCTb, 2) NormouleHHe. PaccmoTpuM CHa4asia BIIMAHHe 
HeJIMHeHHOCTH, MpesNONarad NOrAOWeHHe MaJIbIM. 
TeHieHUMA K YBCJIMYCHHIO KPYTH3HbI MepeqHero 
(PpOHTa H3-3a HeAMHeMHOCTH COXpaHsAeTCA M B BOJHAX 
B pa3pexeHHO mia3Me (HCKIHOYCHHe COCTaBAAIOT 
BCAKHe BOJIHbI C NonmepeyHoH nonaApH3aivei, Kak 
HallpiMep, aJib(bBeHOBCKHe MarHHTOrHApoaMHaMH- 
yeckue). Ecau B ra30Boi JMHaMHKe pOcT KpyTH3HbI 
(PpoHTa OFrpaHH4nBaeTcA HCCHNATHBHLIMH 3pipex- 
TaMH, TO B pa3pexeHHOH Mmla3Me TaBHy!O PpoOJIb 
MOryT HrpatTb 3dekTI Aucnepcuu. B Hauiem npumepe 
C TapMOHH4ecKOH BONHOM «KOHKYpeHIHIO» Mex 
HeJIMHCHHOCTbHO, CTpeMALLeHCA ONPOKHHYTb BOJIHY, H 
MCTIepcHei MOXHO NpOHJLIFOCTpHpoOBaTb Cie 1yHOULMM 
o6pa30m. YsBesIM4eHHe KPyTH3HbI NepeqHero (ppouta 
Ha sA3bIKe (ypbe-pa3oxKeHHA O3HaYaeT pox DeHHe 
BbICLUMX TapMOHHK B BOJIHE NO BIIMAHHeEM HeJIMHe;i- 
HocTH. B nepspom (aHHeiiHOM) npHOMKeHHH BCAKaA 
BOJIHa OCTaeTCA rapMoHHYecKOH (exp i(wt — k-r)); 
BO BTOPOM NIpHOMxKeHHH JOJDKHbI NOABIATLCA BTO- 
pble rapMOHHKH (KaK 3TO MMeeT MCCTO B 3BYKOBOH 
BosIHe). B pa3nox%xKeHHH NO aMMJIMTye BOJIHbI ypaB- 
HeHHe JIA MONpaBKH BTOporo NpHOnMxKeHHA MpHMeT 
BHI 
Loa fo=lfexpi(2 ot —2k-r) (1) 


3necb f — OTKNOHeHHe kakoii-mu60 BesH4HHBI, 
XapakTepu3yrolleh Mia3My WIK Nose, OT paBHoBec- 
Horo 3Ha4eHHA (HHeKchI 1, 2 O3Ha4aloT NepBoe H, 
COOTBETCTBCHHO, BTOpoe npHOsHxKeHHA); Ly — IHHe;l- 
HbIM ONepaTOp, COOTBeETCTBYIOUIMH JIMHeiHbIM KOJIe- 
OaHHaM [I1la3Mbl C KaKHM-TO 3aKOHOM JIMcrepcuH 
«= w(k). B u3BecTHOM cMbicue ypaBHeHue (1) uMeet 
BH ypaBHCHHA JBMXKeCHHA “OCLIMJLIATOpa» Nod Meii- 
CTBHeM BbIHyxKalOuleh CHIbl ~f,?. AcHOo, 4TO BTOpas 
rapMouHuka OyeT Bo3OyxaTbCA, ecaM 9Ta cha 
HaXxOJHTCA B «pe30HaHce» Cc «cO6CTBEHHON YacTOTO 
OCLIHWJLIATOPa, T.e. CCIM YABOCHHOH HCXONHO 4YaCTOTe 
2m COOTBeTCTByeT (B 3aKOHeE JMCNepcuH) BOHOBOI 
BeKTOp, paBHbiii 2k. Tako «pe30HaHc», Boobule 
roBopa, SyeT OCYLICCTBAATbCA JIMUIb IA JMHeMHOrO 
3aKOHa JMCIepcHH w=ck, Kak 3TO HM MMe€eT MECTO B 
OObIMHOM 3Byke. JIA NPOK3BOJIbHOFO 3akKOHa AHCHep- 
CuH, BOOOUIe roBOps, yxKe He GyneT NepeKa4KH 9Hep- 
rMH OCHOBHOH TapMOHHKH BO BTOPpyHO H T.JL., eCJIM 
«BbIHYKTarOulad CHJla» HAaXOJHTCA WasleKO OT «pe30- 
HaHca». TaKkad Ka4eCTBeHHad WJLIKOCTpallMa MOKa3bi- 
BaeT, 4TO NepHoMY4eckHe* * BOJHbI B I1a3Me B OOacTH 
YaCTOT, Fe CYWIeCCTBeCHHO OTKIOHeEHHe OT JIMHeEMHOTO 
3aKOHa JIMCNepcHH, MOryT pacnpoctrpanaTeca 6e3 
HcKaxKeHHA CBOeH (OPMbI H3-3a HeJIMHeHMHOCTH. 3HaA 
XO JMCIepcHOHHBIX KPHBbIX w=w(k) “3 TeopHH 
JIMHeHHbIX KOeOaHHH I1a3Mbl, MOKHO TaKHM OOpa- 
30M TIpeBieTh HeKOTOpbie OGulMe CcBOiiCcTBa HeJIM- 
HeHHbIX JBMxKeHHI. IlycTb, HanpHMep, pedb HaeT O 
MarHHMTO3BYKOBbIX KOJIeOaHHAX, pacnipocrpaHsto- 
IWMxcA TMomepeK MarHHTHOrTO MONA B XOJOZHON 


** Oco6biii Tun HenemOpMupylOUIMXCA BOJH MpencTaBsAerT 
co6oi Tak Ha3biBaeMble “yeMMHeHHbIe BOHbP>, rae WHCnepcua 
Takxke HrpaeT BaxHyto pou. Jina cyllecTBOBaHHA TaKHX BOJIH 
HeoOxOHM creunduyeckHi BUA 3aKOHA gucrepcuu (cM. § 4). 
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A. A. BEJIEHOB, E. Il. BEJIAXOB, P. 3. CAT JIEEB 


naia3Me. IlpH 4wacroTax, MeHbLUIMX @,,— JapMOpoB- 
CKOH YaCTOTbI MOHOB, (:)a30Bad CKOPOCTb TakHX KOJIe- 
Gann c GOonbwoh TOYHOCTbIO paBHa H,/V 47 0, 
(Hj — HeBO3MYLUEHHOe MarHHTHOe MOue, 0» 

MaccOBad TJIOTHOCTb HEBO3MYLICHHOH 1a3MbI). C 
POCTOM 4acTOTbI ()a30Bad CKOPOCTb HaYHMHaeT YMeHb- 
waTbcaA H Mp mpHOnwKeHHM K 4YacTOTe, paBHoOii 
cpeqHeH reOMeTPpH4eCKOH M3 HOHHOH MU 3JIeKTPOHHOHK 

1 


(,,; @y,)? OOpaliaeTcA B HyJIb. 








Ww 
1/2 
Wy. Wy 
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Puc.2 3aBHCHMOCTb YaCTOTbI OT BONHOBOrO BeKTOpa JUIA 
MarHHTO3BYkKOBbIX KOeOaHHi. 


JiucnepcvouHas KpuBasd WIA 9TOTO THNa KOseGaHHit 
u306paxeHa Ha puc. 2. 


w? H,* W2/c? 


k? 40, k? t O," c?’ 


= 4rne*/m. (2) 


OTKNOHeHHA OT JIMHeMHOrO 3akOHa ANCHepcHH 
Ha4HHalOT CYLIeCCTBEHHO MpoaABATLCA pH k —> w/c. 
Benuunna c/m), u OyaeT XapaKTepHbIM MpocTpaH- 
CTBCHHbIM MacliTaOOM JIA yCTaHOBMBLUIHXCA HeJIH- 
HeHHbIX M@arHHTO3BYKOBbIX BOJIH (cM. § 4). 

B oTcyTCTBHe MarHHTHOrO MOJIA HOHHbIe 3BYKOBbIe 
Kone6aHHA B pa3pexeHHOM ma3Me, KaK H3BeCTHO, 
HMeHOT CMBICJI B JIHMHEHHOH TeopHH [3], ecnu MaBseHHe 
QIEKTPOHOB 3Ha4HTEJIbBHO MpeBbillaeT DaBseHhe HOHOB 
Pe > pi. Takwe ycnoBuA peasMu3yroTca, Hanpumep, B 
HeEH30TEPMH4ECKOH M1a3Me, KOr a TeMMepatypa WIekK- 
TPOHOB 3HA4HTeJIbHO MpeBbilaeT HOHHYWO. Ec aia 


IIpOCTOTbI MIpHHATb HOHbI «XOJIONHbIMM» (7; =0), To 
3aKOH AMCnepcun GyneT non06HbIM (2) 

w? Tt. x 

k2 M x2 j k2 ? 

2@= 022 M/T. 22 =4xrne/M. (3) 


Ponb xapakTepHoro MacuiTaGa 3eCb MrpaeT Je- 
OaeBckHii panuyc |/x. 

Hakoneu, Kose6aHHA BIeKTPOHOB B «XOJIONHOM» 
nyjia3Me 6e3 MarHHTHOrO MOJIA HMeHOT B Ka4ecTBe 
MCHepCHOHHOTO COOTHOLICHHA MpoctTo w?= «,*. 
3necb HeT HHKakoro xapakTepHoro MacuiTa6a Hu 
MOX%KHO CKOHCTPyHpOBaTb YCTaHOBMBLIHeCA HeJIMHel- 
Hble BOJIHbI JOGOrO NpocTpaHcTBeHHOrO NepHora [5]. 
Ja HesIMHeHHbIX JBYKeCHHH XONOAHON 31eKTPOHHOK 
nla3Mbl pelliaeTcA TOYHAA ONHOMepHad 3aa4a TIpH 
NPOH3BOJIBHbIX Ha4aJIbHbIX HM TpaHH4HbIX yCJIOBHAX, 
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eCJIM aMIVIMTYa He CIMLUIKOM BeJIHKa [6] (CM. Takxe 
§ 2). 

Utak, B OTIM4Me OT OObIMHOH ra30BOH AHHAaMHKH, 
rae Mpv4vHoi, OrpaHH4nBaroulei Ha HeEKOTOPOM 
9Tane asibHeHWMH PpOCcT KpyTH3HbI (pouTa HesHHe;i- 
HbIX JIBHXKCHHH, ABJIAIOTCA JMCCHMATHBHbIe Mpoweccsl, 
B pa3pexeHHOH Mla3Me TakKOM MpHYHHOH MOryT 
ABJIATbCA HMCHepCHOHHble 39pdpexkTbl. 

Orsn4uve Mex Ay ITHMH DBYMA rpynnaMu 3pdexTos 
HaXOAMT CBOe OTpaxkeHHe B MaTeMaTH4eCKOH CTpyk- 
rype HCXOJHbIX ypaBHeHHi. JuccunaTHBHble 39pdexTbi 
(BA3KOCTb, TENAONPOBOAHOCTh HM T.M.) HapyllakoT HX 
oOpaTHMOcCTb YBeIM4YHBalOT NOpALOK NpoHn3BoL- 
HbIX Ha He¥eTHOe 4HCIO (Kak, HaNpHMep, BASKOCTb 
noOaBsiaeT K ypaBHeHHlO Diiepa B ra30qMHaMHke 
4JI€Hbl CO BTOPbIMH MpOH3BOAHbIMH). J/ucnepCcHOHHbIe 
axbcekTbI He HapylatoT OOpaTHMOCTH H yBeJIM4MBalOT 
nopawoK LHddepeHuUMpoBaHHA B YpaBHeHHAX Ha 4eT- 
Hoe 4HCJIO. 

Jlo cux nop paccyxkAeHHA NPOBOAMWINCb IIA KOHeY- 
HOW, HO MaJlOH aMMIMTyAbI BOM. Jia BONH C OCTa- 
TOYHO SONbWION AMNIKMTYLONM MOxeT OCYLUeCCTBUTbCA 
COBepLUeHHO HHas CHTyauHA. JucnepcHoHHble 3pdek- 
Tbl MOFYT OKa3aTbCA HEOCTATOYHbIMH WIA OrpaHu- 
4YeHHA POCTa KPYTH3HbI, HM (pOHT MpH amMMJIKTy aX, 
TIpeBbILUAHOLUHX HEKOTOPOe KPHTHYeCKOe 3Ha4eHHe, 
MOXeT «OMpOKHHYTbCA». Bo3HHKatoT OOacTH MHOTO- 
CkOpocTHoro TeyeHHua (§ 3) (pasymeeTca, 9TO HMeeT 
CMBICJI TO OTHOWICHHHO K MepBOHAa4aJIbHO XOJIODHO! 
J1la3Me). 

Pa3pexeHHOH mla3Me MpHCyliM, B OTIM4He OT 
ra300MHaMH4eckoH Cpebl, MH CBOH creunduyeckue 
xpdeKTbI NOMNOWEHHA BOJIH (KaK, HaNpuMep, «3aTy- 
xaHHe Jlangay» [8]. M3 auneiHoi teopun [9—10] 
H3BeCTHO, 4TO TakOrO pola %pdeKTbI CBA3aHbI C 
onpeteseHHOHK rpynnow YacTHL H3 pacnpeweneHusa no 
CKOPOCTAM, KOTOpPbie pe30HaHCHbIM O6pa30M_ B3a- 
HMOeHCTBYKOT C 3JICKTPH4¥eCKHM H MarHHTHbIM 
NOJIeM BOJIHbI. TaKHMH YaCTHUaMH ABJIAIOTCA, HalpH- 
Mep, 4aCTHLbl, JBHXKYLUMeECA CO CKOpocTaMH, 671H3- 
KHMH K (a30BOH CKOpOCTH BOJIHbI v — (w/k) = 0, 
WIM 4aCTHUbl, B CHCTeMe KOOpHHaT KOTOPbIX 
4YacTOTa BOJIHbI O1M3Ka K UMKIOTPOHHOM 4YacTOTe 
v — [(w — wy)/k]=0. OOMeH xe 9ZHeEprHei MexZY 
njla3MOH HW MOJICM BOJIHbI CYLUeCTBEHHO 3aBHMCHT OT 
OKaIbHOrO NoBeweHHA (PyYHKUM pacnpesenenusA 4a- 
CTH (HOHOB, 3JICKTPOHOB) B OKPeCTHOCTH TAaKHX 
«pe30HAHCHbIX» ckOpocteli. HenMHeiHocTH cyule- 
CTBCHHO BJIMAIOT Ha BU (PyHKUMH pacnpezeseHHsA B 
9THX «TOUKAX» (Tak Ha3blBaeMOe ABIICHHe HCKaxKeHHA 
«oHa» — paBHOBecHOH dyHKUHH pacnpeneneHusa)*. 
JlmHeapH30BaHHadA %e TeOpHA He ONMCbIBAaeT 3TOTO 
apdexta. Tlostomy ova cnpaBeaiMBa JIMUIb Tora, 
KOI a CTOJIKHOBCHHA YCieBalOT BOCCTaHOBHTb paBHo- 
BecHOe paciipeesieHHe YacTHIL 10 CKOpOocTAM. JTO 
HakJlabipaeT OrpaHwveHve Ha AaMIMJIMTYAyY BOJIHbI, 
3aTyXaHHe KOTOpOH MOxeT ObITb ellie ONHCAHO JIMHeli- 


* HarsiaaHbIM NpHMepOM TOMY MOXET CiyXKUTb CyLecTBO- 
BaHHe HeJIHHeMHbIX H€3aTYXalOWWIHX BOJIH B Mm1a3Me, roe HCKa%Ke- 
Hie «OHA» BbIPaxKaeTCA B NOABJICHHM TaK Ha3bIBAeMbIX «3aXBa- 
YeHHbIX» YaCTHL. 
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HoH TeopHeli (cm. § 5). HekoTopbim ycoBepllieHcTBO- 
BaHHeM JIMHe€apH30BaHHOM TeOpli ABJIACTCA TaK Ha- 
sbIBAeCMAaA “KBa3HIMHeMHaA» Teopua (§ 5), KoTOpas 
IIPHHAMaeT BO BHHM@aHHe pOJIb MaJIbIX HeJIMHeHHbIX 
MpekTOB JIMWIb «OHaKIbIy — Y4HTbIBAeT HCKa- 
*KeHHe «(pOHa». MOpMasIbHO MeTO NMOyYeHHA KBa- 
3HJIMHCHHbIX YPaBHeHHi HaNOMHHAaeT H3BeECTHbIM Me- 
ron Ban-nep-lona u3 HemMHeiHOH Teopun KoneGa- 
HH. DyHKUMA pacnpeneneHHA NpelcTaBAeTCA B BU e 
CyMMbI JIBYX 4YacTei: MeJIeHHO MCKaxkatouleroca 
«oua» f,(r, Vv, t) u ObicTpo ocuMMpylouleh YacTH 


f(r, ¥, 2), YROBNeTBOpATOLUeH JHHeapH30BaHHOMy KH- 


HeTH4eCKOMYy ypaBHeHHW. B ypaBHeHHH xe IA fy 
ylepxHBalOTCA ycpeHeHHbie KBalpaTbI ObicTpo 
OCUMJLIMpyIOWWHX BesIHYHH. C NOMOLIbIO ypaBHeHHit 
KBa3HJIMHeHHOrO NMpHONHKeHHA MOXHO HaiiTH NOrs0- 
WieHHe BOJIH C y¥eTOM «HCKaxKeHHA (PoHa». 

Jlaxe TakaAt faneKO He TPHBHasIbHaA KapTHHa 
IBOJIOUMH HavaJibHOrO BO3MYLUCHHA B I1a3Me, B 
KOTOpOH BCe OMpeyesseTCA KOHKypeHiveH Mex Ly 
HeJIMHeCHHbIM “ONPOKHJbIBaHHeM», HCnepcuei HW 10- 
riouleHHeM, MOxeT elle Gosee yCNOXRKHUTbCA, eC 
IIpHHATb BO BHHMaHHe BO3MOXHbIe HeyCTOHYHBOCTH. 
B § 6 MbI NpHBeeM Mpoctbie NpHMepbi HeyCTOHYHBO- 
cTeli, KOTOpbile NpHCylIM HeJIMHeHHbIM BOJIHAM, Kora 
HX AMIMIMTya MpeBbilliaeT HeEKOTOpOe KPHTHYeECKOe 
3Ha4eHHe. 


2. Hekoropbie 4acTHbie C.1y4aH HeCTAalHOHAapHbix 
HeJIHHCHHbIX JIBHXKeHHH paspexKeHHOH 11a3MbI 


[lp HaslOx%wKeHHH H3BeCTHOTO 4HCJIa OrpaHH4eHnit 
yaeTca NOJYYIHTb TOYHbIC pelicHHA JIA HEKOTOPbIX 
THNOB HECTalMOHAPpHbIX HeJIMHEHHbIX DBHXKeEHHH pa3- 
pex*KeHHOH M11a3MbI. 

Cambiii oOulMi NOAXOD K ONHCaHHHW ee NoBeeHHA 
OCHOBaH Ha MpHMeHeHHH KHHETHYeCCKHX ypaBHeHHi (Cc 
y4eTOM CaMOCOrsIaCOBaHHbIX WICKTPHYeCKOrO HM Ma- 
rHHTHOrO nose) Oia dyHKuMi pacnpeneneHu 
fc.i(¥, V,t) MOHOB HM 93eKTPOHOB TO CkKOpocTsaM 
(V CKOpOCcTb, F — MpocTpaHcTBeHHasdA KOOpAMHaTAa, 
t BpeMa”). 


2.1 SAEKTPOHHbIE KOJIEBAHUA «XOJIOMHON 
MJIA3MbP>»> 


EcaM He Y4HTbIBAaTh ABHXKEHUA HOHOB (T.e. paccma- 
TpHBaTb KoOeGaHHA C GONbUIMMH YacTOTaMH) HK TpH- 
HeOperaTb TenOBbIM pa3Opocom ckopocteii 31eKTpo- 
HOB, TO OKa3bIBaeTCA OMHOMEPHAA 3aNa4a MONyckaeT 
nmpoctoe ToYHOe peuieHHe [6]. 

B 3TOM cCyyY¥ae BCe 3JICKTPOHbI B JaHHOH TOUKe 
MMeHOT OJHY M TY Ke CKOPOCTb, yOBJIETBOPAIOLLy!O 
ypaBHeHHtO JBWKeHHs * 


m| wt } me .. —ek. (4) 
ot Or 


[IMOTHOCTbh 3IEKTPOHOB ONpenemAeTcA 3 ypaBHe- 
HHA HelpepbiBHOCTH 


On , @(nv) - 
> = @ (9) 


ot Cx 


* Jlna npocToTbl OrpaHHYHMCA ODHOMEPHbIM TMJIOCKHM Cily- 
4yaeM. 


HEJIAHEMHbIE KOJIEBAHUA TJIA3MbI 


H, HaKOHe, JJIA MONA HMeeT MecTO ypaBHeHHe 


ek ’ : 
- 4x(n—WN,)e, (6) 
Cr 

roe N, — MAOTHOCTb HOHOB. 


Cuctemy ypaBHeHHit (4)—(6) MoxHO NpHBecTH K 
MpocToMy BHy, ecH McnoOub30BaTb JlarpaHxeBbl 
nepeMeHHble a, f, rie a HavaJibHadA KOOPAHHaTa 
31eKTPOHAa, HAXOMALIErOCA B TOUKe X B MOMECHT Bpe- 
MeHH f. JleiicTBHTeNbHO, ypaBHeHHA ABHXKeHHA, He- 
mpepbipHoctH uv I[lyaccoHa 3anHcbiBalOTCA B 93THX 
NepeMeHHbIX CJICMYIOULHM OOpa30M: 


mr eE (4’) 
NXa = Ng (a) (5) 


Ea=2%a:4n (Ng— n) « (6’) 


(HHeKC O3HaYaeT DH@dpepeHuMpoBaHHe MO COOTBeT- 
cTByIOueH He3aBHCHMOH NepemeHHoi). Juddepex- 
unpys (4’) no a uw ucKiOYan E, Kn C NOMOUbW (6') 
Hv (5’), MONY4YHM OCLIIMJIATOpHOe ypaBHeHHe WIA Xx: 








In + Mx = (a), (7) 
rae 
me@=4nNygeim, g(a)=|da4r ng (a) e?/m, 
HJIH 
Ext+we&=0, §=2r+9 (a)/a,?. (8) 
x t=0 
al ws 
a 
“pope 
1 
1 a 
os t>t; (c) 
Rel— = me - of —- 
xy |- f—- = 
A. .' a 








Puc.3 CmeuleHve 4aCTHUbl B HeIMHeMHbIX NeHTMIOpOBCKHX 
KoseG6aHHuax. 


HesvHeiHbie JBHXKeCHHA 3ICKTPOHOB B XOJIONHOH 
njla3Me CBOJATCA, TAKHM OOpa3oM, K rapMOHHYCCKHM 
KoNeOaHHAM C JICHTMIOPOBCKOH 4acTOTOH ». 3anaBaa, 
HalpHMep, HadaJIbHble YCIOBHA JIA CKOPOCTH H IJIOT- 
HOCTH 3JIEKTPOHOB, MOXKHO C MOMOLIbIO (8) HaHTH HX 
JIBH>KeHHe BO BCe MOCIeAyOWHe MOMECHTbI BPeMeHH B 
NpOH3BOJbHOH TOUkKe NpoctpanctTBa. II1pu 3TOM, o2- 
HakO, CJleyeT HMeTb B BH Culezyroulee OOCTOATeNb- 
cTBo. IIpx Bbipoze (8) Mbi Npeanonarann, 4To Jlarpan- 
*KeBa KOOPMHHaTa X KaxJOFO 3ICKTPOHa ABJIACTCA 
OAHO3HA4HOHK (PyHKUKeH ero HavaJIbBHOH KOOPAHHAaTBI 
a (puc. 3a). Ecnu xe, HAaNpHMep, HadaJIbHble CKOpocTH 
3CKTPOHOB CHJIbHO MCHAHOTCA B MpOCcTpaHcTsBe (B 
3aBHCHMOCTH OT a), TO NO HCTeYeHHH HeKOTOpOrO 
MpOMexyTka BPeMeHH f, HeKOTOPbIe 3JICEKTPOHbI 
CMOryT OrHaTb (puc. 3b), a 3aTeM HM MeperHaTb 
(puc. 3c) cBoux coceeii, Tak 4TO B HeKOTOpOH OOa- 
CTH MpocTpaHcTBa xX,;<x< xX, B KaxKJOH TOUKe x 
OyayT HAXOQHTbCA TPH FpyNnbl WieKTPOHOB, ABHXKy- 
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ulMecA C pa3JIMYHbIMH CKOPOCTAMH HM MMEBIIME B 
HavaJIbHbIi MOMCHT BPeMeHH pa3Hbie KOOPAHHAaTbI 
4), 42, Ag. YpapHenve (8), Kak WH MCXOMHaA CHCTeMa 
(4)—(6), OMMCbIBaeT JIMUIb OHOCKOPOCTHOE Te4eHHe, 
HMerFOLee MECTO B PaCCMOTPeHHOM Cily4ae JIMUIb 1A 
t<t,; 9TO CBA3aHO C TeM, 4TO NPM HamucaHHA HCXxOL- 
HbIX ypaBHeHHii (4)—(6) mpennomaranocb, 4TO B Kax- 
OH TOUKe MpOcTpaHcTBa B JaHHbIii MOMeHT BpeMeHH 
BCe IJIEKTPOHbI ABHXKYTCA C OHO HM TOU Ke CKOPOCTLW. 
Jina OMMCaHHA MHOTOCKOpOCTHOrO TeYeHHsA, BO3HH- 
Kaloulero pH f¢ > t,, HEOOXOMMMO paccMOTpeTb CH- 
CTeMy YpaBHeHHi JBHXKCHHA WM HeMpepbiIBHOCTH JIA 
Kax JOU M3 Ppylll WJIeEKTPOHOB, HaXOJALIMXCA B JAaHHOH 
TOuKe xX, C y¥eTOM ypaBHeHusa Ilyaccona, B KOTOPOM 
B Ka4eCTBe IJICKTPOHHOHM MIOTHOCTH CJleayeT MMCaTb 
CYMMY IWJIOTHOCTeH BCeX IJIEKTPOHHbIX MOTOKOB. 
UcciienopaHue Tako CHCTeMbI BeCbMa CJIOXKHO; 
paccykad HaHBHO, MOXKHO, OJHaKO, CYHTaTb, 4TO 
BO3HHKUIMe Mocue «mepeceyeHHA» TpaekTOpHii B3a- 
MMOMPpOHHKalollve MOTOKH 3JICKTPOHOB HMHTHPylOT 
B H3BECTHOM CMBICJIe «TeNIOBOM» pazs6poc cKopoctTeii, 
T.€. MpOH30MIIa JACCHNalMA IHEP yNOpAOYeHHBIX 
KoneOaHHi B TemmoByro*. AHamMTH4ecKoe HccIe0- 
BaHHe XapakTepa BO3HHKalOlleroO MHOFOMOTOKOBOTO 
ABWXKCHHA TipeycTaBsdeT GobUIMe TpyMHOCTH. 


2.2 JIBV2KEHHE IMJIA3MbI MOMEPEK 
MATHUTHOLO MOJIA 


B 9TOM cily4ae TakxKe BO3HHKAalOT GoubUIKe ynpo- 
WWeHHA, CCIM JaPMOPOBCKHe palHyCbI HOHOB HM JJICK- 
TPOHOB JOCTaTOYHO MaJibl. [1na3my MO%xKHO paccMa- 
TPHBaTb TOra, KAaK COBOKYNHOCTb «KBa3H4acTHL> — 
JaPMOPOBCKHX KPyxXKOB Cc aHaGaTH4ecKH COXpaH- 
AFOWUMMHCA MarHUTHbIMH MOMeHTaMH u = &, /H (e, — 
QHEprHA JapMOpoBCKOrO BpallleHHA 3apsAa BOKpyr 
CHJIOBOH JIMHHK MarHuTHOroO nos). Ec, Kkpome Toro, 
lipeneOpeub HHEpLiveit 3IeKTPOHOB HM C4YHTATb Ma3My 
KBa3HHeiTpasIbHOH, TO HCXOHYHO CHCTeMy KHHeTH- 
4YeCKHX ypaBHeHHii 6e3 CTOJIKHOBeHHi HM ypaBHeHHii 
MakcseJlia MOXKHO cTporo cBecTH (JIA JBYWKeHHA, 
NepNeHAMKyJIAPHOTO CHJIOBbIM JIMHHAM MarHHTHOTO 
noJIA) K BUY, HaMOMHHalOlleMy CHCTeMy ypaBHeHHit 
MarHHTOra302HHaMHKH Cc MOKa3aTesIeM aHabaTbl 
y=2. Hanpumep, JIA niockoro OAHOMepHOrO J1BH- 
*KeHHA 


(3 Ov ep 0 H? 
o> +05—): sant eg . 
- t Cx Ox Cx 8x 
0 a See nf (9) 
ot Cx 
@ (H/e) ae wh Si 'e) 0 
ct Ox 
P= Po° (0/0)” 
(30ecb i MacCCOBaxdA TJIOTHOCTb, p — aBJieHne, 


p=H (uf dy). 


* Wutepecupii MOeNbHBIM aHasIM3 “MHOrONOTOKOBOrO» 
TBHAKCHHA JICKTPOHOB, BO3HHKAalOWlero mociie «mepeceieHus»> 
TpaeKTOpHii, NPOBOAHJICA C NOMOLIbIO BbIYHCJINTeJIbHbIX MalllHH 
O. BYHEMAHOM [7] u JDK. TAYCOHOM [6]. Pe3ynprarst 
PpacieTOB MOKAa3bIBalOT, 4YTO eHCTBHTeEIbHO HWMeeT MeCTO 
WMCCHMallHA. 
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C NOMOUIbIO CHCTeMBI (9) HeTpyHO NpocseqHTb 3a 
Pa3BHTHeM MpOH3BOJIbBHOFO HavaJIbHOrO BO3MYLNeCHHA 
B yla3Me Monmepek MarHHTHOrO oA. Tak, BO3MYLLIe- 
HHA Maso AMILIMTY Abi (T.H. MarHUTHbIii 3Byk) pacripo- 
CTpaHAIOTCA CO CKOPOCTbIO 


1 1 


(22°)° - | Hy? 4 y Po )* ; (p* . 2 + p) : 


G0 (4705 20 


HesnuHetHoe uckaxeHHe (OpMbI NpodusA Bo3sMy- 
UIeHHA HarsiaaHee BCero HIIKOCTpHpyeTca WIA OHOTO 
BaXKHOrO YaCTHOrO CJly4aA, KOPMa HaasIbHoe pacnpe- 
neseHve aBsieHia, MarHHTHOrO MOsIA, CKOPpOCTH H 
IIOTHOCTH TakOBO, 4TO THOGbIe TPH H3 ITHX BeIM4YHH 
MOXHO TipecTaBuTb kak (pyHKUMM 4YeTBepToH. Kak 
H3BeCTHO, B OObIMHOM ra30BOi HHAMHKe B aHaJIOrH4- 
HOM CJly¥ae cyllecTByeT pelieHHe PumanHa, ONMCbI- 
Baloulee Tak Ha3biBaeMylO MpOcTy!O BOJIHY Mpou3- 
BOJIBHOM AMIMMIMTYAbI. 3ABMCHMOCTb CKOPOCTH OT Bpe- 
MeHH H KOOPAMHAThI B ITOM PellieHHM OMpejesAeTcAa 
HeABHOH dbyHKuHel 


x=t[v+e(v)]+ 7 (v), 


roe c*(v)=(dp*/dv)/(dp/dv), a y(v) — dyxKuna, 
3aBHCAad OT HavasIbHbIX ycoBui. Cornacuo (10) 
npopwib TeyeHus OyeT DepopMupoBaTLcA Tak, 4TO, 
Ha4wHasd C HEKOTOPOrO MOMEHTA, pellicHHe CTaHOBHUTCA 
Tpex3Ha4HbIM. Ha caMoM xe JeJIe elle WO 93TOFO 
HCXOJHbIe ypaBHeHHA Ha HEKOTOPOM 9Talle CTaHOBATCA 
HelIpHMeCHHMBIMH, T.K. HAPyWIHTCA XOTA GbI OHO H3 
npeAnosoxKeHHi, HCNONb30BaHHbIX MpH MouyYeHHH 
cucteMbI (9). Jia cilyY¥aa pa3pexeHHOM XOJIORHOI 
(p< H?/8 x) nna3Mbi NoABIAIOTCA I¢ceKTbI DucHep- 
cum (cM.(2). XapakTep BO3HHKaIOUIHX yCTaHOBHB- 
muxca** TeyeHHii Nompo6nHo obcyxmaeTca B § 4. 


(10) 


2.3 JIBMXKEHUWE «XOJIOJHbIX» MOHOB B IIJIA3ME 
BE3 MATHUTHOLO TMOJLA 


B pa3pexeHHOH Mmla3Me, B KOTOPOH BbINONHAeTCA 
yculoBue pi< pe, KaK H3BECTHO H3 JIMHeMHOM Teopun, 
MOryT paclipocTpaHATbCA MpOONbHbIe «HOHHBbIC» 
3BYKOBbIe KOJIeOaHHA C DHCNepCHOHHbIM yYpaBHeHHeM 
(3). Tak Kak qda30Baa ckopocTb w/k TakHx BODH 
3HAYHTEJIBHO MpeBbilliaeT CpeHIOW TeIMJIOBYHO CKO- 
POCTb HOHOB, TO pa3yMHO MpeHeOpeyb pa36pocom ux 
ckopocteii. C apyrol CTOpoHbI B TaKHX BOHaXx /k 
3HAaYHTeJIbHO MeHbIle TeMJIOBbIX CKOpOcTeii IIeKTpo- 
HoB. IlosTOMy 93s1eKTpH4eckoe NOse BONHbI MO OTHO- 
WIeHHIO K 3JIeKTPOHaM O6yyeT KBa3HCTATHYCCKUM. 
Toraa, ecu B OOsacTH, re 3ieKTpHyeckHii NOTeHUMAaN 
~ MaKCHMaJICH, pactipeseueHve IIeKTPOHOB MO CKO- 
POCTAM ABJIACTCA MAKCBEJIIOBCKUM f~exp (—mv?/2T), 
TO MJIOTHOCTh 3JICKTPOHOB B J1KOG60M MectTe 6yzeT 
ONMHCbIBaTbCA paciipeyzeseHHeM BbosibuMana 1 = Ny 


** B o6bmHoi ra30Bnoi aHHaMuke (c Mano ANHHOK cBO6on- 
Horo nmpo6era) B nonoGHOM CHTyalIMH BO3HHKaeT yCTaHOBHB- 
uleecs TeYeHHe C Pa3pbIBOM (yapHOK BOHO). Ha ocHOBe onH- 
CaHHOH MaTeMaTHYecKol aHasIOrHuwH HU BOSHHKIIa THNOTe3a O 
BO3MOXHOCTH OeCCTOJIKHOBUTENBHOM yapHOH BOJIHbI B pa3- 
pexKeHHOH m1a3Me. 





TO 
pe- 


AH 
(ak 
H4- 
*bI- 
H3- 
pe- 
TCA 


10) 


(HA, 
10) 
iTO, 
TCA 
oro 
ITCH 
) W3 
HHH 
HOH 
1ep- 
BUB- 


ME 


eTCA 
DHMH, 
ibIe>» 
[eM 
30H 
CKO- 
M WX 
olk 
Tpo- 
THO- 
KUM. 
Ha JI 
CKO- 
I2T), 
yy eT 
Ny > 


o60n- 
[OBHB- 
e OnH- 
e3a O 
3 pa3- 





exp (eg/T).* [pu coenaHHeix npennonoxeHHAX O2HO- 
MepHoe miockoe BHxKeHHe OyneT OMNHCbIBATBCA 
CHCTeMOH ypaBHeHHit 
ev ov eq 
u(~ v )=—es 
ae é 


Cx 


x 
oni O(niv) 
at oe 
ap T 
— 73" 42e(nj—nget?!T) . (11) 


3necb M, v, ni — Macca HOHA, CKOPOCTb H MJIOTHOCTb 
HOHOB COOTBeTCTBeHHO. JIA DBMxKeHH C XapakTep- 
HbIM MacClTa6oM, 3Ha4HTe/IbHO MpeBbIllarlOulHM Je- 


1 
Gaepckni panuyc (7/47 n, e?)?, MOXKHO C4HTAaTb 
mla3My KBa3HHeTpasibHOu nj = Ny exp = y~/T=n (To 
€CTb B NOCJI€ HEM ypaBHeHHH CHCTeMBI (11) omycTHTE 
yneH O6*p/0x*). Torfa, MCKIIOYMB M3 ypaBHeHHii 
qleKTpH4eckoe Mose, MOy4IHM 


ov av T on 
M3; +? | ny Oa 
On O(nv) | 
u* (12) 


(12) no cbopme coslayaeT Cc ypaBHeHHsAMH H30TepMH- 
yeckoro ABHxKeHHA (y=1) O6bI4HOH ra30B0H HMHa- 
MHKH. VM 3yecb pout, BooOuwie roBops, moG6oro 
Ha4aJIbHOrO BO3MYLLICHHA C TeYeHHeM BpeMeHH GSyeT 
CTaHOBHTbCA BCe Kpy¥e HM Kpyye 20 Tex Nop, noka He 
«ONpoKHHeTca». OnHAaKO, pex de 4eM pellleHHe CTaHeT 
MHOrO3Ha4HbIM, HapylUHTCA yCIOBHe MpHMeHHMOCTH 
ONyWeHHA O KBa3HHeiTpanbHOCTH, Kora MO Mepe 
pocta KpyTH3HbI XapakTepHbiii MacuiTaO yMeHbLIMTCA 
mo WeOaeBckoro paqnyca. DhiekT pa3zzenenua 3apana 
NIpHBOZMT K DHcnepcun (cM. dopmysty (3)) H MOxKHO 
OXKHLaTb YCTAHOBMBUIMXCA JBHXKeHH C MacuITaGoM 
nopauka weOaesckoro pagnuyca. 


3. Muorockopocrubie TeyeHHaA B pa3pexKenHO nia3zmMe 


B pa3pexeHHOH Mla3Me MOFyT OCYLIeCTBAATLCA 
TeyeHHA, TPH KOTOPbIX B HeKOTOpOH oOOnacTH Mpo- 
CTpaHCcTBa B KaxOHM TOUKe HMerOTCA Be HK Gonee 
rpyNMbl 4acTHU, JBHXKYWIMXCA C pa3JIM4HbIMH Makpoc- 
KONMYeCCKHMH CKOpocTAMH. IIpH focTtaTo4HO Manoi 
IJIOTHOCTH Mla3Mbl CpeHee BPeCMA Me*K IY CTOJIKHO- 
BeHHAMH 4YacTHIL BeJIMKO HM NOSITOMY CHJIbI TpeHHA 
Me@%K LY pa3JIM4HbIMH MOTOKaMH NpeHeOpexHMO MaJIbI. 
B3avMHoe BJIMAHHe YaCTHU, NMpHHawiexkaulMx K pa3- 
JIM4HBIM TOTOKaM, OlpeyesseTca B 39TOM cyyYae 
HCKJIFOYHTEJIBHO CaMOCOTJIACOBaHHbIM 3JIeEKTPHYeCKHM 
HM MarHUTHBIM MOJIeM, CO32aHHbIM 3aps1aMu HW TOKaMH 
4¥acTHIL BCCX rpylll, HaXOALIMXCA B TaHHOW TOUKe 
mpoctpanctsa. B 3ToM Maparpade MbI paccMOTpHM 
HeKOTOPpbie CJly4a TAKHX MHOTOCKOPOCTHBIX TeYeHHit. 


* QTO COOTBETCTBYeT y¥eTy TAK Ha3bIBAeCMbIX “3aXBaYCHHbIX» 
3JIEKTPOHOB, MOCKOJIBKy MaKCHMYM  OTBeYaeT «HY» NOTeH- 
UMasbHOK AMbI (MHHHMYMY MOTeHUMabHOH 93HeEprHH 93/1eK- 
TPOHOB). «3aXBaT» %e 3NCKTPOHOB NMOTeHUMaNbHOM AMO B 
oGuieM cyly¥ae OnpenesAeTCA CTONKHOBeHHAMH. B 9TOM pa3- 
nee MbI mpeunoularaeM, YTO YaCTOTa CTONKHOBeEHHH 31eKTpO- 
HOB JOCTaTOYHO BesIHKa WA Toro, ¥TOOLI GELIO MpHMeHHMO 
pacnpenenenve bosbumana. 


HEJIMHEMHBIE KOJIEBAHMA TIJIA3MBbI 


1. O6pamumca cuayaaa K cayyaw, Kozda eHewunHee 
Ma2HumMHoe nose 6 NAAZMEe HanpaeAseHo B00Ab NoMoKa. 
IIpu cuasHom Hepasencmee 9AeKmpoHHoi u UoHHO 
memnepamyp T,> T;** u eeinoanenuu ycaosuii Keazu- 
HeuimpaAbHocmu Ne= Ni Pacnpocmpanenue «UOHHOZO 
38yYKa» OnucblaaemcaA Cucmemou ypasHeHul Uuz0MepMuU- 
yeckol 2a300uHamuku (12). 


Ecam MbI MOMbITaeMca Tellepb Cc nMoOMOLUIbIO (12) 
PpellHTb 3a2a4y O JBHKCHHH, BbLI3bIBACMOM B IL1a3Me 
BHXKYUIMMcCA GecKOHeYHbIM NOpuHeM * **, To B cay4ae 
MaJIOH CKOpocTH nopurHa U MbI HaiiaeM, 4TO BO3HH- 
Kalollee BO3MYLUCHHe NpesctaBlsaet co6ol Geryuly1o 
OT NOPWHA HOHHYIO 3BYKOByHO BOJIHY, pacmpo- 
CTPaHAOLILyHOCA CO CKOPOCTbHO C, a CKOPOCTb YacTHIl 
B BOJIH€ PaBHa CKOPOCTH NOpIIHA C y¥eTOM 3aMa3ZIbI- 
BaHua: v= U (x—ct). Dra kapTHHa copmamaeT c 
COOTBETCTBYHOMIeH KapTHHOH B Cyly4ae ra30NMHaMHKH. 
OmHako eciH MbI OyleM yBeJIHYHBaTb CKOPOCTL 
NOpWHA, TO 9Ta AHAJIOTHA Mex Dy W1a3MoOH HM ra30H- 
HaMHKOi Hcye3HeT. Ecuim B ra30MHaMH4ecKOM Ciryyae 
MCCHMAaTHBHbIe 9ekThI IpHBOAAT K BOSHHKHOBCHHHO 
yiapHoi BOJHbI, TO B pa3pexeHHOM mMla3me, rie 
GOTCYTCTBYIOT 3aMeCTHbIe CHJIbI TpeHHa, mpH Gonbwoii 
CKOPOCTH NOpuiHsA BONH3M Hero BO3HHKaeT OG6sACTL 
ABYXCKOPOCTHOrO TeYeHHA, rpaHHyawiaa c OOacTbIO 
OJHOCKOpocTHOorO TeyeHHa. B paccmMaTpHBaeMoM 
HaMH Cylyyae Be Ipynnbl MOHOB, JBHXKYyLUIHeECA Cc 
Pa3JIM4HbIMH CKOPOCTAMH, BO3HHKalOT B pa3yJIbTaTe 
OTPaxkeHHA OT NOPLIHA; 3ICKTPOHbI Ke, ABIAIOULMECA 
OMHOCKOPOCTHBIMH, JBHTaloTca Tak, 4¥TOObI KOMIICH- 
CHPOBaTb NOJIOXKUTCIbHbIM MpOCTpaHCTBeHHbIi 3apad 
HOHOB. 

B oOnacTH ByXCKOpocTHOrO TeyeHHA CHCTeMy 
(12) HyxHO 3€MCHHTb Cylefyroulei cuctemoii ypaB- 


HeHHH, ONMHMCHIBAaFOLUHX JBHXKCHHe jJIByX TOTOKOB 
HMOHOB: 
2 
vy + y@ »,@ = —cVxIn J" n , 
a=] 
ni + (ny), = 0, a= 1,2 (13) 


C rpaHH4HbIM YCAOBHeM 3epKaJIbHOrO OTpaxkeHHA Ha 
NpOuHe, JBHXKYWIeEMCA CO CKOpocTbHO U: 


ph — y= 2U, nM =n npn e=(Udt. (14) 


B cyy4ae paBHOMepHOTO ABHXKeHHA NOpUIHA co 
ckopocTbW0 U, nnOTHOCTH H CKOPOCTH NOTOKOB B JIByX- 
CKOpocTHOH oG6smacTH oONnpeenAIOTCA CuIeyWOUIKMH 
BLIPaxKeHHAMH (yYMOBJICTBOPAIOWIMMH, Kak JIerkKO Npo- 
BepHuTb, cucteme (13)—(14)): 2M=n@=—n; v) = 2U, 
v@)=0, roe m — MAOTHOCTA m1a3MbI B OOsacTH 
nokKOAueHica mia3mMbi 1 (puc.4). Cpanuua mexgy 
o6nacTaMu oko” | H AByXCKOpocTHOrO TeyeHHA 2 
BWKeTCA C YBOCHHOM CkKOpocTbiO nopumma 2U. 
CkopocTb 3u1eKTpoHoB B OOnacTH | paBHa U, a ux 


** UacrTo peanM3ylOlleroca B IKCNCPHMCHTAJIbHbIX YCTAHOB- 
Kax. 

*** Ponb NOpUHA B Ciy¥ae pa3spexeHHOH nNa3Mbl MOXeT 
MIrpaTb, HalpHMePp, CHJIBHO¢ MarHHTHOe MOC, KOTOPOe BKJIIO- 
yaeTCA Ha rpaHulle Wia3Mbl MW NapannenbHo 3TOK rpaHuie. 
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IOTHOCTb 2n; MOITOMY CKa4OK 3JIeKTpocTaTH- 
4yeckOro NOTeHMasia Mex Ly OOacTaMuH | u 2 paBeH: 


Ag =(T/e) In 2 


Uccneqospanue yCTOMYHBOCTH ABYXCKOpOCTHOrO Te- 
4YeHHA NOKa3bIBaeT, 4TO MaJibie (byKTyauMHK B OOMacTH 
2 9KCNOHEHUMAJIbHO HapactaiwT JIMLUIb B Cily4ae, Kora 
CKOPOCTb OTHOCHTCJIbBHOrO JIBHXKCHHA JBYX HOHHBIX 
NOTOKOB MeHbllle C; B MPOTHBOMOJIOXKHOM ciJIy4ae 
JBYXCKOpOCcTHOe TeYeHHe yCTOMYMBO. 


SOs 


—< 
MAA 














2ut 


c 
> 


Puc. 4 JiBpyxckopocTHoe TeyeHve nepea NOpuiHeM. 


JipyruM MIpHMepoM, TIpHBOAAIIMM K BO3HHKHO- 
BeHHIO MHOTOCKOPOCTHOrO TeY4eHHA, ABJIACTCA 3ana4a 
06 «ONpOKHAbIBAHHH MpodwsA WOHHO-3ByKOBOI 
BOJIHbI GonbuIOH aMMIMTyAbI. Ecru Mbl paccMOTpHM 
cayyai mpocroH (pHMaHOBCKOi) MOHHO-3ByKOBOI 
BOJIHbI, KOTOpad oOnucbiBaeTcA dopmysioi (10) c 

1 


c(v) = (T/M)2 =const, TO MOMeHT ,,ompoKHbIBa- 
HHA” BOJIHbI ONpeesIMTCA yCIOBHAMH 


dz/0v=@2z/dv?=0, T.e. t= — x’ (v), x’ (v)=0. 








ait 


14213 


_« = 


. 2 
ee 














Puc. 5 O6pa30panve OGNacTH TpexcKOpOcTHOrO Te4eHHA. 


Tlocne «OMpOKHAbIBAaHHA» WOHHO-3BYKOBOH BOJIHbI 
BOJIM3H TOM TOUKH NpoOdusA CKOPOCTH, OKOJIO KOTOpOH 
NpOv30WII0 ONpoKHAbIBaHHe, OOpa3yeTcA OONacTb 
TPeEXCKOpOCTHOTO TeYeHHA, T.e. BO3HHKaIOT TPH 
NOTOKa MOHOB, JIBHXKYLULHeCA C pa3JIM4HbIMH CKOPOCT- 
AMM. ITa OONacTb 2 (cM. puc. 5) rpaHH4nT Cc DByMA 
oOnactamu | xu 3 oOfHOCckOpocTHoro TeYeHHsa. B 
o6nactax | u 3 ABYxKeHHe MOHOB MJ1a3MbI ONMCbIBaeTCA 
CHCTeMOH ypaBHeHHii (12), a B OOacTH 2 — cucTeMoii 
(13) (wHgeKc %, HyMepylowHii NOTOKH, NPpHHHMaeT B 
39TOM Cyly¥ae 3Ha4eHHA |, 2, 3). 
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B cay4ae HOHHO-3BYKOBbIX BOJIH O4eCHb SoubUWIO 
aMIIutTyabl v>c (uucno Maxa M=v/c>1) (10) 
nepexOAMT B ypaBHeHHe, ONHCcbIBaloulee CBOGOTHOe 
JIBYOKeHHe 4acTHll: 


x=vt+y(v). 


ITO ypaBHeHve OMMCbIBaeT Kak OHOCKOPOCTHOe 
TeyeHHe (10 ONPOKHAbIBaHHA), Tak HW ABMXKeHHe Mocse 
ONPOKHAbIBAaHHA, KOra MOABJIACTCA TpexcKOpocTHasA 
o6slacTb, H3MCHAFOWAACA C TE4CHHEM BPeMeHH. 

B 3aksro4eHHe HaCTOALero paziesia ceayeT 3aMe- 
THTb, 4TO HCNOJb3OBAHHOE BbILUe NMpewMoNOx*xeHHe O 
KBa3HHeHTpasIbHOCTH Mla3Mbl OKa3bIBaeTCA HeBep- 
HbIM B Cyly¥ae, Kora MMeroTcA GONbUIKe rpadHeHTbI 
BeJIMYHH, XapakTepH3YIOWWMX JABWXKeHHe Wia3MbI. B 
9TOM CJIy4ae HYXKHO MOJb3OBaTbCA CHCTeEMOH ypaB- 
HeHHii (11), y4unTbIBarOLeH OTKIOHeEHHe OT KBa3HHeli- 
TpaJIbHOCTH, WJIM aHaJIOrTH4YHON CHCTeMO JWIA MHOTO- 
CKOpOCTHOH 3aua4H. 

Eciim, HalipuMep, B Ha4aJIbHbIii MOMeCHT BpeMeHH 
MbI CO31a1HM B IlJla3Me BO3MYLIIeHHe C XApaKTePHbIM 
Pa3MepoM, 3Ha4HTeJIbBHO MeHbIIMM JeOaeBcKOoro pa- 
muyca D=V7/4rne*, TO MIOTHOCTb 3ICKTPOHOB 
N MOXKHO C4MTATb NOCTOAHHOH (NOCKONbKy DeGaeBcKoe 
9KpaHHpoOBaHHe MMeeT MECTO JIHLIb Ha paccTOAHHAX, 
MHoro 66nbumnx D). B 9TomM cay4ae yooGHO onncBi- 
BaTb JBHX%KeCHHe HOHOB B JlarpaHxKeBbIX MepeMeHHbIx 
a, t. Ucnonb3yaA ypaBHeHia JBHXKeHHA HOHOB 


Man=eE, 
HelipepbIBHOCTH 
N %a=N, (a) 
uv Ilyaccona 
Ea/Xa 


4ne|[N —n(a)], 


MONY4H4M WIA KOOPAMHaTbI HOHOB 2x (a, ft) ocuMIIA- 
TOpHoe ypaBHeHue 


(Xa) + £2? (a) xa = 4 Ne (a) e?/M, (15) 


OTIMYatouleeca OT (8) JHLIb TEM, 4TO BMeCTO 31eK- 
TPOHHOH JISHTMIOPOBCKOH YaCTOTbI |, B PaccMaTpH- 
Bae€MOM CJly¥ae BXOJMT MOHHAA JISHTMIOPOBCKaA 4ac- 
rota 2= V 4rn(a)e*/M. U3 (15) cnenyet, 4To ana- 
JIOTHYHO CIIy4atO WICKTPOHHBbIX JIIHTMIOPOBCKHX KOIIe- 
OaHHi NpH AOcTaTOYHO GobWOK HayabHOH amMmMin- 
Tye BO3HHKaeT «MepeceyeHHe TpaeKTOpHii» MOHOB, 
NpHBOAAIee K MOABJICHHIO MHOrOcKOpocTHOH 0o6- 
actu. 


2. [lepeii0em menepb K paccmompenulo MHOeOCKO- 
PocmHblx Meyenull @ pazpesceHHOU NAa3Me NpUu HaAUYUU 
@ Hell MA2HUMHOZO NOAA; NDU IMOM Mobi Oydem Uuzy4aMb 
AUUb ORUMCEHUA NAAZMbI NonepeK Ma2HUMHOZO NOAA. 


OaHMM H3 MpocteiuiMx NpAMepoB MHOrOcKOpoct- 
Horo TeYeHHA Tp HasIMYHh MarHHTHOrTO Noss 
ABIACTCA 3aa4a * O JBHXKCHHH I1a3MbI NOD AelicTBHeM 
NOpuHA, NepeMellarOluleroca NepleHAMKyJIAPHO CHJIO- 
BbIM JIMHHAM MarHHTHOTO MOA C MOCTOAHHOHM CKO- 
poctbl0 W, MHoro Oosbuiei anbtBeHOBCKOii CKOpOCTH 


* PaccmotpeHHas M.A. JIEOHTOBUYEM copsmectHo c 
OHUM H3 aBTOPOB. 








oi 
10) 


[oe 


ioe 
JIE 
lav 


1A- 


eK- 
H- 
ac- 
Ha- 
ne- 
1H- 
OB, 
»6- 


KO- 
41uUuU 
Mb 





V4=VH?*/4r nM. BcnenactBve oTpaxeHviaA HOHOB 
nla3Mbl OT NOPUWIHA (KOTOpbIN B DeHCTBUTeJIbBHOCTH 
MOxeT mpenctaBlaTtb coGoh o6nacTb cHIbHOrO 
MarHHMTHOrO NOs), BOM3M Hero BO3HHKaeT OONACTb 
| ABYXCKOPOCTHOFO JBHXKCHHA HOHOB, rpaHHlla KOTO- 
poi MBuxeTcCA co ckopocTbio U. B To xe Bpema 
QJICKTPOHbI, H3-3a MaJIOH Maccbl, COBepLaloT Upeii- 
(poBOe ABHXKeHHe, Tak 4TO UX TeYeHHe ABJIACTCA OHO- 
CKOpocTHbIM. Ha BpywxKylleiica rpannue oOnactei 
JIBYXCKOPOCTHOFO H OAHOCKOpOCTHOrO Te4eHHii CTa- 
BATCA YCJIOBHA HeNpepbIBHOCTH NMOTOKOB BeLieCTBa, 
9Hepruu HW MMMyJIibCca. 


}< 

















1 





= aioe as as ge a om == 
cs) } 
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Puc.6 JIipyxckopocTHoe TeyeHve nomepeK MarHHTHOrO Noms. 


CuctemMa ypaBHeHHi JByXCKOpoOcTHOH MarHHTHOH 
ra300HHaMHKH B paCCMaTPpHBaeMOM CJly¥ae HMeeT 
BULL: 


Cut/dt + u® 6u*/Oa = Qy (v*— v) V4.2 olin H/éz, 
Qu (u%—u), (16) 


On*/0t + do (n® u*)/cx=0. 


Cv*/0t + u* Ov*/Ox 


wv, wo, & MNJIOTHOCTb WH KOMIOHECHTbI CKO- 
PoOcTH (BOJIb Ocei x, y) AA HOHOB 


notToka « («= 1, 2); 


NOHaA MWIIOTHOCTb HOHOB (paB- 


n SW 
aad Had TMJIOTHOCTH 3JICEKTPOHOB); 


4 
“= y n* u/n, v= Wnt v*/n 
se 
a x 
—CKOPOCTH 3ICKTPOHOB BOJIb Oceii 
=, y 


Qu=eH! Mic, V 4*7= H2/4x n Mi. 


Pa30%xeHHeM B PA MO MaJIOMy NapaMeTpy, paB- 
HOMY OTHOUWCHHHO aJib(pBeHoBCKOHM ckopocTu V4" k 
ckopocTuH nopwina W (T.e. oOpatHomy 4ucay Maxa 
1/M=V.4"/W <1), 6bino HaiineHo peuieHne CHCTeMbI 
(16) ¢ COOTBeTCTBYIOLIMMH TpaHH4HbIMH yCOBHAMH 
Ha NopuiHe WM Ha rpanuile Cc OONacTblO NoKos 2. 

ITO pelieHve cCnpaBeIMBO WIA HavabHOK CTaqHH 
ABHKeHHA 

(Qut/M)? <1 


Oxa3biBaeTca, 4TO Ha PpaHulle ODHO- HM ABYXCKOpoctT- 
HOH OOsacTeH HMeeTCA CKaYOK MarHHTHOTO NosA (HK 
NJIOTHOCTH), PaBHblii 


H.— H.-H, 


HEJIMHEMHbIE KOJIEBAHUA MJIA3MbI 


a cCaMa rpaHHlla ABHXKETCA CO CKOPOCTbIO 
U=2W 


(C TOYHOCTbHO 10 4JIeHOB BbICLUerO Nopsuka no 1/M). 
Pacnpeenenve XapakTepH3yrOUIMX JBMKeHHe 111a3- 
MbI BeJIH4YHH B OOaCTH ABYXCKOpOCTHOrO Te4eHHA 
MOXHO HaiTH C MOMOLIbIO CuIeMyHOulero HarsiaAaHOrO 
paccyxaeHua. B nepspom npxHOnwxeHun no 1/M 
MpOeKUMH CKOPOCTH HOHOB MepBoro HM BTOPpOrO NOTO- 

KOB Ha OCb paBHbl: 
ew, =0, «.=2 9. (17) 


I1nO0THOCTH HMOHOB B 93THX MOTOKaX PaBHbI Mex 
co6oi WH COBNaalwT C MIOTHOCTbIO HOHOB B HeBO3- 
MYLUCHHOH myla3Me. Jia BbINOJIHeEHHA YCIOBHH KBa- 
3MHeHTpasIbHOCTH HeOOxOAHMO, 4TOOBI B OOsaCTH 
ABYXCKOpOCcTHOrO TeYeHHA | 9BIeKTPOHbI (MIOTHOCTE 
KOTOPbIX paBHa B 3TOH OONaCTH m) ABMrach co 
ckopocTtbh) W. MarHuTHoe nose, NponopuMoHnasbHoe 
NIOTHOCTH 3I€KTpOHOB, B OONacTH | B~BOe MpeBbi- 
wiaeT Nose B HEBO3MYLUCHHOK nmia3mMe Hy. 3ameTHM 
Tenlepb, 4TO JBHXKCHHe WICKTPOHOB C MOCTOAHHOM 
ckopoctblo W nonepek MarHHTHOrO MOA HallpsAxKeH- 
HocTH 2H, BO3MOXHO JIMLIb Np HasM4YHH NOCTOSH- 
Horo 23IeKTpHY4eckoro nona E,=(l/c)W-2H,; 970 
QIeKTpH4eckoe Mose, MeiicTByaA mocte NpoxoxeHHA 
rpaHHuei MaHHOH TOYKM x Ha HOHbI, HaXOMBLIMeCA 
paHee B NoKOoe, NpHazaeT HM 3a Bpems ft — (x7/2W) 
CKOPOCTb B HallpaBJIeHHM OCH y, paBHylO 


yl ( ow) a, Br ~ 2u(2Wt—2). (18a) 


[lp paccMoTpeHHH HOHOB BTOpOrO MoTOKa CHesyeT 
yuecTb, 4TO OHH B TeYeHHe BpeMeHH f,—(x/W )— ft 
BUrasIMCh BAOsJIb OCH X CO CKOpOCcTbHO 2 W, a 20 9TOrO 
B TeyeHHe BpeMeHH f,=f — (2/2W) ux ckopocTs u! 
Oblia paBHOH Hy, HM BCe BpeMas f, +f, Ha HHX Jeii- 
cTBoBasio nose Ey. Tloytomy mpoekuHaA ckKOpocTH 
HOHOB BTOpOrO MOTOKa Ha OCb Vy paBHa 


2W e 


y2 — ft ul 2H 


Cc 


é . é ’ 
1M; By + ts a ey 


{21 (4wt — 32). (186) 


BaipaxkeHHaA JA CkOpoctei, onpenenatoulmeca dop- 
myjlaMu (17)—(18), mpeactaBasatot co6oi mepsbie 
YJICHbI pa3IOXKeHHA pelieHHA CucTeMbI (16) no oOpatT- 
HbIM CTemeHaM 4HCJIa Maxa. 

MbI BHMM TakHM OOpa30M, 4TO 3aa4a O NOpUHe, 
NIpHBOALLAA B YCOBHAX OOLIMHOM MH MarHUTHOH ra30- 
BOHM AHHAMHKH K TMOABJICHHIO yapHbixX BOJIH, HMeeT 
B pa3pexeHHOH Myla3Me KaYeCTBeHHO HHOe pellienue: 
Tip GOJbLIMX CKOPOCTAX NOPWHA BOSHUMKaeT OOaCTb 
JBYXCKOPOCTHOrO TeYeHHA, OrpaHH4eHHad NMOpLIHeM 
HW OJHOCKOpOCTHOH OG6sacTbh. 

Uccnenosanue BOJIH GOsIbUIOH AMMIMTY AbI, pacnpo- 
CTPpaHAIOWUIMXcA B pa3pexeHHOH Mla3mMe monepek 
MarHHTHOPO MOJIA, TAKKE YKa3bIBAeCT HA BO3MOXKHOCTb 
«ONPOKHAbIBAHHA» MpOdus1A BOJIHbI Hh BOSHHKHOBCHHA 
TpexckopocTHoi o6sactTu. Jia ABYxKeHHI Cc XapakTep- 
HbIM IIpOCTPpaHCTBeHHbIM MacuuTaOoM L, 3Ha4HTesbHO 
NpeBbILWAaHOWIUM Ay=C/m_. (THe Wy 9IEKTPOHHaA 
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JISHTMEIOPOBCKad YACTOTA) YpaBHeHHA, ONMCbIBaFOLUIMe 
pacipoctpaHeHve Tako nmonepeyHoH «MarHHTO3By- 
KOBOM» BOJIHbI, COBMawarwoT, KaK OTMeYasOcb B § 2, 
C ypaBHeHHAMH Ta30QHHaMHKH Cc y=2; ecnH xe L 
CTaHOBHTCcaA NopsyKa Ap, 3aa4a yCuOxKHAeTCA. OHaKO 
np Sonbwiod aMMIMTye BONHBI H B 3TOM cyIy4ae 
HMeeT MeCTO «MepeceyeHHe TpaeKTOpHii» u o6pa3o0- 
BaHHe MHOFOCKOpOCcTHOrO TeYeHHA. 

OcoGeHHO MpocTo onucbiBaeTca Mpouecc ONpOKH- 
bIBAHHA B JlarpaHxKeBbIX KOOPMHHaTax B CJlyyae 
L < 4). Tipw 9ToM ypaBHeHve JBYWKeHHA YacTHI 


@ wn 
me ~ E(a) 


NOKa3bIBaeT, YTO HMe€e€T MECTO PaBHOYCKOpeHHOe JBH- 
*KeHHe C YCKOPeHHeM, ONpeeAIOUIMMCA HadaJIbHbIM 
pacnpefeneHHeM MarHHTHOrO M014. 

B 3akro4eHHe 9TOFO pa3zesla 3AaMeTHM, 4TO, XOTA 
JIA CHCTEMbI ypaBHeHHit MHOFOCKOpOCcTHOrO Te4yeHHA 
Tuna (13) unm (16) MoxHO HaiiTH pA YaCTHBIX, aBTO- 
MOJI@JIbHBIX HJIH CTallMOHapHbIX pelwieHHi*, uccyen0- 
BaHHe OOuled 3a0a4H O MHOTOCKOPOCTHOM Te4eHHH 
CBA3AHO CO 3HaYHTeJIbHbIMH TPyTHOCTAMH. 


4. Hekoropbie Tunbl ycTaHOoBHBUINXcaA 
HeJIMHeHHBIX JIBHKeHHI 


YcTaHOBHBLUIMecdA HeJIMHeMHbIe BOJIHbI pa3JIM4HbIX 
THNOB B Myia3Me 6e3 3aTyXaHHA HCCIeAOBaJIHCb MHO- 
rHMH aBTopaMu. CTraHjapTHad npolenypa nosy4eHua 
TaKHX pellieHH 3aKJIKOUaeTCA B TOM, 4TO B HCXOJHBIX 
ypaBHeHHAX BbIOHpalOT CHCTeMy KOOpHHaT, JBH- 
*KYLULYIOCA BMECTe C BOJIHOH. B Tako CHcTeMe OTC¥eTAa 
nmpomayaeT 3aBHCHMOCTb OT BpeMeHH H 3aa4a CBO- 
MTCA K OTbICKAHHHO CTallMOHapHoro TeyeHHs. CKo- 
POCTb BOJIHbI U CHaYasIa BXOJMT B 3aya4y Kak cBoOor- 
HbId MapaMeTp. 3aTeM H3 yCJIOBHA pa3pelliMMOcTH 
OMpeteuAIOTCA paHHlbl, BHYTPH KOTOPbIX MOxXeT 
MCHATBCA U, a TaKXKe CBA3b U C AMIIHTYIOM BOJHBI. 

OcTaHOBHMCA Ha HeKOTOpbIX KOHKPeTHBIX THMAaX 
yCTaHOBHBLIIHXCA BOJIH. 


4.1 YCTAHOBMBIIMVECA MOHHBIE 
BOJIHbI TIPU pi < pe 


3necb OyneT HATH peyb OO ycTaHOBHBLIMXCA JBH- 
%KCHHAX, ONMMChIBAIOLUIMXCA CHCTEMOM ypaBHeHHii (11). 
IlpHHaB, 4TO BCe BeJIHYHHbI 3ABHCAT OT & HM f TOJIbKO 
B KOMOHHauMH =a — ut, cuctemy (11) MoxHO 
CBeCTH K OJHOMY JHiPepeHUHasIbHOMYy yPaBHeHHtO 
BTOporo MopsaKa IA NOTeHUMasa ~ 


” 


gy 4x n,e [u/ Vue— 2eq/M —exp (ep/T)] (19) ** 


MUuterpupys (19) onnH pa3, nony4yuM 


__ 1 (@')2 = =| 2 2e 
x (p )*? = 4rNQe : u i 





T eg ' 9 
— | exp ] +C. (20) 


* Cnuctema ypaBHeHuii [13] umeet, HampuMep, Kiacc pewleHnit 
Tuna nmpoctsix (PRAMAHOBCKUX) Bonn, B KOTOpBIx BenH- 


4YHHbI CBA3AHbI Mexay COOoM dbyHKUMOHAJIbHbIMH COOTHOULIEe- 
HHAMH. 


** Illrpux o3HayaeT auddepenunpoBanue no €. 


90 


B 3aBHCHMOCTH OT BbIGOpa KOHCTAaHTbI HHTerpHpo- 
BaHHaA C MOXKHO CKOHCTPyHpOBaTb pa3JIM4Hble NepHo- 
M4eCKHe BOJIHbI (CM. HHTerpasIbHble KPHBble Ha (:)a30- 
BOH MJIOCKOCTH pic. 7). 


“A-~N 
4 
/ Fate =— 
\ ory 

pt el 

te 








Puc. 7 Wuterpanbubie KpuBbie Ha da30BoH MNOCKOCTH. 


Oco6niii cnyyaii mpenctaBisaet C, BbIGHpaemoe H3 
ycnosua y’->0 np p->0, T.e. C= 4 ny (Mu? + T)***. 
Ha cba30Bo0ii MOCKOCTH JTOT CAy4ali BbIZeNeH OcoG6o. 
OH cooTBeTCTByeT Tak Ha3bIBaeMOH yeHHeHHOii 
BoulHe (puc. 8), mpencTaBnatouled cobol CHMMeTpH4- 
HbId «rop6» noTeHuMasa. 


sd 


¥mna x 








x-ut 


Puc.8 YelwHeHHadA HOHHO-3ByKOBaA BOMHA. 


CkopocTb pacnpocTpaHeHHsA Tako BOJIHBI u Kak 
(PYHKUHMHO Ymax-AMIIMTYIbI NOTeHWMasa, HalieM M3 
(20), nonaraa y’=0 np 9—max 


~ =. es [exp (e ?max/ T)— iF 
_ 2M exp (€ Pmax/T')— 1 —(egmax/ _ 


(21) 
B npeaesIbHOM CJly4ae MaJIbIX AMILIMTY A (@Pmax < T) 
u CTpeMHTCA K CKOPOCTH H30TepMH4eCKOrO 3ByKa 


(V7/M). Tipu GSonbumx amnautynax (egmax> T) 


ux + VT|M exp (egmax/T). Ja Mambix amnautya 


Npopwsib MOTeHWMaa B yeAHHeHHOM BOJIHe HMeeT 
BHI 


Tig ae = 
x sech? + ca \i — (a — ut) ; (22) 


*** Taxoii BbIGop C HMeeT CMBICI, CCIM Mbl HHTepecyeMca 
ACHMITOTHYCCKHM BHOM pacnpocTpaHAlolleroca BOIMYLICHHA, 
Ne€PpBOHAa4aJIbHO JIOKaIH30BaHHOTO B OrpaHH¥eHHOH oOsacTH 
lipocTpaHcTBa. 








ipo- 
HO- 
a30- 


- 3 
deel 


60. 
HOH 
yH4Y- 


Kak 
[ M3 


(21) 


é T) 
ka 
> T) 
TyA 
1ceT 


(22) 


~MCHA 
HHA, 
aCTH 





4.2 YCTAHOBMBIIMECA MAPHUTO3BYKOBBIE 
BOJIHbI KOHEYHOM AMIMIMTY BI, 
PACIIPOCTPAHSAIOWMECA MOMEPEK 

MAFHUTHOrO MOA [12 — 15] 


B 9TOM cCylyyae acpekTbI AMCNepcHM CBA3aHbI C OT- 
CTyMJeHHeM OT KBa3HTHIPOAMHaMH4eCKHX ypaBHe- 
HHH (9), B KOTOPBIX He Y4YHTLIBAJIMCb, BO-NepBbix, 
HHEPUMA BICEKTPOHOB H, BO-BTOPbIX, OTCTYyMJIeHHe OT 
KBa3HHeiTpasbHocTH. IIpu yuete xoTa Obl OAHOrO H3 
9THX (akTOPOB MOXHO MOJYYHTbh YCTaHOBHBLIHeCA 
BHXKeCHHA, OTJIMYHbIC OT MIOCKO-NapaseubHOrO No- 
ToKa. MM COOTBeTCTBYIOT Be XapakTepHble JJIMHBI. 
Ileppas, OveBHHO, CBA3aHa C MHeEpLveli 3IeKTPOHOB 
(3aBHCHT OT Maccbl 93eKTpoHa). Ecnu c/m, > 
H,/(4x ne)*, To no Mepe yBeH4eHHA KpyTH3HbI PpOHTa 
paHbilie Ha4HHaeT HIpaTb poulb nepsbili dakTop, a 
pa3qeseHHeM 3apsatla MOXHO MpeHeOpeyb. Paccma- 
TpHBasA 9TOT cylyYaii, MbI He GyneM elle yYHTbIBATb 
H TeMJIOBOrO JBWXKeHHA, TAK YTO CHCTeMa ypaBHeHHii, 
ONHCbIBaOLaA BMXKCHMe HOHOB H IJICKTPOHOB H Mpo- 


(pub none B yCTaHOBHBLUIelica BOJIHE MipHMeT BHI: 
M v xi (Uxi— u) = e Ex + (e/c) vyi H 


— YypaBHeHHe JBHOKCHHA HOHOB B HalipaBJICHHH OCH 2 


(kya pacnpoctpaHsetca BosHa); 
M vyj (vxi— u) =e Ey— (e/c) vxi H 


— BHOJIb OCH y, NepmeHAMKyIApHO HanpaBseHHto 
JIBH2KCHHA BOJIHbI H MarHHTHOMY MOJIHO (cM. puc. 9); 


MVxe (Uxe— Ut) -€ Bx— (e/c) ye H; 
MVye (Uxe— U) -eEy+(e/c) vxe H; (23) 
Nett Nett 
n, = ——__; Ne a hed 


U— Uxi U— Uxe 


Ni = Ne 


(U3 nocnentHero ypaBHeHHA, BbIpaxatoulero KBa3H- 
HeiiTpasIbHOCTb, BbITeKae€T PpaBeHCTBO KOMIMOHCHT 
CKOPOCTH 3JICKTPOHOB HM HOHOB BONb 2) 


Ey =(u/c) (H — H,) 
— Ff’ 


(4z-/c) ne (vyi— Vye) 


VUckniouad 3 39THX ypaBHeHHii BCce nepemMeHHbie 
Kpome H, nosy4HM (c TOYHOCTbWO 20 4wieHoB c m/M) 


os mc2 d dH H?—H,? H?—H.2 
— 4xngetu dil dé \8xn,Mu : 8=n,Mu u) 
= a H,? 


8xn, Mu —u| H-+uH, (24) 


ITO ypaBHeHHe onpenesseT npodunb u3MeHeHHaA H 
B HccIeqyeMOH ycTaHoBHBulelica BOHe. MnTerpupys 
OHH pa3, IpHBeyeM ero K BUY 


H? — H.?2 2 
—" 2, pita. 5 
a* (H") (Goa u) 
_(H? — H,* —16xn,Mu*(H —H,)* 0 
l6zn,M jada 
, mec2 c2 
con 7 SS 4 
(a = 4nnye® Wo? (25) 


* QTo ycnoBHe MOXHO NepedOpMyMpOBaTb CenyWUIKM 
o6pa30m: nmc*? > H?/8x. 


HEJIMHEMHBIE KOJIEBAHUA MMJIA3MbI 


QTO ypaBHeHHe, Kak HM ypaBHeHHe (20), ONHCcbIBaeT 
nepHoaM4eckHe BOJIHbI KOHeYHOM amMnHTyabi. Mlose- 
meHHe MHTerpasibHbIX KPHBbIX Ha (:a3z0BOii MAOCKOCTH 
(H’,H ) BecbMa HaNOMHHaeT KapTHHy, yxe H306pa- 
*KeHHYHO Ha puc. 7. BeiGupas C u3 ycnopua H’—->0 
npu H — Hoy, nonyynm oco6bii cnyyait yennHeHnHoi 
BoJHbI. M3 ycnosuxn H’=0 npn H=Hmax HaxXOHM 
CBA3b MCKAY aMIWJIKTYIOH BOJHbI HK CKOPOCTbIO 


(Hmax t H,)* 


u2 
l6xn,M 


(26) 
Tipu Magypix ammautTyaax (Hmax — Hy) CKOpocTb 
BOJIHBI, YMe€Hbillascb, crpemutca K H,/V4rn,M. 
Ilpodusb MarHHTHOrO OA B CHyYae MasIOH aMILIH- 
TYIbI HMeeT BU 


H =H, [2 4 ee ut ) 








H,? 

o( © |/4nn,Mu* - 

x sech? { = | a a 1}|. (27) 

| 
{Yve 
z,H 
ee 

om Uy Vy 


Puc.9 CuncTeMa KOOpAHHaT 118 BONHBI, pacnpoctpansatouelica 
nonepek noms. 


Ypasuenne (25) nMeeT eiicTBHTebHOe peuieHHe 
He Tp CkouIb yronHoO Gosburux un H. Tak nanpumep, 
IA YeIMHCHHBIX BOJIH pellieHHA CyUIecTByIOT TpH 


Hmax < 3H, (1.¢. u<2H,/V 4 ny M ). Ipu npxu6nn- 
%KCHHH AMIMIATYbI BOJIHbI K KPHTH4CCKON MIOTHOCT 
HOHOB (3J1IeKTPOHOB) Ha rpeOHe BOJIHbI CTPeMHTCA K 
OecKOHC4YHOCTH. Pu3H4eCKH ITO O3HAYAET Ce MyHOUlee. 
YennHeHHad BOIHa NpenctaBasetT coboli «rop6» 
aleKTpH4eckOoro NoTeHuMasa p. B cucTemMe KOOpAHHAaT, 
CBA3AHHOH C BONHOM, NOTOK HOHOB H3 Y=co HaGeraet 
Ha 9TOT NOTeHUMAaIbHbI Gapbep CO CKOpOCTbWO u. 
Ilpw He CHMUIKOM OONBUIHX aMIMUJIKTy1ax HavasibHas 
KHHeTHYecKad JHeEprHaA HOHAa Mu?/2 npesbiuiaeT BbI- 
COTY NOTeHUMAaNbHOrTO Oapbepa ePmax WH HOHbI, He- 
CKOJIbKO 3a/epxKaBLINCh, MepeBasIMBalOT Yepe3 Hero. 
Onako, Kak ClleayeT H3 pellieHHsA, C POCTOM aMIIJIH- 
TYMbI BOJHbI NOTeHUHMAaAIbHbI Gapbep cTaHOBHTCA 
HaCTOJIbKO BbICOKHM, 4TO @€Pmax > Mu?/2. Moment 
€Pmax = M u?/2 cootsetctByet amMmutTy ae Hmax = 3 Hp, 


u=2H,/V 4% n, M (una4e ropopsa KpHTH4eCcKoe «4HCIO 
Maxa» paBHo 2). Ha rpe6He Takoii BOJIHbI HOHBI, 
NlOTePAB CKOPOCTb, “OCTaHaBJIHBalOTCA», a HX MMIOT- 
HOCTb BO3pacTaeT 0 GeckoneyHocTu. [Ipu emie 
OONbUIHX AMMJIKTYaX HOHbI NpocTo «OTpaxkasMcb» 
Obi OT Gapbepa, HO COOTBeTCTByHOlllee TAaKOM KapTHHe 
JIBYOKCHHe yxe He OFHCbhIBACTCA B PaMKax Halen 
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HCXOAHOH CHCTeMbI ypaBHeHHii (23), Tak Kak mocuie 
OTpaxkeHHA TeYeHHe CTAHOBHTCA “MHOFOMOTOKOBbIM» 
(B3aMMONPOHHKAaOUlHe NOTOKH HaGeraloull HXH OTpa- 
2%KCHHbIX HOHOB). 

Takum 06pa30M, MbI BHM, 4TO 3¢pcpeKTbI AHcnep- 
CHM He MOFyT OCTaHOBUTb “OMPOKHAbIBAHHe» BOJIH C 
moctaTouHo 6oubwow amnuTyoow B XxOJOHOH 
nla3Me. 

Ecnu Obi MbI y4IM TensoBOH pa3x6poc cKopocTeii 
MOHOB, TO axe MpH MaJIbIX aMMJIMTyaX BOJIHbI 
MOrJIM ObI HAaHMTHCh, BOOOLIe TOBOPA, HOHbI, OTpaxka- 
roulHeca OT Gapbepa (3TO HOHbI C MaJION OTHOCHTEJIb- 
HOH CKOPOCTbHO U — vx), TO CCTb JBHTaBLUIMeca NepBo- 
HavaJIbHO B HallpaBJIeHHH pacnpocTpaHeHHA BOJIHbI 
cO CKOpocTaMH, OM3KHMH K WU; 9TH HOHbI MOXKHO 
Ha3BaTb «3aXBa4eCHHbIMm>». 

Bbe3 y4eTa «3aXBa4eHHbIX» HOHOB JierKO HaiiTH 
pelleHve WIA yeHHeHHOH BOJIHbI MH B Gosee OOLIeM 
Bue C y¥eTOM TenoBoro pa3Opoca, paccMaTpHBaA 
(yHKUMIO paciipeteyeHua HOHOB NO CKOpOCTsM. 
PaccMOTpuM cpa3y NpOTHBONOJIOXKHbIN MpedesbHbiii 
cnyY¥aii ny m c? < H*/82, korma Aucnepcua onpeness- 
eTCA pa3zesleHHeM 3aps0B, a He HHeplivel 31eKTpo- 
HOB. PyHKUHA pacnpenzeseHuA HOHOB f(v, €) yaosnet- 
BOpseT ypaBHeHHIO 


Cc 
(Ux — u) 
Cc 


eq ’ of 
— — = J 28 
M @v,x (28) 


nm 


30eCcb Mbi He y4JIM eiicTBHe Ha HOHbI MarHuTHOrO 
noid. ITO cipaBeAJIMBO, eCIM XapakTepHbiii pa3smep 
BO3MYLUCHHOH OOacTH (JIHHa BOJIHbI) 3HaYHTeIbHO 
MeHbluIe paHyca KPHBH3HbI HOHOB B MarHHTHOM 


u 
mowie, T.e. - <; H) Me? STO Bcerda BbINOMHACTCA, 


4xne 
T.K. MbI npHHsann H?/8r@<nMc? (u~H/V4nnM ). 
Ilo 9To xe MpH4nHe B (28) ONyuieH 4IeH, YYMTbIBa- 
FOU eicTBHe BUXpeBoro IIeKTpHYeckoro NnoA Ey, 
Tak Kak E,y=(u/c)(H — H,). 

DuekTpHyeckoe MOe yHOBeTBOpAeT ypaBHeHHtO 
Ilyaccona 


” 


—¢Y 4re (ni—Nne) , (29) 


roe n= \fd v. Tlockoubky HHEPLMA WIeKTPOHOB He 


Y4HTbIBaeTCA H, CIe@MOBAaTebHO, MarHHTHOe Moe 
Ne€peHOCHTCA CO CKOPOCTbIO JBHXKCHHA IJICKTPOHOB, 
TO MAOTHOCTb 3JIEKTPOHOB MeHsAeTCA NIpAMO Nponop- 
WHOHAJIbHO BeJIMYHHE HallpsxKeHHOCTH MarHuTHOrO 
nossa 
dle No « 
30 
H H (30) 
Hakouell, MarHHTHOe Nose ONpedesAeTCA M3 ypaBHe- 
Hua Makcsenna rot H=(4x/c)j (Tok cmeuleHna 
HeCyLUeCTBeHeH, MOCKOJIbKy Mbil MpPHHAIH, 4TO 


H,/V 4 ny M < c). Dro ypaBHenne jaet 
H’ = - <= EN Vye, (31) 


Pe Vyec = (p'/H) (nockonbky B npeHeOpexeHun HHep- 
une v=cE x H/H?). 
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Cuctema ypaBHeHnit (28)—(31) nHTerpupyetca cie- 
AYHOuLMM O6pa30M. [lomb3yscb ypaBHeHvem (31), 
HaiemM peuienve (28) aia cbyHKUMH pacnpeneneHna 


“22n,M 


roe fj(vx) — pacnpefeseHve HOHOB MO CKOpOCTsM B 
H€BO3MYLICHHOH BONHOM OOmacTH*: Uckniouaa Hu 
OCTaJIbHbie MepeMeHHbIe Kpome H, nosy4unmM 


—H”" = (4ne)? AA | fo x 


7 Vn, Oe, % 
| \/(vs u)* 4 2nn.M dvy, nH}. 


(32) 

TakuM o6pa30M, 3aa4a CBOAMTCA K pellicHHlO 
OObIKHOBeHHOrO AudpepenHuUMaJIbHOrO ypaBHeHHA BTO- 
poro nopsaka c rpaHH4HbIM ycuoBHem H’—O npu 
H —> H,. Ecnu, Hanpumep, OnATb BepHyTbCA K CiIy4ato 


XOJOMHBIX HOHOB, Korma fo(Vx) = My 6 (vx) To (32) mpu- 
HHMaeT BHI 


u H 
| |. (H—H,)A, H, 
w 


2xn,M 


-H” = (47e)? (33) 





Ilocne OAHOKpaTHOrO HHTerpHpoBaHHA NMOy4HM 


] 19 _ (4x€)?n,* H? 
~~" y' 
(47e)? ‘ (H HH, , 
_ D- 3 2 0 0 1 Y 
2 2 nyu M | u ia C. 


(34) 


YeHHeHHad BOJIHA COOTBeTCTBYyeT BLIGOpy H’ > 0 
npH H->H,. XapaktepHot nHHOH sABAeTCA 
H,|(47 ng e). CBA3b M@XKAY CKOPOCTbHO BOJHbI u H 
aMIMWIMTYLOH MarHuTHOrO NOAA Hmax HMeeT yxKe 3Ha- 
KOMbIi BUA U? =(Hmax+ Ho)*/(162 ny M) kak 4 B Npo- 
THBONOJIOKHOM MpeesIbHOM cyIyY¥ae (cM. Popmysly 
(26)). Ina npon3B0bHOH yHKUMH pacnpeneseHna 


Jfo(v) (B pamkax HajlOxKeHHOrO orpaHHyeHua 06 OT- 


CYTCTBHH 3aXBa4eHHbIX YaCTHL) CBA3b U C AMIVIMTY ON 
BOJIHbI BbIpaxkaeTcA CleLyIOULMM ypaBHeHHeM 


87 M [ vv v2 pb fo (u Sa v) dv Tt | 


VB 


8x M ( v2 f, (u — v) dv+FA,?, (35) 


0 
(H max Hy)H, 
‘a p 2xn,M 
Ecan npunate (v*)=|v? fdv Manbim B CpaBHeHHH C 


H,?/(4a ng M), To pa3znarasa (31) B pan, Haiinem 


* OrcyTCTBHe «3aXBa4eHHbIX» YaCTHL O3HayaeT, 4TO f,(v)=0 
/(H max A) H, 


npuv > u | 
° 2xn,M 





1), 
HA 


3) 


iT 
On 


ic 





3 ‘ 


9 9 ay. 2 Q . 
(wv?) (u," B)? Uy? + > UB 


Uw Uy - 
2u,? — B — 2uUgV/ up”? — B)(uy? — B) 
(36) 
H max + H, 
rae Uy max ( 
2 \ 4=Ny M 


HyHO HMeTb B BH, 4TO J106bIe ye HHeHHbIe BOLI- 
Hbl NpeacTaBsAroT COOK OcOObI THN yCTaHOBHBLUHX- 
CA HeJIMHeHHbIX BOH. Ecnu nepwoaMueckve BOJIHbI 
MOryT CYLUCCTBOBaTb TIpH MpOHK3BOJIbHOM, BOOGIE 
rOBOps, 3aKOHeE AMCNepcuH (Hub ObI He JHHeEHHOM), 
TO QJIA CYLUCCTBOBaHHA YeMHeHHbIX BOJIH TpeOyeTcA 
onpeesieHHbIi XapakTep 3aKOHa MCNepcHH. DJTO 
CBA3AHO C TEM, 4TO B TO BPeMA Kak CIeKTpasIbHoe 
pa3JIOxKeHHe NepHOAMYeCKHX BOJIH COLepxKUT JHCKpeT- 
Hble w Hk, pa3soxeHve NpodusA yeqHHeHHOH BOJHbI 
MMeeT CIIOWHOH cnekTp. TlosTomy yxe HenpHMe- 
HHMbI paccyx*XJeHHA, HCNOJIb3OBaBLUHeCA BO BBOJIHOM 
naparpade. U306pa3umM npodusib ckOpocTH (BOJIb 
HallpaBJICHHA paclipocTpaHeHHA) B Ye MHHEHHOH BOJIHE 
(puc. 10a). BuaHo, 4To yyacTKam c HaHOOJbUIMMH 
llpOCTpaHCTBeHHbIMH pa Wen TaMH («3ppeKTHBHbIMHM» 
k) COOTBeTCTByIOT HM HaHOObUIHe AMMJIMTYbI CKO- 
pocTH. AcHOo, 4TO AIA CyLUeCTBOBaHHA CTallMOHapHon 
KapTHHbI HeOOXOHMO, 4TOGbI GonbUIMM k COOTBeT- 
CTBOBaJIN MeHbLUIKe (a3z0Bble CKOPOCTH «/k B JIMHeli- 
HOH TeopHH. Torga SGonee cusIbHOe BAMAHHE HesHHel- 
HOrO wWieHa (v VY) v Ha y4acTKH Cc Gonbued amMMIMTy- 
moi ckopoctu Gynet, rpy6o roBops, KOMMeHCHpo- 
BaTbCA YMeCHbuIeHHeM «/k*. Takoro pola 3aKOHaMH 
aucnepcnn (~/k nagaeT c poctom k) oOnamatwT pac- 
CMOTPeHHble HAMH MarHHTO3BYKOBbIe BOJIHbI H «HOH- 
Hbli>> 3BYK B M1a3Me NpH pi < pe. 


v 


(a) 





(>) 





Puc. 10 Yenunennas Bosna: (a) — cxatTua; (b) — paspexenna. 


B o6bimHOH rHapoqnHaMuKe OH3KHM 3aKOHOM 
WMCnepcuHuh XapakTepH3ylOTCA BOJIHbI Ha MOBEPXHOCTH 
TAKeNOH %WKHQKOCTH B KaHasie KOHeYHOH riyOHHbl. 
TeopHa BOJIH Ha «MeJIKOH BOE», KaK H3BeECTHO, 06- 
HapyxXHBaeT (PyHTaMeHTaJIbHOe CXOACTBO Cc TeopHeii 
H39HTPONM4eCKHX MVJIOCKHX JBHxKeHHH B OObI4MHOH 


* AHaJIOrM4Hble paccyxKJeHHA NOKa3aIM Gb, YTO JHHeEMHbIM 
3aKOHaM ucnepcuH O6paTHoro Tuna (@/k nocTosHHO np 
MasibIx k uv pactet npu 6onbumx k) MoxkHO COnOCTaBHTb HesIH- 
HeliHbie yeHHeHHbie BOJIHbI “pa3xpexeHusa» (puc. 10b). 


HEJIMHEMHBIE KOJIEBAHUS MJIA3MbI 


ra30BoOH AMHaMHke (3¢cekTHBHbIii NOKa3aTeb alma- 
OaTbl y=2), a, cTano ObITb, H C AMHAMHKOH pa3pe- 
*KeHHOH Ma3Mbl, JBHKYLUeHCA Nonepek MarHHTHOrO 
nona (cuctema ypaBHeHHii (9)). Ha «mMenkoi Bone» 
NpoOw3BOJbHbIN, BOOGIE TOBOpA, Npodwb Hayasb- 
HOrO BO3MYLUICHHA CTPeMHTCA “ONpOKHHyTbCA». Ox- 
HaKO, MO Mepe yBeJIKYCHHA KPYTH3HbI NMepenHero 
(pouta, HaYHHaA C HEKOTOPOrO MOMeHTa BPeMeHH 
CTaHeT CYLUeCTBeCHHOH KOHCYHOCTE rsiyOHHbI KaHaa. 
Yuet ee aeT HYXHbIM AMCNepCHOHHbI 3xpdexr. 
JleiicTBUTeNbHO, 3aKOH AMCNepcHH JIA MaJIbIX KOJe- 
OaHHii Ha BOMe KOHeYHOH raoyOunb! A uMeeT BHD 


ow? =gk tanh (kh). (37) 
rae g yckopeHue CHJIbl TaxKeCTH. [Ip Mambix k 
(uM GonbuMx aIMHaXx BONH A>/h) (37) umMeeT BHA 
» 
@m \« 
= h 
| k g l 
JIucnepcvoHHoe cooTHOUeHve (38) HanomMuHaeT, 
HallpuMep, 3aKOH AKcnepcnH (3) 41a MarHuTO3ByKO- 


BbIX BOJIH B pa3pexeHHOH nia3mMe. Ponb 1|/x B (3) 
urpaeT xapakTepHbii MacwTa6 fh. 


— (38) 
3 (khy 


5. «Kpa3nimneinoe» npuOimxenne 


BnvaHne Masici HesMHeEHHOCTH Ha XpPdekTbI Norso- 
WuleHHA yROOHO ONHChIBATb B PaMKaX «KBa3HJIMHel- 
HOrO» NpHOMKeHHA, B KOTOPOM y4HTbIBaeTca OOpatT- 
Hoe BJIHAHHe KONeOaHHH NNa3Mbl Ha ycpewHeHHOe 
pacnpefeneHHe YacTHL MO cCkOpocTamM («cpenHHii 
cou»), HO He Y4HTbIBAIOTCA HeJIMHeHMHbIe 3pcdeKTbI 
HcKaxkeHHA (POPMbI BOJIHbI (B3aHMOAeHCTBHe rapMo- 
HK). ACHO, 4TO 9TO CNpaBeWIMBO JMUWIb WIA MocTa- 
TOYHO CaGbix BOJIH. 

Bropoe orpaHv4eHHe HakJabipaeTcaA Ha 4HCAO 
OJHOBPeMeCHHO CYLUCCTBYIOLUHX pa3JIH4YHbIX TapMOHHK 
B BOJIHe (HHaYe TOBOPA, Ha WHPHHY BOJHOBOrO Na- 
KeTa), 4TOObI MOXHO ObIIO NpeHeOpeyb 3aXBaTOM 
pe30HaHCHbIX YacTHU. B cayyae, HaNpHMep, NpoaoONb- 
HbIX JICHTMIOPOBCKHX KOJIeOaHHi ia 3TOFTO HeOGbXxo- 
MMO BbINOJIHeHHe HepaBeHCTBa 


Av, =A(m/k) AV eqe/m 


roe Av, pa36poc da30B0H CKOpOcTH B MakeTe 
BOJIH, a Pp aMILIMTyla 3JieKTpOocTaTHY4eckoro NO- 
TeHUHasia B BOJHeE. AHaNOrH4Had OWlCHKa MOXeT ObiTb 
HallHcaHa JIA MpOH3BOJIBHOrO THMa BOJIHbI B 1a3Me. 
IpeneO6pexeHve 3aXBa4eHHbIMH YaCTHUaMH MO3BOlI- 
aeT CYHTaTb CpeHH (OH OAHOPOHbIM B NpocTpaH- 
cTBe. 


5.1 BbIBO. YPABHEHUA KBA3HVJIAHEAHOTO 
NPUBJIVAKEHUA 


B 9TOM pa3esle MbI NOJIY4HM KBa3HJIMHeMHOe KHHe- 
TH¥eCKOe ypaBHeHHe WIA ycpeHeHHOH 3a NepvHor 
kose6aHHni dbyHKUMM pacnpeseneHHA YaCTHL NO CKO- 
poctam. JIA MpocToTbl OrpaHH4HMcA BYMA Clly- 
4YaAMH: JICHTMIOPOBCKHMH KOJICEOAaHHAMH 3JICKTPOHOB 
B ma3Me 6e3 MarHHTHOTO NOMA KH NONAPH30BaHHOH 
no Kpyry JICKTPOMarHHTHOH BOJIHOH, pacnpocTpaHs- 


93 








A. A. BEXTEHOB, E. I. BEJIMXOB, P. 3. CAT JIEEB 


FOUIeHCA BOJIb OHHOpOAHOTO MarHHTHOrTO ITIOJIA B 
mia3Me TpH YacToTax, OJIM3KHX K IMKJIOTPOHHOH 
4YaCTOTe IIICKTPOHOB. 


a) JIenemropoeckue Koaebanua 


DekTpuyeckoe none KoueOaHnii nipeAcTaBHM B 
Buse: 


E (x, t) vob exp {i (k-x — wt)} 


E_x- Ey ’ Re WO, = — Re Wx (39) 


Pa3naraa @yHKUHIO pacnpeweieHuA YacTHL B MHTe- 
rpas’ Pypbe NO MpocTpaHcTBeHHbIM KOOPAMHaTaM H 
mo BpeMeHH 


tf=fot 5 heexp {i (k-x — wt)} (40) 
k 


M ipewnouarad MasocTb f,, MOy4aeM H3 JIMHeapH30- 

BaHHOrO ypaBHeHHaA BbosbuMana 6e3 y4eTa CTOJIKHO- 
BeHHit: 

(e/m) Ex - (@f)/Ev) 

fe a i@ + ik- v aft 


(42) 


roe fy, B OTNM4He OT OOLMHOHM JHHeiHOH TeopHH, 
mpeanoslaraetca He MOCTOAHHOH, a MeJJICHHO H3MeHA- 
rollelica BO BpeMeHH (pyHKUHel. 

Jina Hee, C ApyroH CTOpOHbI, clipaBedJIMBO ypaB- 
HeHHe, MOJyYalOuleecdA M3 KHHETHYCCKOFO ypaBHeHHA 
llyTeM ycpeHeHHA 


dfo _ ml oo ae . 5 
dt m ss ov 
= k Of (Ove 
es 2 2 2 — 0 € _ € 
ro Ov; (2 oat | Ey I- —iw+ik-v (43) 


Kak M3BeCTHO, HHTerpasl MOXKHO OpaTb no AeiicTBH- 
TeCJIBHbIM k, ecIH W=@,+l@r KH w>0. 


Tlostomy 
df, _ ¢ @ 2 kike 
_— Slee Bel 


Ofp/Ove 


(@ oor = [i (w,—k-v) + wi) 

ae 8s oes ap Bel a et 

m? dv, ) (2n)* k* Ove 

re Mbi lipewnoNOKWIK, YTO wr< w,. Ha camom ese 

HasIM4ve MHHMOM 4acTH y YaCTOTbI aeT KOHeCYHYIO 

WHpHHy OONacTH B3aMMOeCHCTBHA Mex Jy OTIeJIbHOH 

@Mypbe — rapMOHHKOH BOJIHbI HM YaCTHIWAMH I1a3Mbl 
(cBoero pola «paaqvallMOHHylo» LIMpHHy). 

O6meH 3Heprvei Mex Ay 11la3MOli HW BOJIHOM Onpe- 

TesiceTCA BbIpaxKeHHeM: 


r dk f¢ 7" i 
—e | Swe} Ve Bi dy (45) 





\ 





6 (a@,—k- v), (44) 


é= | on jc Et = 
WIM JIA OTebHON Dypbe-KOMMOHCHTHI: 

és = —e|v fe Bi dv (46) 
Tlonctapnaa B (46) f “3 (42), nomyyaem: 


Ek afo/@v 
—iw+ik-v 


Ek = - E |v 
—_ mi * 
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BBowa WKIMHApHyeckyl0 CHCTeMy KOOPAHHAaT C OCbIO 
vy) BHOJb BeKTOpa k, nosyyaem: 


E,? 


Ee<=— Tt . 
kv = oy 4xN’ 


@w 2 
“ron F’| (47) 


roe F=2r | f(r, v,) vy dv, 
WHA pactipeyeseHHA 4acTHll. 

Jlo cHx Nop MbI paccMaTpHBaJIH pa3pexeHHytoO 
nua3mMy 6e3 y4eTa CTONKHOBeHHH YacTHU. Boobule 
rOBOps, BJIMAHHe CTOJIKHOBCHH CpaBHHBaeTCA Cc 
BJIMAHHEM BOJIHbI Ha ABHKCHHE 4YaCTHIL TOJIbKO B TOM 
ciy4ae, KOrfa BOJIHa ABIAeTCA paBHOBecHO [11], 
T.e. €€ AMILIMTYNa He MpeBbiliaeT AMIMIATYIbI COOT- 
BeCTBYHOUeH TapMOHHKH B CleKTpe TeMJIOBbIX LITyYMOB 
1la3MbI. TOIbKO WIA TeMIOBOFO LIyMa CpaBHHBalWwTCcA 
TakHe Mpoueccbl, KaK YePeHKOBCKOe H3JIYYeHHE BOJIH 
aBMwxKylulelica YacTHUel, H3I1yYeHHe MpH CTOJMKHOBE- 
HHAX, «3aTyxXaHHe JlaH day», NOIOWeHHe Mp CTOJIKHO- 
BeHHAX. YpoBeHb TemioBoro LiyMa KOJeOaHHi m11a3- 
MbI KaK pa3 M ONpeyesaetca GanaHCOM MexKy HHMH. 

Onuako M ana KoneOaHHi Gonbuioh amMnaHTy BI 
(«HaTeIMIOBbIX») CTOJIKHOBCHHA MOFyT OMpeyeuATb 
pa Mmpoueccop WH Mpexge Bcero — pe30HaHCHoe 
norsmoueHve. [loa eiicTBHeM BOJHbI MpOHCXOQHT 
CHJIbHOe HCKaxkeHHe (yHKUHH paciipezeseHua B OOsa- 
CTH pe3OHAaHCHbIX YacTHU. B pe3ybTaTe CTOJKHOBe- 
HHH %*e YCTHYHO “BOCCTAHaBJIHBaeTCA» MaKCBeJIJIOB- 
ckad (pyHKUMA pacnpeneseHHaA WM yCTaHaBsIMBaeTCA 
cTallMOHapHoe MornouleHHe BOTH. Bce xe nmpo4ne 
apekTbI CTONKHOBeHHI (“CTONKHOBHTeIbHad» LIMpH- 
Ha B (44), CTOJKHOBeHHA pe3OHAHCHbIX YaCTH Apyr 
Cc JpyroM H T.j.) 10-lmpexHeMy MaJibI. DopMabHO 
ypaBHeHHe, OMHCbIBalolliee MoBeweHHe ycpeqHeHHOH 
(yHKUMH pacnpeyeneHHa BO BPeMeHH, Mosy4aeTcs, 
Kak HYyJIeBOH YWIeH B pa3JIOKeHHH TOYHOTO KHHeTH- 
yecKOrO ypaBHeHHa 10 1/Np (OTHOWeHHIO »/w, WK 
QHeEprHH TeIMIOBbIX LWIYMOB K TeMJOBOM 9%9HEPrHu 
111a3MbI): 


— «NpoOOsIbHaa» (PyHK- 





df, kj ke fo . 
at me = x fd k | | Be? ((QnPpk? ax, 8 (wy — k - v) 
— D'St (fo fa) » (48) 


roe MOcAeTHHH 4WJIeH ONMCbIBaeT CTOJIKHOBCHHA pe30- 
HaHCHbIX YacTHIL C MpOYNMH 4YaCTHWaMH I1J1a3MBI. 
TOT 4JIeH MOXKHO, HallpHMep, B3ATb B (opMe JlaHnay 
HM JIMH€AaPH30BaTb, Tak KaK pe3OHAHCHBIX 4aCTHIL MaJIO: 


= 
2L in =) {vi fot |e Sik — Vj Vk 
T v2 dp - 3 Ui Ue | oho 1 


m 2v? O Up 


roe L= 4w,'/N u 4/8 — kynonoBcKHii Jorapudo. 


6) Tonepeunvie kozebanua npu HaAuuuu nocmoAHHOzO 
MQ2HUMHO2O NOAA 
B m1a3Mme, Haxoysulelica B MarHHTHOM Mosie, MOryT 


paclipocTpaHATBCA pa3M4YHOrO THMa BOJIHbI. Mbi 
OrpaHH4HMCcA, JIA MpOCTOTbI, H3y4eHHeM B3aHMO- 
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eHCTBHA Mla3Mbl C NonepeyHOH BOJIHOH, NOJApPH30- 
BaHHOH TO Kpyry B CTOPOHY BpalileHHA IIeKTPOHOB H 
paclipocTpaHarolleicA BOb OHOPOAHOrO BHELLI- 
Hero Tous. BBoaaA WHIHHOpHueckHe KOOPAHHAaTbI C 
OCHO Z BAOJIb BHELHero Noma H, nonyyaem Cylenyroulee 
BbIpaxKeHHe JIA NOMpaBKH K *PyHKUHH pacipeseneHua 
é ef 
, (wo —kv) = fs +v,k — . 
-_n cov; Vij : 

» = { F_ — —___,_*___ -—_¢ip (49 
fe 7) o— kvj— oy 2m (49) 
roe E_=E, — iE), on=e H/mc, ay — yron B mpo- 
CTpaHcTBe ckopocteii. 37ecb yuTeHO, 4TO 


Hy=+-~"kE, (50) 


JiucnepcHoHHoe ypaBHeHHe JIA TaKO BOJIHbI 
MMeeT BHI: 


Wk = WH (1 — w?/k* c?) (51) 
Tlogctapasasa (49) B ycpeqHeHHOe NO BpeMeHH ypaB- 


HeHHe bojibuiMaHa C y¥eTOM MIPHHATIX JonyuieHuii, 
nosly4aem: 





dfy _ 7 2 vik a 
Boh ces + Sie 
O(k) | 
@o— oH || 
o-—-— | 
k |k = vi /(@— wg) 
é v,k a 
/ — | el ee _—— 59 
Xs + ae) ho —D St Uota) (52) 
eB? | f 


Ly _ 





7 Te le m lw 
By? =E? 5; 3, / O(k)dk=1;0 TE 


8 m? U] , 
oo 


M3meHenue 9HeprHu k-oli rapMOHHKH BbIYHCAeCTCA 
Tak Ke, KaK HM JIA JeHTMHOpoBCKHX KOJIeGaHHii. B 
pe3yJIbTaTe Nosly4aem: 


& = 


202 / é ke 
nte® 1, Is —_t (= vik © fo v,*dv, (54) 


2mk'~*! “we Ovyt ® ov 


5.2 TIOPJIOWIEHWE BOJIH B TMJIA3ME 
a) Bez maznumnoeo noaa 


JleHTMIOpoBCKHe BOJHbI B pa3pexeHHO Mmia3me 
3aTyXaloT, eCIM byHKUMA paciipeneneHua pe3soHaHc- 
HBIX 4acTHI yObiBaeT, T.e. OF /2v<0 ana v=ay/k. 
STO CBA3aHO Cc TeM, 4TO Gonee GbICTpbie YaCTHUBI 
3aMeJIAIOTCA, a Gosee MeJICHHbIe YaACTHIbI — ycKop- 
M10TCA BOHOH. Ecnu B pe30HaHce ObICTpbIX 4aCTHIL 
MeHbIUe, 4€M MCJJICHHBIX, TO BOJIHa 3aTyxXaeT, CM. 
nonpo6uee [8—10]. 

PaccMOTpHM B3aHMOelicTBHe OAHOMepHOrO BON- 
HOBOFO NakeTa 3a2aHHOH AMIMVJIMTY Ibi M ClieKTpasibHo;i 
mioTHocTH (O(k)) c mna3moii. 

Tloka CTONKHOBeHHA He yciieBaloT BCTYNHTb B 
ReiicTBHe, HCKaxkeHHe HawasIbHOW dyHKUMH pacnpeze- 
NeHHA ONHMCkIBaeTCA ypPaBHeHHeM: 


HEJIMHEMHbIE KOJIEBAHMA ITJIA3MbI 


of » €& A(2) of 
Ot Liz w’ — wf[k| "81 


(55) 
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Puc. 11 Wckaxenne dyHkunu pacnpenenenus. 


Corsacuo (55) pe30HaHcHbie 4acTHLUbI Mepepacripe- 
UeAKOTCA MH Ha (PyHKUHH pacnpenzenenus oGpa3yetca 
nlatTo (ypapHenue (55) anayorM4Ho ypaBHeHHW Teni0- 
NPpOBOJHOCTH B HEOJHOPOAHOH cpene). CTonKHOBeHHA 
NOCTeNeHHO «Cr1axKHBalOT» Kpasd MaTO HW YCTaHaBJIH- 
BacTCA CTallMOHapHoOe COCTOAHHe, B KOTOPOM: 
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Puc. 12 3aBHCHMOCTb NOFNOUIeHHA JeHTMIOpOBCKHX KosIe6a- 
HHH OT aMIMUJIMTYbI. 


6/ vy? 
O(v)) mA 6 T 


|o’—wl/k| muie 


F’ (v)) = ‘F(y); v 


fi 
7 


Tak Kak B pe3yibTaTe OOpaTHoro jeiicTBHA BOJIHbI 
H3MeHACTCA B OCHOBHOM MIPOH3BONHas, a He CaMa 
(yHKUHA pacnpeyenenus, TO 


6 / wy? 


" 9, So 
FP’ (vy) = ra O(v)) 6T Fm 
L wo’ — alk ' mv? 
Pas .- 
E,? vy \3 N (k) A(%) 4 (57) 
8xNT = 12 2 A 
rae (kK) — cpegHee BOJIHOBOe 4HCIIO NakeTa, 7 — 


nosyumMpHHa, a Fy», =( NV2x T|m) exp(— m v,7/2 T). 
Tlonctasnasa (56) B (47), nonyyaem: 
2 F’ m(| Ex|?/ 8) 
wt @ : ae E,? v) 3 N (k) OW ) 
ear 12 : 


Ek = (58) 


2 2n A 


95 








A. A. BEJIEHOB, E. Il. BEJIAXOB, P. 3. CAT JIEEB 


Hu, CYMMHMpys TO BCeM rapMOHHKaM B MakeTe, MoJly- 
*. 
yaeM*: 


T We? Fy’ (w | (k)) Eo?/2 = 
2 <k)* Da: E,? @ ) N (k) 1 
8x NT \a, (k)} 12 2n 4 


[pu E,?/8% NT — 1/Np’, rae Np’ = N(v/@,9)* (37/4) — 
4YHCNO YaCTHLL B Cthepe pamuyca v%/m»), &€ — 2y E,?/8x, 
rae y monyyaetca u3 sHHeMHOM TeopuH. I[Ipu 
E,?/8x NT > 1, € ~»v E,?/8x. Takum o6pa30m, 3¢- 
(beKTHBHOe «BPpeMA 3aTYXAHHA» MakeTa MeHAeTCA OT 
BpeMeHH NopsKa |/y 1A BOJIHbI, He MpeBbILarollei 
YPOBeHb TensJIOBOrO LilyMa, 10 BpeMeHH NopsaKa Bpe- 
MeHH CTOJIKHOBCHHA WIA BOJIHbI GObUIOM aMMJIH- 
Tyabl (E,? ~ 8% NT.) 


ey 


é 








Puc. 13 Orpaxenve 4acTHu OT NoTeHWMaNbHOrTO «rop6a». 


6) B npucymcmé6uu MA2HUMHOLO NOAA 


Mbi orpaHH4vMcs TOJIbKO H3y4eHHeM MOPIOUeHHA 
OMHOMepHOrO MakeTa «HeOObIKHOBEHHbIX» BOJIH C 
KpyroBpoi nonapH3alvei BONM3H YaCcTOT NopsaKa 
wH=—eH/me. 

Tak kaK @< Wy, TO pe30HaHC HMeeT MECTO B OOsIa- 
CTH OTPHUaTesbHbIX cKOpoctei v (vk<0). Ha 
Ppe30HAHCHble YaCTHLbI, C OMHOM CTOPOHbI, JelicTByeT 
QIeKTPH4eCKOe NON BOJIHbI, «packKpy4HBaloLee» HX, 
ac apyroi MarHUuTHOe Mose, CO3MarOulee «CBETO- 
Boe» aBJIeHHe. 


* Jro BbipaxkeHve ONnycKaeT mpoctylo HHTepmperaunp. 
Iipenctaspuo ero B Bute é =( £)o/(1 +-7,/T2). 3necb ( €)y — norno- 
WeHHe 39HEPrHv B JIMHeEMHOM npHOsMxKeHHH («3aTyXaHHe JlaH- 
may»), 7 xXapakTepHoOe BPeMA YCTAaHOBJICHHA JIOKAIbHOrO 
MaKCBeEJIJIOBCKOrO pacripeesieHHA, Ty.) XapakTepHoe BpemMsA 
HcKaxKeHHA GyHKUHH pacnpeteneHHaA nog elicTBHeM Noss 
BOJIHOBOrO MakeTa. Ecuu 1, <T,, TO CCTb CTOIKHOBEHHA BCE 
BPeMA ycneBaloT “MaKCBeJJIN30BaTb» (PyHKUMIO pacnipeseseHHA, 
MbI nosty4aeM OG6bI4HOe 3aTyXaHHe JIaHnay. C pocToM ammin- 
TYMbI BOJIHbI HCKaxKeHHe, BHOCHMOE C10, CTAHOBHTCA HACTOJIbKO 
6O0bUIMM, 4TO CTOJIKHOBEHHA He YCNeBatOT «MaKCBEJLIN30BaTb» 
M J€KPeMeHT 3aTYXAHHA YMeHbllaeTcaA. TakaA HHTepnpeTalHa 
MO3BOJIACT OLICHHTb MOPsIOWWeHHe HW B CJly4ae “MOHOXPOMaTH- 
yeckOi BOIHbI (418 KOTOPOK KBa3HIMHeMHOe mpuOnvwxKeHHe 
HelIpHMeHHuMO). IlycTb aMMsIMTyoa NOTeHUMaa B BONHE 9. 
Tora OTBeETCTBeHHbIMH 3a NornoweHve GyfyT YaCcTHLbI CO 

2eq o | 2e¢ 

Peas k m (= 
CTHUbI, OTPaxkaroulMecd OT «MOTEHLIMAJIbHbIX rop6oB»). DITO 
3Ha4HT, YTO HaMGoNee CHIbHO HCKaxKaeTcA PyHKUMA pacnipese- 
nleHus B OGnacTH C LIMpHHOH NOpsnka V/ ep/m . U3-3a Ky OHOB- 
CKHX CTOJIKHOBeHHH C paccesHHeM Ha MaJible yIJibl JIOKaJIbHOe 
paBHoBecue B 9TOM OOacTH GyneT BOCCTaHaBJIMBaTbCA, O4e- 
BUHO, 3a BpeMsA Tt, ~ ey/v7. Bpema xe HeMHeMHOTO HCKaxKe- 
HMA TO DelicTBHeM MOsIA BOJIHBI HMeeT NOpAOK tT, ~ A/1/ey/m , 
rue A JIMHa BOJIHbI. OKOHYATeEIbHO NONY4YHM 


é~(é)o/ (1 + (ep) |Tavy/m) 


@ 
CKOPOCTAMM B MHTEpBasie — | 


fo( Vs) 








oon V,, 
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Puc. 14 Pe30HaHCHble 4YaCTHLUbI 218 HEOObIKHOBeCHHOH BONHBI. 


UckaxeHuve (pyHKUMH pacnpeyzeseHHaA YacTul fy 3a 
BPpeMA, MeHbilee BPeMeCHH CTOJIKHOBCHHA, OMHCbIBa- 
eTCA ypaBHeHHem 


Ofy 
ct 


O(%)) 
OH Cv wo’ —(w—opn)yk 


c vik € )i 
Ov; = @wH ev 0 


BBeCTH HOBbIe TI¢peCMeHHbie 


£,(2 ... 4 ee 


v cv 


(60) 


Ecsiu BMeCTO v, v 


2 
y, 2 


w Vi; w=” . (61) 

2v¢4 

TO B OOnacTH, roe Y/ wm’ — (mw — wy)/k| MOxKHO c4H- 

TaTb MOCTOAHHOUK, ypaBHeHue (60) nepexognuT B: 
Of, l c Cf, 


L, w 


ot WwW; Cw Cw 


(62) 


waned Ly wo’ —(w — wy)/k £ 


YpasuHenve (62) onucbiBaeT NMpouecc BbIPaBHHBa- 
HMA 6qpyHKUMH §=6pacnpenereHHa §=6BXOb «=H: 
W\= const., T.e. vy, — (v’_ /2v,) = const. Dddextus- 
HbIM KOMPPULMEHT ANPdpy3nn OOpaulaetca B HYJIb Ha 
rpaHHule pesoOHaHCHOH OOsaCcTH NpH vy, =v, Vv». Ox- 
HaKO aCCHMIITOTH4eCKH 3a BPeEMA, 3HAYHTEJIBHO GOdIb- 
lee BPEMCHH CTOJIKHOBeCHHA, YCTaHaBJIMBaeTCA COBep- 
UIeHHO MHOe CocTOsHHe. OyeBHOHO, 4TO OHO onpe- 
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Puc. 15 XapaktTepucTuHku Ha mIocKocTH (v,, 2%). 
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WesiAeTCA ye He HavaJIbHOH dyHkuMei pacnpezese- 
HHA, a TpaHH4HbIMH YCOBHAMH. MbI AOJOKHbI MOTpe- 
OoBaTb, 4TOObI cnpaBa OT vy, PyHKUMA pacnpeneneHHA 
Oblla MakCBeJWIOBCKOH MH MpH vj=v, He GEO Obl 
cka4uka (pyHKUMM pacnpezenenua. Tlostomy dyHKuMsA 
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B MpeHeOpexeHHun 3xpdeKTOM CTOJIKHOBeHHH, O4e- 
BHHO, paBHa: 


j,0 N ex] {— mv  mMv_r, _ mvev 
10 (22)/( Tm): 2T y ¥ 


mv? - 
a \ (63) 


@MynHkunsa f,° ABIAeTCA HyJeBLIM NpHONHxKeHHEM NO 
L/L, 1.e. no o6paTtHok amnmuutyfe BonHbI. IMpu 


nowy¥eHHH 3TOrO BbIpaxkeHHA Mbi mpeHeOperaem 
«XBOCTOM» MaKCBeJIJIOBCKOFO pacnipedeseHHa (0) < v,). 
Tak Kak no ycnoBulO v,>\v, , TO, NONaras, 4TO 
mv, Av/T> 1, roe Av=v, — v,, MoxHO NpeHeOpe4b 


«XBOCTOBLIMM»> 4YaCTHUaMH. 
Pa3naraa DeicTBHTeIbHyHO (yHKUKIO pacnpesese- 
Hua B pan no L/L, u3 (52) nony4aem Bbipaxenne: 


c fo! v ¢ fe’) 


ev Vp ov 
Imre? £ (v.24 2vn2 
= a ~ {" — — 2} f° (64) 
L t 


Orctona, BooOule roBops, sJIerko HaiTH NepByto 
nompaBky kK PyHKUHH pacnpenesenns f,': OMHAKO OHA 
Hac He HMHTepecyer. 

MogctaBpiaad Bbipaxenue (64) B (54), nony4aem no- 
TOK 9HeEprHu OT k-OH KOMMOHEHTbI BOJIHbI K M11a3Me: 


Srép 8x NT 2 l Op } 2n 
H,? H,? " Np \or—on o {k) 
mv,* m _ 
; exp{— oT p v9 (vw, — v,)) (65) 
rae 247 — wHpuHa naketa, a H.?=H,? 0/24 
Np — eCTb 4XCIO 4YaCTHL B «ZeGaeBCKO» chepe, 


Vv, — CKOPOCTb pe30HAHCHBIX 4aCTHL, a ?, 
rpaHulla pe3oHaHca. 

Ecnu makeT JOCTaTOYHO BeJIHK, TO 3%pdeKTHBHAA 
uiupHHa o6nactu (B k — mnpoctpaHcTBe), BHYTpH 
KOTOpoH MpoucxoaHT O6MeH 9ZHeprHeii, ecTb 27)*~ 
~(T/m v?) (on — @/e,] (ve, — a3zo0Baa cKopocTL 
BOJIHbI). 

B6Onu3H OT rpaHHllbl pesoHaHCcHOH OONacTH 


8<NT , l 
Y = 3V2n 
Vk H? 4-3V2 Ny 
° k - 2 mv 2/27 36 
(.. : | Mo ‘k) e (66) 


B To xe BpeMa H3 (opmy.ibI (54), NoACTaBHB HeHCKa- 
%*KCHHOe MAaKCBEJIOBCKOe pacnipedeseHHe IJIeEKTPOHOB, 
nosyyaeM H3BeCTHbIM pe3yIbTaT JHHeHO Teo- 
pun [18]: 

ba an Me Ts exp| 

y OH 2 kV Tim 
8xNT Np M 

> — > 
H,? 6 2u/Tim 


m(opH— ow) 
2 Tk? 
ye —> y® npu p 


OH — Wp\3 
| = Po - 


OH 


Ha caMomM Jiesie 3Ta dbopmysia, Kak HM BCe Hale Npu- 
OnMxKeHHe, 3aBeEOMO HecnpaBeniuBa npn f ~ fo. 
3aBucumocTe y(1/f) cornacHo (66) npeactaBneHa Ha 
puc. 16. AcTHHHBIN XO ye NOKa3aH NYHKTHpoM. 


HEJIAHEMHbIE KOJIEBAHUA MJIA3MbI 
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Puc. 16 3aBHcuMOCTb NornoweHHA HeOGbIKHOBEHHOH BOJIHbI 
OT aMIMJIMTy bl. 


V3-3a peskoro oOpe3aHna tbyHKUMH pacnpeseneHHsA 


Se NOJIHbI nepexoy SHeprnu OT MakeTa K MMJla3Me ele 


CHJIBHee 3aBHCHT OT p. 


6. YcTow4HBOCTL HeJIHHeHHBIX JIBHKeHHI 
B pa3pexeHHoH m1a3Me 


VU3BecTHO, 4TO Mla3Ma, HaXOMALAACA DOCTAaTOYHO 
WasekO OT COCTOAHHA TEePMOAMHAMH4eCKOrO paBHO- 
BecHa (HHa4e TOBOpA, Nla3Ma C HEMaKCBeJJIOBCKHM 
pacnipeteseHHem CKOpocteii), CTaHOBUTCA HeyCTOH4H- 
BOW NO OTHOLUCHHWO K CaMOBO30yxXAeEHHWO pa3zJIH4HOrO 
pona Kose6aHnii. 

B ka4ecTBe NpHMepa MOXHO MpHBeCTH Tak Ha3bi- 
BaeMylO HeEYCTOH4YHBOCTb Np HaJIM4HH NyY4kKa YacTHL, 
koraa (PyHKUMA pacnpeeseHHA YaCTHL MO CKOpOCTH 
MMeeT JONOJHMTeJIbHbIC MAKCHMYMbI, HJIK HeyCTOM4H- 
BOCTb, BO3HHKaroulyl0, Kora (byHKUMA pacmpesesie- 
HHA LOCTATOYHO HeH30TpomHa. 

Scho, 4TO pacnpoctpaHeHuHe B pa3pexeHHOH na3- 
Me OCTaTOYHO GOJIbUIMX BO3MYLIICHHH 0J%KHO 
CONPOBOKDaTbCA 34MCTHbIM OTKJIOHCHHEM I11a3Mbi 
OT TEPMOAMHAMH4eCKOrO paBHOBecHsA. KpaiiHHM culy- 
4YaeM 31@Cb MOXET CJlYKUTb XOTA Obl «MHOTONOTOKO- 
Boe» aBHxKeHHe [20—21], BOSHHKaIOUee B pe3y/IbTaTe 
«ONPOKHIbIBAHHA» BOJIH C aMILVIMTYIaMH, MpeBbilia- 
KOLWIMMH HEKOTOPOe KPHTHYeCKOe 3HAYeHHe. 


6.1 HEYCTOAYUBOCTU MHOrOnoTOKOBOrO 
JIBVKEHUA 


Ecnu xpaktepubie pa3mepbi oGnacteii MHOronoToO- 
KOBOrO ABHXKCHHA 3HAYHTCJIbHO MpeBbIlWalOT JUIMHbI 
BOJIH BO3HHKAIOWIMX HeEYCTOHYHBOCTeH, MOXKHO MOJIb- 
30BaTbCA pe3yJIbTaTaMH HCCICOBAaHHA YCTOMYHBOCTH 
B Ciy4¥ae OAHOPOAHOH Ma3Mbl. 

B cny4¥ae, HanpHMep, ABYX BCTPe4HbIX HOHHbIX 
NOTOKOB, ABHXKYLUMXCA NoMepeK MarHUTHOTO MOJIA CO 
CKOPOCTAMH Uy, H —Vp, DHCNepCHOHHOe ypaBHeHHe 
umMeeT Bu [19]: 


2 l l 
oH QH (m — kv,)* (wm + kv)? 


MakcuMaJibHbiid HHKPeMeHT HeyCTOMYMBOCTH NO Nop- 


1 
ALKY BEMYHHbI paBeH (721)? . navy< H/V 4 mn, M 
XapakTepHad JJIMHa BOJIHbI HeyCTOMYHBOCTH HMMeeT 
NOpAOK Cc/m@». TakiM o6pa30M, MHOrOnoTOKOBbIe 
BHXKeHHA NoNnepek MarHuTHOrO Noa (§ 3) HeycTOH- 
4MBBbI. 








A. A. BEJEHOB, E. Il. BEJIUXOB, P. 3. CATJEEB 


B cyly4ae %Ke ABYX HOHHbIX MOTOKOB, JBHKYLIMXCA 
HaBCTpeyy pyr Apyry B OTCYTCTBHH MarHHTHOrO 
Noa (31eKTPOHbI Tenlepb npeznonararwTcH «rops- 
44MM» HK paciipeleseHHbIMH B MpocTpaHCTBe No 
BbonbumMaHy n=n,exp(eg/T) aucnepcHOHHoe ypaB- 
HeHHe MMeeT BHI: 


I l 2M 
(o+k U%)* (@ k UV)" eT 


J1to60nbITHO, 4TO B 3TOM ciay4ae MOCTATOYHO ObICT pbie 


HOHHbIe NOTOKH (%>V 7/M ) oKa3biBatoTca ycTon4n- 
BbIMH*. 


6.2 HEYCTOMYMBOCTH BOJIH KOHEYHON 
AMIVMIUTY Jbl, PACIIPOCTPAHAFOWMXCA NOMEPEK 
MATHUTHOLO MOA 


Heyctow4HBocTH B BOJIHaX KOHC4YHOH aMIMJIMTYAbI 
MOryT B MIpHHUMNe NOABAATbCA KH DO OOpa3z0BaHHA 
«MHOFONOTOKOBOrO» JBHXKCHHA, TO CCTb H TIpH MeHb- 
WWMX @MMJIMTyHax BOJIH. PaccMOTpHM, HalipHmep, 
yCTaHOBMBLLUYIOCA Ye HHeEHHYHWO BOJIHY, pacnipocTpaHa- 
FOLYHOCA Monepek MarHHTHOTO MOA B «XOJOAHOM» 
nia3Me (8% T< H?*). BepHemca cHOBa K KapTHHe 
ABWXKCHHA HOHOB HW 3ICEKTPOHOB M1a3Mbl B TaKOii 
BosiHe (pvc. 17). Ecnu H? <8 m c?, 1a3Ma KBa3H- 
HeTpaJibHa. B HanpaBeHHH pacnpocTpaHeHHA BOJIHbI 
HW HOHbI WH JICKTPOHbI JBWXKYTCA C OJMHAKOBbIMH 
CKOpocTaMH. OgHako 3IeKTpH4ecKHi TOK B Halipa- 
BJICHHH, MepnmeHAHKyJIAPHOM CKOPOCTH BOJIHbI H 
MarHHTHOMY MOJO, CO3MaeTCA TOJIBKO 9JICKTPOHaMH. 
B OHOpoaHOH ma3mMe, Kak H3BeCTHO, HaJIM4He 
34METHOFO OTHOCHTEJIBHOrO IBHXKCHHA HOHOB UH 
QJIEKTPOHOB MpHBOAMT K HeyCTOHYHBOCTH. AcHO, 4TO 
aHaslOrH4Horo 3pdekTa MOXKHO OXKHDaTb HW 3ieCb. 
3alaya yNpocTHTca, ec Mp pacCMOTPpeHHH MaJIbIx 
OTKJIOHCHHH OT CTAaLMOHAapHOH KapTHHbl yeqHHeHHOH 
BOJIHbI NpeHeOpeyb 4WieHaMH, YYHTbIBAaIOLLHMA HeBO3- 
MYLUICHHOe JBHXKeCHHe Mla3Mbl B HallpaBJIeHHH 2. 
OvesuaHO, 9TO chpaBeaMBO B TOM CJly¥ae, kKorga 
BPe€MA pa3sBHTHA HEYCTOHYHMBOCTH 3HA4HTEJIbHO MCHb- 
ule BPeMeHH «NpOxoxJeHHs» M1a3MOH OOsIaCTH yeu- 
HeHHOH BOJIHbI. TlocneaHee NO NOpAAKy BeJIMYHHbI 
paBHo, ouvesnaHo, L/(H/V 4x n, M), rae L—«uuprina» 
BOJIHbI. 





Puc. 17 Yennuennas Bosna. 


Bo3MylieHHOe BHXKeCHHe HOHOB H WICKTPOHOB 
OyeM pacCMaTPHBaTb WIA MpOCTOTbI, Kak OBH%KeHHE 
ABYX «KHIOKOCTel» c alnaOaTH4eCKHMH 3aKOHAMH 
H3MeHeHHA aBseHHaA**. BavaHHe MarHHTHOrO Moss 


* TIpw ovenb GonbuwiHx v, (> T/m) cHOBa BO3HHKaeT He- 
yCTOHYHBOCTb, HO yxKe Ha «31IEKTPOHHOM» BeTKe. 

** B onHOpOaHOK Na3Me TakKOH NOAXON MaeT Ka¥eCTBEHHO 
NpaBHJIbHble pe3yJIbTAaTbl. 
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Ha BO3MYLUCHHOe JBHKeHHe yY4HTbiBaTb He OyeM, 
OrpaHH4HBascb 4YaCTOTaMH KOJeOaHHi, 3HAYMTeEIbHO 
OONbLIMMH JapMOpoBCKOH Y4aCTOTbI 3JIEKTPOHOB 
eH/mc. B 9ToM npHOsWxKeHHH ypaBHeHHA IIA BO3- 
MYLICHHbIX BeJIM4HH: Ux, Vy (KOMMOHEHTa CKOpOCTH 
Q1eKTPOHOB), Vx, V) (KOMMOHEHTbI CKOPOCTH HOHOB), 
Ne, Ni (IOTHOCTH IJIEKTPOHOB HK HOHOB) H @p (31eKTpH- 
4eCKHH NOTeHUMas) NPHHHMaWT BHI: 


tw 


g —ik - =—s (67) 


m No 


i(m + kvy)vy = ik 


, e dq 8" dn om 
. j ° a9 9 — 8 
' (« ' k Yo) Ux m d ar io dua ’ (6 


io Vy = —ik yg, (69) 


: - e dq in 
im Vy mat Yt (70) 


i(m + kv») n ik ng vy - (n, vx) = 0, (71) 


1 , ‘ 
io ni + (no Vx) + ikny Vy = 0 (72) 


—k*p + 9” 4m e(n-— ni). (73) 
3necb (67)—(70) — ypaBHeHHa ABHxKeHHA IIA BIeKTpo- 
HOB, HOHOB H (71) (72) — ypaBHeHHe HenpepbiBHOCTH 
JIA IIEKTPOHOB WH HOHOB H, HakoOHell, (73) — ypas- 
HeHHve Ilyaccona — IA 9NeKTpHYeckoro nossa. Mbt 
cpa3y BbIOpasIH 3aBHCHMOCTb BO3MYLICHHbIX BeJIHYHH 
B Bue ~ (x) exp (iwt+iky). Bxonaume B ypaBHeHHsa 
Yo, 8°, My Mpenctasnatotr coboi HeBO3MYLUIeCHHbIe 
CpeHIOW CKOPOCTb IJICEKTPOHOB (MO OCH y), KBadpat 
TeNIOBOH CKOPOCTH IJIEKTPOHOB H MJIOTHOCTb M1a3MbI, 
3aBHCAluMe OT x. B npeanonoxeHHH, 4TO NpOH3BOI- 
Hbie MO 2 OT BO3MYLICHHbIX BeJIMYHH 3HaYHTeJIbHO 
OobUIe NPOK3BOQHbIX OT H€BO3MYLICHHbIX («KBa3H- 
KuJlaccH4eckoe» mpHOsIHxKeHHe), CHCTeMa ypaBHeHhii 
(67)—(73) cBoqutca kK ODHOMy AHndepeHuMabHOMy 
ypaBHeHHWO BTOpOrO NOpsAAKa WIA BEJIMYHHbI 2, 

¢ an, 


waa * (wm +- kv)? — 8,7 k* 


," 
ie sa 
1 — (Q,2/m%) |” 
(74) 


Uccneqopanve yCTOHMYHBOCTH CBOAKTCA K 3ama4e 
Ha COOCTBeHHbIe 3Hay¥eHHA ypaBHeHHa (74). Hac 
HHTepecylOT JIOKaJIbHbIe PpelieHHA, 3aTyXaOUlHe B 
o6e CTOpOHbI OT yeRHHeHHOH BOsHbI. Uccnenyem 
nopeneHve dyHKUHH 


2 
oO” 


F (x,m,k) = (wm 1 — (Q,2/@?) 


kv,)? — 8,2 k? — (75) 
B OAHOpOaHOH Nla3Me 39Ta PYHKUHA He 3aBHCesa Obi 
OT x, H AMCNepCHOHHOe ypaBHeHHe, CBASbIBaTOLIee 
u k, uMeno Obi BHD 


F (wm, k) =0 (76) 


ITO ypaBHeHHe aeT HeycTOM4MBbIe pelieHHsA, Kora 
Uo” > So”, TO CCTb KOF a Cpe HAA CKOPOCTb OTHOCHTEJIb- 
HOrO JBHXKCHHA HOHOB HW 3JICEKTPOHOB MpeBbillaer 
TeNJOBYHO CKOPOCTb 371eKTpOHoB. Jia He C/IMLIKOM 
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nip¢ 
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6onbumx k (k?<«,?/s,?) 3T0 ypaBHeHHe npHOnH- 
%KCHHO MOXKHO 3alvcaTb Kak 


F (co, k) ~ B (vg? — 8?) — | (2,?/«?) 


Otcloaa HaxO2HM 


Q,* k? (8,7 U9”) 
," ke ( Vv," S,”) 


[IPH Up? > 89”, 2 CTAHOBHTCA MHHMbIM (HEYCTOHYHBOCTD). 
Bo3Bpaulascb kK Hallie HeCOAHOPOAHOH 3azla4e, 
paCCMOTPpHM MpOcTpaHCTBeHHbId xo dyHKUHH 
F (x, w, k)= k* (v2? —8,?7)— 2 /(1 —2?/?). (B  3T0om 
npHOWKeHHH DOCTaTOYHO pacCMaTpHBaTb elcTBH- 
TeIbHbIe «*). Jia HarnaaHocTH H306pa3uM (pic. 18) 
NpO@usib H3MeCHEHHA UV, KH ~,2* B yeHHeHHOH BOUIHE, 
kak (¢byHkumio x. B oGmactu, roe v,_?> 8", rae 
F(a, o,k)>0, aaa me MMeeTCA OCIMINMpyroUee 
pewienuve. Baanu oT yeauHeHHOH BonHbI F(x, w,k)<0, 
4YTO COOTBETCTBYeT IKCNOHCHUMAIbHO 3aTYXaHOUlHM 
pewieHuaM. B Toukax «noBopota», rie F (x, w, k)=0, 
9TH peweHHa cuuMBaloTca. Mtak, HYXKHbIe JOKaJIbHbIe 
peuieHHaA BCerga CYyLUIeCTBYHOT, a HeyCTOHMYHBOCTL 
NOABIAeTCA B TOM CJIy4ae, CCIM BHYTPH yeqHHeHHOK 
BOJIHbI HMeeTCA OONACTb, Fae vy?> 8”. MHKpeMeHTbI 
HapacTaHHA TakOH HeyCTOM4YMBOCTH, Kak H3BeCTHO, 
uMeHOT NopanoK £2, (B nia3Me «HyeBOM» Temlepa- 
TYPbl Ma&aKCHMaJIbHbIii HWHKpeMeHT elle Gombe 
Q, (M/m)'6. 


ws (x) 


W203 








a 


Puc. 18 W3menenvwe CKOpOCTH H MAIOTHOCTH B yeHHeHHOH 
BOJHE. 


AMILIMTY a UV,” B YEAMHCHHOH BOJIHE yBeJIHYKMBaeTCA 


¢ poctom 4ncia Maxa (M=uv 4r nM | H,). Hako- 
HeLl, IPH HEKOTOPOM 3Ha4eHHH 4HCIa Maxa CM = M* 
aMILIMTy1a Uy? NpeBbICHT CpeQHIOW TeNOByHO CKO- 
POCTb 3ICEKTPOHOB, T.€. BOJIHa CTaHeT HeycTOM4HBOI. 
C nomoulbio pe3yibTaToB §4 HeTpyHO OLI¢HHTb 


CM* ana «xonoaHom» naa3mpi (8% n T< H?): 


* 3aBHCHMOCTh 8,2 OT © HAMOMHHAeT 3ABHCHMOCTh 0,” OT &. 


HEJIMHEWHbIE KOJIEBAHUSA MJIA3MbI 


M* = 1 


, -nT\! 
3 (8x7 \s (79) 


8 H? 


Boavanve TakoOro poa HeyCTOHYHBOCTH MOXHO, B 
H3BeCCTHOM CMbICJI€¢, TpakTOBaTb Kak CHJy TpeHHA 
3EKTPOHOB O6 HOHbI, HMCHOLIYHO «KOJIICKTHBHY}O» 
npuposy. 3aMeTHM, HaKOHell, 4TO, XOTA MbI NIpPHMeCHSALIK 
PacCMOTpeHHy!O HEYCTOHYHBOCTb JIMLUb K YeHHCHHbIM 
yCTaHOBHBLUHMCA BOJIHaM, Taka *Ke CHTYAaLHA MOXKeT 
BO3HHKHYTb JIA JHOObIX BOJIH B 11a3Me C MarHHTHbIM 
nosieM. 

B ycnospuax (n7~H?/8x) Gonee onacHbimu G6biIK 
Obl, MO-BHAMMOMY, HeycTOM4YHBOCTH HMHOFO pola, 
BO3HHKHOBeHHe KOTOPbIX MOXHO MpeCTaBHTb cue- 
RYOWWMM O6pa30m. B mMecTax «cxKaTHA» MarHHTHOrO 
NOA B BOJIHe alHaGaTH4eCKH YBCIM4HBaeTCA IHEPrHA 
TeNAOBOrO ABHXKEHHA 3ICKTPOHOB B_ IMJIOCKOCTH, 
nepneHAHKyApHOH MarHHTHOMy Nom (7), B TO 
BpeMA Kak «MpOAOJIbHaa» IHeprHaA (7) MeHsAeTCA 
MaJlIO WJIKH %*e BOOGIE OCTaeTCcaA NocTOAHHOH. IIpu 
T/T), NpeBbiuatouleM HeEKOTOPOe KPHTHYeCKOe 3Ha- 
4YeHHe, CCTECTBCHHO OXKHMaTb packaykH KONeOaHHii Cc 
YaCTOTOH NOPAAKa UMKJIOTPOHHOH 4YaCTOTbI 3IeKTpO- 
HOB (kak 3TO HMeeT M&CTO B OAHOPOAHOH na3mMe)[18}. 
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FLUCTUATIONS OF A PLASMA (1I)* 


NORMAN ROSTOKER 
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GENERAL Atomic Division OF GENERAL DYNAMICS CORPORATION 


SAN DieGco, CALIFORNIA 


We consider a fully ionized plasma. At time ¢ the state of the system is represented by a point 
X in the phase space of all the particles. We define DdXdX’ ...dX) as the joint probability 
that at time ¢ the system will be in (X. dX), at time ¢’ in (X’, dX’), ete. A systematic procedure 
has been developed for calculating any desired moment of D, as an expansion in the discreteness 
parameters e, m, and 1/n. Spectral densities and autocorrelation functions can thus be obtained 
without any “StoBzahlansatz”’ or Markoffian assumption. A comprehensive treatment of a plasma 
in thermal equilibrium has been carried out. A large class of non-equilibrium states may exist 
in a hot plasma for sufficient time to be considered stationary. Fluctuations have been calculated 
for the class of spatially homogeneous states of an infinite plasma. It is of some interest that 
thermal equilibrium relationships such as Kirchhoff’s radiation law and the fluctuation-dis- 
sipation theorem survive. As an application we have calculated the degree of excitation of the 
collective modes such as plasma waves, ion oscillations, etc. For distribution functions which 
approach instability as some parameter is varied, the energy for some modes becomes very large 
and ultimately becomes infinite as instability is approached. 
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1. Thermal equilibrium with Coulomb interactions For example 0 (xt) yu d(x —x,), the charge 


1.1 INTRODUCTION n 


The state of a plasma at time ¢ is represented by density; > Vn O(X 
a point in phase space X = (X,, V,); (Xo, Vo)... (Xn, Vn) 
where Xn, Vn are position and velocity of the n-th 
particle. For an ensemble of systems D, (X, t) dX 
means the probability that at time ¢ a system will 
be in the volume element (X,dX) of phase space. 
D, (X,t) determines the expectation value for the 
measurement of any observable at position x and 
time ¢, i. e., 


Xn), the current density, etc. 


n 
If a plasma is in thermal equilibrium, (O (xt))=0 for 
these quantities. However there are spontaneous 
fluctuations so that 


(O2 (x, t)) = (D(X, ) O2(xt)dX40. (2) 


It is possible to make more sophisticated measure- 

: . . ments of fluctuating quantities whose expectation 

(O(x, t)) | D, (Xt) O (xt) dX. (1) values are not determined by D, (Xt). We shall be 

* Research on controlled thermonuclear reactions is a joint program carried out by General Atomic and the 
Texas Atomic Energy Research Foundation. 
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concerned in particular with the auto-correlation 
function, see, e.g. Lax [1]: 


T/2 
dtO(tyO(t+r 


C (rt) = lim [ 
Tl 


T—co 


1 ‘ 
T (3) 


9 - 


ait, 


. fy 
= jeiors (w) dw 


and the spectral density 
1 


S(w) = lim : | 


wp | [dtdt'e ie 0O0(OW) (A) 
Toe = 44 


1 
= je iat CO (¢) dt. 


To determine the expectation value of quantities 
like O (t) O(t’), the state of the system at time ¢ is 
insufficient. It is necessary to consider a more general 
description of the plasma that involves D, (Xt; 
X’' t')dX dX’, the probability that at time ¢ the 
system will be in (X, dX), and at time ¢’ in (X’, dX’). 
In terms of this function the expectation value is 


(0 (t) O (t’)) =[D, (Xt; X't’') 0 () OW) dX dX". (5) 


For a stationary random process this will depend 
only on t=t' —t so that 
(C (t)) = (0 (t) O (t+7)). (6) 


Laplace transforms will be employed in most cal- 


culations. To express S(w) and C(t) in terms of 


Laplace transforms, consider the identity 


y 1 i F P ’ , 
S (wm) = 3 |d a)’ | dt eile m) [SN (m ) ° 
22, J 
Now, 

oe ‘ l 

| dt e! (@' — ) t — 76 (w’—w) +i P—\ 
, o—w 
0 

0 

F , ‘ P l 

| dt ei(o — o)t —7§(w’ —w) —i P— . 
° o—o 


where P means the principal part. Let 


co 


— S(o) . i . da’ a - 
S+ (iw) 2 + ax | iemen S (w ) (7) 
. . S () i * dw’ " ’ 
o (iw) = 2 ~— 2x wo’ —w S(w); 


then 
S+ (iw)+S- (im) =S (w) 


. . . ? Ss 0’ »’ 
S+ (iw) — S- (iw) = - P|. (w’)da 


, 
@o-—W 
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S* (p) is the Laplace transform of the function C+ (r) 
where 
C* (rt) =C (rt) (t>0) 
0 (T<0). 


S~ (p) is the Laplace transform of the function C~ (1) 
where 
C~ (t) =€ (t) (7<0) 
0 (t>0). 
For example; 


me a Y 
7 7 | S* (p)e? *dp= al S*(im)e'@™da 
y— io 


l . . l . . P . 
= =- |dmei”" == dw’ |dr’ e'(w — a) § (q’) 


. La dev’ S (w’) (d 1’ e! wt é (r’ = 1) 


0 


LS [dw e* ** 8 (w) = C (¢) (t> 0) 


0 (r>0). 
Since C(t) is an even function of rf. 
S~ (p) = St (— p). 


S* (p) is regular in the right half of the p-plane and 
S~ (p) is regular in the left half. 

According to Eq. (4), S(m) must be real if w is 
real. S* (im) is, however, complex; the real and im- 
aginary parts satisfy a dispersion relation. 


d wo’ 


, 
o— @ 


Im [S* (im)] : P{ , Re [S* (iw)] (8) 


or 

l ' lw’ a 
_—'- | oo Im [S* (iw)]. 
w 7 ) 


, 
ao—a 


Re [S* (i )| 


The real and imaginary parts of S* (im) are Hilbert 
transforms. An alternative way of writing Eqs. (8) is 
" * S+ (iw’)do’ 
lim _—— 0, (0) 


139 J @O—w—I1A 


in which it is clear that the equality exists because 


of the fact that S* (im) is regular in the lower half 
of the w-plane (or S* (p) is regular in the right half of 


the p-plane). Similarly 


lim [ wd (1m) de’ 0 (10) 
139 2 O— Osa 
because S~ (iw) is regular in the upper half of the 
«-plane. 

The spectral density and auto-correlation function 
can be generalized to include spatial fluctuations and 





(tT) 


(T) 


nd 


Is 


(8) 


of 


he 


on 
id 





also different components of a tensor. The spectral 
density is defined as 


; 1 *. Pp ’ , of 
S .3(k,@) =lim VT |dxdx dt dt’ e-ilow—n + k-(x’—x)) 
v1 

VT» <0, (x10, (x' U’) 


lim oe OF (k, ) On (kK) , (11) 


which is Hermitian. The auto-correlation function is 


*dkdw 
C43(¥.7) ean eller ken) S03 (kK. @) 
, l 4 
lim ad | dxdt 0, (xt) O,(x +-r,t+ 7). 
V,T—>o ¢ 


v7 (12) 


The symmetry properties of these quantities are 


Si (k,@) = 83, (k,w) =S7,(—k, —o) 
C,,(?,T) =Ceg.(—r,—tT). 
The total fluctuation is symmetric, i.e., 


rdkdw . 
| (2 =) 4 Sap (Kk, «) 


l 
VT 
y 


C3 (0, 0) 


lim [dx dtO, (xt) Ox(xt). (13) 
T 


For a spatially homogeneous plasma and a stationary 
random process (O, (xt) Og (x +r, t+ 1)) depends only 
on r and t so that Cy, (r, tT) = (O, (xt) Og (x +r, t+ 17)). 
A systematic procedure will be developed for cal- 
culating C,,. Fourier transforms will be employed 
for the spatial co-ordinates and Laplace transforms 
for the time. The result will be obtained in the form 


dk 


(2 2)8 


ad . 
Cip(t,t) =| er*| eik-r S*.(k, p) (14) 


221 
Cap(t,t) (t>0) 
-@ (1 <0). 


The previous discussion of the two-sided Laplace 
transforms may be applied to infer a Hermitian and 
an anti-Hermitian spectral density. 


- . Sap (kK, o) i * dw’ , P 
Sap (k, 1) 2 . Re P| wo’—w Sap (ko) 
' . Sap (kK, o) i * da’ . F 
Sie (k, io) - — <— _— Si (ko ) 


Six(—k, ~im) [S35 (k, im)]* 


The Hermitian spectral density is 
Si (k,@) = Sz9(K, im) + [Sf,(k,i@)|* 

There is also an anti-Hermitian spectral density 
A 3 (kK, m) = 8,3(K, im) — (Sj, (k,i«)|* 


i pi da’ Si (k,o’), 


o-— ® 


which is simply related to the Hilbert transform of 


the Hermitian spectral density. If 2 Sy,(k,im) is 
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symmetric, the real part will be the spectral density 
and the imaginary part will be its Hilbert transform. 
We shall begin with a plasma consisting of electrons 
and randomly distributed positive ions of infinite 
mass. Only Coulomb forces will be considered. The 
calculations will be progressively generalized to include 
ions of finite mass, constant external magnetic field, 
the complete electromagnetic field and _ relativistic 
modifications. In Section 1 we shall consider only 
Coulomb interactions and thermal equilibrium. 


1.2 JOINT PROBABILITY FUNCTIONS 


D, (Xt; X' t's ---Xt) dX dX'---dX”) means 
the joint probability that at time ¢ the system will 
be in (X, dX), at time t’ in (X’, dX’) ete. The entire 
system is trivially Markoffian so that all functions D, 
can be expressed in terms of D, and D,. D, (Xt; X' t’) 
satisfies the Liouville equation in the variables X’ (’, 


N N 
C c e c l c — 
(+ DW ° Di yp} DaAMEX'L) =0 
Cl fam OXn’ Mm fed OX KM yy— XY OVn’ © 


n=1 lAn (15) 
and the initial condition 


D, (Xt; X' tv’) = D, (Xt) 6 (X' — X) 


where 
N 


6(x’— X) 0 (x’ »— Xn) 0 (V’ »— Vn) . 
1 


n 


Coulomb forces only are considered and the ions 
are omitted from the problem in the usual way. For 
present purposes it is sufficient to determine 


Wij (X, t; Xi U’) v2(D, (Xt; X' t’) (dX)8-! (dX')N"! 
(16) 


where all coordinates are integrated out except X;, X,’. 
The method consists of taking moments of the Liou- 
ville equation to produce chains of equations. The 
chains are solved by an expansion procedure in which 
the parameters of expansion are e, m or 1/n as discussed 
previously by RostoKEeR and RosENBLUTH [2]. The 
determination of W,; is very directly related to the 
previously discussed problem of test particles in a 
plasma [2]. 
Let 


yp (X,t; X't’) V | D, (Xt; X't’) (aX) . (i) 


y satisfies the Liouville equation in (X';¢t') and the 
initial condition 
y(X,t; X'’) 


V Dy (Xt) 6 (X’; — X,). (18) 


Assuming that D, (Xt) is symmetric with respect to 
the interchange of the co-ordinates of any two particles 
it follows that py is also symmetric except for particle 
one, i.e., particle one is a singled-out test particle. 
We have thus reduced the problem to the previously 
discussed test-particle problem except that we have 
different initial conditions for the present case. 
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The s-body functions may be defined as follows: 


fs (X,-- Xu; t) = V5[D, (Xt) (dX)N-s 
F, (X,,t;X,'-- X3 +1, t’) 
Vs[y(X,t; X't’)dX,' dX! , 9-- dX'y 
92, (X,t; X,'-- Xs’, t’) 

V5 (X,t; X't’) dX), ,-- dX'y. (19) 
We note that 

W,,(X,t; X1'U’)=Q, (X,t; X,'t’/) 

W yo (X,t; X, U)=F, (X,t; X,' U’). 
By taking moments of the Liouville equation, coupled 
chains of equations are obtained for F;, Q;. These 
chains have previously been terminated by expanding 
in terms of the discreteness parameters [2]. For our 


present purposes we need to know WS), W{?, w{?. 
The equations for these functions are as follows: 


if C ¥.’ ¢ EB 
7 1 


et) ‘agra EMO’) i Winx, t;X,'t’)=0 
(20) 
Why (X, t; X,’ t) = Vf (v,) 6(X,'— X,) 
a ~EM(x,’,t )-- rt Mx, t: X,’t’)=0 
(21) 
Why (X, t; Xq' t) = fa (Xy, X's Q=H (vy) f (v2’) 


Em®) means the macroscopic field 


EY)(x’. t t’) ne [ : f(v.')d X,’=0. 


ox’ |x’—x, 


f< 1. © | why po yory e é . 
lar’ ' V2 Be, Mist Xats Xe C)— ayo ta) oye 
{ f (%) n ( W(X, t; X,'t’)dX,'| 0 
‘ —i,— +, 0 —8| * %,'—X,’ i 
(22) 


e? exp[—|x,— x,’| /Lp] 


(1) d ye , 
Wi2(X,t; X,’t)= - —- —%’ f(v,) f (v2’). 
In the above equations 

m \; 2 4-=ne* 
f (v) (==, 5 }? exp [— mv?/20), Eo =a 


The solutions of these equations are 
WS? (X, t; X', 0) =VF (e,) 6 [x’,- 
Wir (X,t; X,'t’) =f 


X,- V, (t’-#)] 6(v’,-Y;) 
(v,) f (v2’) (23) 


~_ eik- (x,’— x,) 
$3 * 
dp 


ap (t’- 
Sai 


Wi2(X, t; X,'t’) ) =F (ry) F(v2')| 


) Woe (V4. Vo’) 


where 
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l 


W pk (V;, V2) = a (k Lp?) € (k, 0) (p + ik- V2) 


fy) ie: i (Kv) (=/k) U (i, p) ! 
(  pt+ik-y (k Lp)*e (k, p) | 
U (k, p) = a f ad il 
e (k, p) =1— °F | . ada 
(k Lp)? [! a + U (k. p)]. 


1.3 FLUCTUATIONS OF ELECTRIC FIELD 
Consider first the total fluctuation 


[> (XO de, Ye |X—x)| Cap hme a 


(E,, (xt) Es (xt) 


=. l c 
n e| 


x, f(r Xy 


© La |X—X,| Crp Xx— 
l C 


+ et | 
0 xa |X—X,| Carp |x — 


x /2 (X,,X,)dX,dX,. (24) 
It is clear that to obtain the lowest order result 
consistently, f, is required to lowest order and f, 
to first order. Substituting the thermal equilibrium 
functions we obtain the result 


ii le 2, (| dk kakp | l | 
(E,(xt) Ey(xt)) = (420e)*n | a eel ce Epp yy 
(25) 


The term [1 +(k Lp)?|-! comes from the terms in 

Eq. (24) where 1+ n. These terms can be neglected 

for k>1/Lp, but are quite important for k< 1/Lp. 

The energy associated with a given k can be obtained 
from 

(E - E) ( dk 90 ] 

8x (27)? 2 1+ (kLp)* © 


The energy per degree of freedom in the electric field 


is evidently 9/2 for kLp<1 and much less for 


kLp> 1. 
To obtain the spectral density consider the ensemble 
average 


(EZ, (xt) By(x't’)) 


r » —_ c e c , -_ 
| D, (Xt; X't’) d* ralkcml dee’ wom 2X 2% 


In 
ne [ ¢ l C l 
V J @xa |Xx—x,| Gap’ | x’—x,’ 
0) , r rr 
WS) (X,t; X,'t') dX, dX, 
n2ee| . mony - ; 
Oxa |X—X, Oxp’ |x’—x, 


wi) (X,t; X,' ty’) dX,dX,’. 


After substituting from Eq. (23) and carrying out 
the integrations, the result is 


yt+ic 
7 al , , 9 < . 
(E, (x,t) Ea (x’,t')) = (4 ne)? n | 
y-ic 
( dk kakp (=/k) U (k, p) 
( 


ep ( t) eik- (x x) , 
2 x) k* =e (k, 0) e (kK, p) 


(25.1) 





Ac 


Th 


24) 


alt 


he 


im 


o-_— 


in 
ed 
‘D. 
ed 





According to the definitions of Eqs. (12.1) and (14) 
kakp (=/k)U(k, p) 


— a an 
Sas (k, p) = (4c)! se Oe, p)’ (26) 
The spectral density is therefore 
S,3 (kK, o) 2 Re [Sz (kK, i«@)] 
pear kakg 2 Re [ U (k, i @)| or 
ii a a si sais 
ae : kf f(')dv’ 
U (kK, iw) lim nil ineh.eatll 
. [f(v') rid(m +k-v’) +P dy 
zi’ o-+k-yv 
If we define v k-v/k and mv? —0, 
Fiv_) | f (v)v, dv. dO exp| = : | 
° VY2x0 v° 


U (k, ia) = F(—w k) re ~f F (—w'/k)dao 


(w’— wm) 


SD w? i (kv kv\3 ™ 

3 ly oP | eb = + (2) ---} (@ > ke) 
Lj 1 wa w? ' ij 1 /w\s | a 

v ly 7 oP ~ tap] z\ket 3 Gl (or < kv). 

(28) 

When kLp> 1, ¢(k,@) *?~1; when kLp<1 and 


o>kv 


e(k,im)? = | l ds yy T (k Tare |: 


(29) 


1 
2 (k Lp) exp| 


In this case the denominator exhibits a resonance 
at « =p. The spectral density S, 2 (kK, @) must satisfy 
the relation 


1 da 
|S. a(k.o) 5 = (Ex (xt) Eg (xt) , 


(k Lp)? 


dw , 
+ (k Lp)? 


1 ( F (— w/k) 
J ie (K.,ia@) ? 1 


k (30) 
By using the asymptotic forms for ¢(k,im) the 
integration can easily be carried out and we obtain 


l l F(—a/k)dw 


k}  e(k,iw)? = (k Lp > 1) 


~ (k Lp)? (k Lp <1). 

By carrying out the integration approximately, making 
use of asymptotic forms, it is apparent that only 
values of k for which weakly damped plasma oscilla- 
tions exist are fully excited to the energy 0/2 per 
mode. It is possible to carry out the integration 
exactly by a contour method, but this gives less 
physical insight. From Eq. (27) it is apparent that 


S,,(kK,@) must be an even function of ™. Since 


2Si3(k,im) = S,3(k,w) { 
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i Pp ( dw’ 
x | wo —w 


S,p(k.o’) ; 


and the Hilbert transform of S, 3 isan odd function of w, 


‘dow . ‘da - , 
| x — Sap (kyo) In 2 Sza(Kk, iw) 


‘dw U(k, iw) 


9 kak dn l 
(4re)"n Pg (k, 0) 2x (kK, ia) ~ 


kt ok 


w- PLANE 








Fig. 1 Contour of integration used in evaluating the 
integral of Eq. (30). 


The most convenient contour of integration is 
illustrated in Fig. 1. In the lower half of the w-plane 
U (k, im)/e (kK. im) has no poles. On the boundary 


circle m= Re” 
. P ‘ l 
lim U (k,i@) 
igen o 
lim ¢ (k,im)=1 
R—> 
. U (k.ie k ‘si 
(dn VE) . =(s0=0 (31) 
, e (k, iw) a 
- 6 0 
Therefore 
‘dw ., e kakp l 
Jaq Saslken) = (Area eo: 


which agrees with Eq. (25) since ¢ (k, 0) is equal to 
(k Lp)?/ {1-4 (k Lp)?}. 

For a plasma consisting of electrons and _ ions, 
Eqs. (26) and (27) apply if we define U and ¢ as follows: 


. k r iw )dwv’ . 
J 


- pj? [ (ik-efj/ev)dv’ 
e(k, p) =1— Di | p+ik-v’ 
J 
’ m \3 - mj ~) 
fi) (37%) * exp | 20 
(pj? = 4m ne*/m;. 


1.4 SUPERPOSITION OF DRESSED PARTICLES 
Consider the Vlasov equation 


of cf e c® cof 
V- . 


! 0 (33) 
ct cx m ox cy 
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where 


V2D = — 47 | dex. — ne [fdv . ne|. 


3 
Suppose at t = — oo, f) = (m/2x O)2 exp [— m v?/20} 
and an external charge density of order e is switched 
on adiabatically; i.e., 


Oext = lim 0 (k, ) el? 14) tk «x, 


A—v 
If Eqs. (33) are solved in the usual way, the result is 


4 =O (k, w) 


@ (x, t) k2 © (Kk. iw) 


ei(wr- k- x) (34) 


and 


é k-cf/M/oy 


f(x. v5 0) =f (v) — | ® (x,t). 


n w k-v—iiA 
It is therefore clear that ¢ (kK. im) may be interpreted 
as a dielectric constant. 

For a test charge dext e 0 (X —X,)— Vat) and 
o (kK, m) = —ee**-* 6 ( +k- vq). The electric field at 
a point x due to a fully “dressed” test particle at 


x’ =Xy+Vot with velocity v’ =v, is 
Lie ¥° dk ik -(x — x’) ik 25 
E(x, X’) 4ne| Gs ek—ike vy) 5) 


If we imagine the particles of the plasma immersed 
in a dielectric medium characterized by ¢ (k, im), then 
the Coulomb electric field due to a particle is effectively 
replaced by Eq. (35). If this is done the particles can 
then be regarded as statistically independent in the 
following sense: 


(E,,(xt) Eg (x't’)) 
> | 2. (x, X,) By (x’, X,’) wo (X,t; X,'t’)dX, dX,’ 
le ik. see ik-v,)?" (36) 
Therefore 
2 Sia (K, iw) = (4 me )? n — E 


_ | F(—o/k) i 


. dw’ F(—w’'/k) | 
\ |e (K,ia@) ? 73 Fr 


J (@’— a) |e (ky i’)? f 


This is the same as the previous result and was 
obtained by “dressing the particles’ and neglecting 
. . rl - , tg 
the contribution from W'} (X,¢; X,'‘t'), the cor- 
relation of different particles.* Similarly in the cal- 

culation of 


CE, (xt) By (xt)) = | D, (Xt) YB, (x, x1) Bp (X, Xn) AX 
‘ In 


we can neglect the terms 1 n, or assume /, (X, X, ¢) 
f (v,) f (v2) provided E (x, xX,) isreplaced by E (x, X,). 


* This method of obtaining the spectral density of 


electric field fluctuation was first pointed out to the 
author by W.B.Thompson of the Atomic Energy 
Research Establishment. Harwell, United Kingdom, in 
a lecture given at General Atomic in January 1960. 
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Thus 


(E, (xt) Eg (xt))= n| f(y) Ba (x, X,) B(x. X,)dx, dv, 


dk f(v,) dv, kaks 


(4ne)?n| Qos] k*e(k,—ik -¥,) e(—k,ik-¥,) ° 


With the change of variable m —k-v, this becomes 


dkdw kxzkg 2=F(—w/k) 


(E, (xt) Eg (xt)) = (40)? n| (27)! k*  & le(k,iw) 2 


in agreement with Eq. (27). 


1.5 FLUCTUATION-DISSIPATION THEOREM 


Consider the Vlasov equation 


cf v.2 f _ E. cf 0 
ct cx m cv 
3 
Suppose that at ft —oo, f = f = (m/27@0)2 


exp (— mv*/2@0) and the electric field is switched 
on adiabatically, i.e., 


E = lim E, (k/k) e'& 


A— 


iA)teik- x. 


It is assumed that E is of order e so that f = f( + f@ 
where 


cf @ cf@ ¢ , ef 
4 = _ ee, oak 


ct cx m cv 


After solving for /@), the total current density is 
determined 


1 GE 


j(xt) = — ne|v fi (xv; t)dv oe 


j (k k) el(wt k- x) 


The result for the current amplitude is 


jy = (1/z%) E 
where 
z r 1a “2 
i iwe(K,ia) 
4x l 


ew le (kK, iw) |? [Im ei Ree] . 
Since — Ime = (k Lp)-? (x/k) @ F (— «/k), the spectral 
density of the electric field fluctuations may be 
expressed as 


S,, (kK, w) =2 Or, kh, kp/k*. (37) 


1.6 KircHHoFF’s RapiaTion Law 
The energy density of the electrostatic field is 


(E (xt) - E (x?#)) *dkdw - 
> = | (2 =)! W (k, «) 

where 

4-ne? = F(—w/k) 


W(k, o)= —3—- = e (Kk, im)? ° 


From the previous problem, the absorption coefficient 
may be defined as follows: the power absorption is 





}) 2 


hed 


f{® 


cal 
be 





l —_— 
= = Rej, £,* 
E,* 


a (kK. @) 4 Re a. 3 


The absorption coefficient is 


a(k,m) = 8x Re(l/z ) 2 Ime (kK. im) 
l Se 2- 
(kLp) &k oo” F(—w/k). 


According to Kirchhoff’s law, we should expect that 
the emission per unit volume from the plasma would be 


¢ (k.m) — W(K.@) a(kK.@) 
(od w* F*(—w/k) 
(kK Lp)* k? e(k,iw) 2° 


2x (38) 
That this is the case can be seen by a direct calculation 
of the emission. The force on a test particle of velocity 
v’ is from Eq. (35), 


a rr _2{ dk ik 
TW )= —s8@ 2)= —420) a ea —i6- I 
tret| dk k Ime(k,—ik- v’) 

~~ J (2x)? k2 le(k,—ik-v’)|? * 


The rate at which the particle loses energy is 


v’-F (v’) which is therefore the rate of emission of 


energy from one particle. For a plasma in equilibrium 
there are nf (v’) particles in (X’,dX’) so that the 
total emission per unit volume is 


k-v’ Ime(k,—ik- v’) 


mm dk 4 v o 
4nmne | ans le% f (ev) ke e(k,—ik- v’) ? 


If we change the variable of integration to k-y’ 
the result is 
( d k dw 


(22)! 


e (kK, w) 


where ¢ (k, ) is given by Eq. (38). Kirchhoff’s law 
has previously been stated for plasma waves [2] in 
the form 

¢ (k) =O 2 e€1 (k) (39) 


where e¢.(k) is Landau’s damping coefficient. This 
result is recovered if we integrate Eq. (38) over w 
for kLp <1. Eq. (38) is more general than Eq. (39) 
in that it applies to all wavelengths including kLp> | 
in which case plasma waves are very strongly damped. 


1.7 FLUCTUATIONS OF CURRENT DENSITY 


Wn ° —— ~ a hl 
rhe current density is j e dvr (x —X,). The 


ensemble average of (jx (X¢) js (x't')) is calculated 
making use of Eq. (23). The result is 


1 


I: 
im(k Lo)*| ] 


v4 : »|9 
Sy (K,iw) ne?! 
lm 


U (k, iw)| 0+3— kaks | 


k2 


I \ 
i (kK, i 5 || - (9) 


The real part of 2 Sj, (k, iw) is the spectral density 


kx kp 
ia 


‘ @ 2x wn So A 
Sup(ho) = net{® 22 7(—oyty | y— Feb 
m k k? 

2= wo? F(— o k) kx kp | 


kf e(k. ia)? on (41) 
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We note that S (k,@) differs from the corresponding 
quantity for the electric field by a factor of (@/47)*. 
This could have been anticipated because the spectral 
density is essentially an ensemble average of the 
square of Fourier components. According to Maxwell’s 
equations im o (kK. )+ik-j (kK. m)=—0, ik-E (k, ) 

4x 0(K.«), or K-j (kK. ~) (im/47) [k-E (kK, @)] 
The relationship between the spectral densities is 
thus apparent. 

The above result can also be obtained by a super- 
position of independent dressed test particles as in 
Section 1.4. The current density at x due to a dressed 
test particle with X,—(x,. V,) is 

j (x. X,) 


ev, O(Xx X,) nelv of (x. v.t)dyv 


where [2] 
4-e* ¢ dk 


m | (2 =)* 


k-cf™/cev l 
i v;) lesen ; 


Eq. (41) may be obtained as follows: 


elk: (xX) 


0 f (x. v, t) 


(ja (XE) jg(x'.U')) 
_ Jix(%, X,) ja(s.’ X,') W ()(X,¢; X,'t,)dX,d x 
dk 


“dp — 1+ 
(2-)3 i fk ert 9875 (k, p). 


Substituting W ©) from Eq. (23) we obtain the same 
result for 2 Re Sy, (kK, im) as Eq. (41). 

A fluctuation dissipation theorem exists for the 
current density that involves a different dissipation 
tensor from that previously employed for the electric 
field fluctuations. It is defined as follows: 


of cf é - cl 

es ee : , 0 
ct . cx m [Fex vo| ey 

V2 @ tren| [f(x,v. td |. 


At ¢t ©. f= f (v) and an external electric field 
of order e is switched on adiabatically. i.e., 
iA) eik- x. 


Eext (Xt) = lim E (km) e&° 


A—0 


We can calculate the conduction current as 


j (xf) ne [vy f(x v,t)dy 
j (k,m) eb" k + x) 
where 
jx (K, ~) 0x3 (kK. im) E3 (k. @) 
and 
ve ne* jo T rE s., hake 
03 (k,i@) eo len i | (k, i) (O45 Fe 


k oa kp 


ia im (k Lp)? 





— era 


The theorem for current fluctuations is 


Sz 3 (kK, im) O o2,3 (k. im) (42) 
or 
Si; (Kk, w) =2 O Re [ox (kK, im)]. 
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1.8 FLUCTUATIONS WITH A CONSTANT MAGNETIC FIELD 


The calculations in this case follow the same pattern 
as in the case of zero magnetic field. The only new 
feature is the addition of the term — (e/mc) (v xB)- 
-(é f/E v) to the Vlasov equations. The resultant spiral 
unperturbed orbits make the calculations considerably 
more involved. However, no new techniques are 
required so that we shall simply discuss the results. 

The dielectric constant is 


ay fs. Ji (hk, abi{k-of/Ov]n ‘ 
——a | dy ba (43) 


e(k,p) = 1 = +k: si, 


where 
cv in 


[|k . Vn 


a=v, /a, 


w, =e Bime. 
We note that 


>(k,O 
of.) = 1 (k Lp)? 


as in the case of zero magnetic field. The other function 
required to express the results is 


, ke Tn? (Ke ¢ 
U(k,p) = —-| dvf(v) 3” P4 es 


with this definition 


€ (kK, p) =1+(k Lp)? [1 — (x p/k) U (k, p)). 


The joint probability functions are as follows: 


W(X ,t; Xt’) = Vf (v,) d[x,’ —x (’)] [v,' — v(t’)] 
(44) 

where t=t' —t and 

v (t’) vy 


sin (DP, +, T) x 


+0, cos (py 


+ We T) Cy + Uy z Cz 


x (t’) = x, + @ [cos (8, +0, T) — cos B,]) ex 


+a [sin (8B, +, tT) — sin B,] ey + 14 2 T ee. 
Wie (X,t; XQ’ t’) =F (vy) f (v2’) 
. » ae af @2& , 
Why (Xyt3 Xa’) =F (0) f (v2')| oy OR 


‘dp , » ‘ 
x 7a eP © — 9 Woe (Vy, Vo’) 


W pk (V35 Vo) 
exp {— i[k. a, cos (B, — «) —k, a, cos (f, — «)]} 
n (k Lp)? « (k, 0) 
w » jt, — m4 a (k | Gy) Jn, (kK ay) 
[p + i (Kk + ¥2)n,] 
exp {i [7g (Bp — 2) — my (8, — @)]} 


" Ny | i(k - Vo) ny | = i(K + %)m (x/k) U (k, p) \ 
: | ' pt i(k - Vi)n, (k Lp)? (K, p) jo 


Mm, My 
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Most of the previous results for zero magnetic field 
are recovered in the following sense; results that 
depend only on k and p remain formally the same, 
but with the new definitions of U (k, p) and «¢ (k, p). 
The expressions that contain position and velocity 
coordinates are formally similar with the exception 
of the Bessel-function sums and the angular factors 
produced by the spiral orbits. For example, the electric 
field at x due to a fully dressed particle at position x 
and velocity v’ is 
dk ik 


eik «(x — x’) 


E (X, X’) (22)3 k 


4 xe| 
Ba a’) J {(k a’)i" n’ @i(n n’)(p’— a) 


e (k, —i[k- v’Jn) ani 


n,n’ 


This is to be compared with Eq. (35). The spectral 
density of electric field fluctuations can be calculated 
in the manner of Eq. (36). 


(E,, (xt) By (x't’)) 
|B. (a, X,) By (2’ X,') W(X, t;X,/U) dX, dX,' 
[ dp [ dk 


(2 =)8 eik- Fert S75 (K, p). 


Oewi 
J 271i, 


The result for S,, (kK, m) =2 Re Sj, (kK, iw) is 


kakp 22 Re U(k,io) 


Sx, (k, @) ka k € (k, i o) 2 


(42e)* n 
which is formally the same as Eq. (27). 

As in Section 1.5, a resistance can be defined. The 
only modification is the addition of the Lorentz force 
term to the Vlasov equation. The result is formally 
the same, i.e., 

(47e)?n 


r tg 4 Re 


U (kK, iw) 
e(k.ia@) |? 


so that, as before, 


Sup (kK, ») =2 Ory hey ky)? 


Similarly the formal expressions for Kirchhoff’s law 
in Section 1.6 are unaltered. 

The current density fluctuations are somewhat more 
involved so that a more detailed discussion will be 
given. The ensemble average is 


j (x0) f(x’, 0°) = (ne2/V) | WY (X, t; X40) d (x —x,) 

6 (x’ —X,') v, v,’ dX, dX,’ 

+ nte2| WAY (X,¢; Xy' t’) d(x —x,) 

6 (x' — x,') Vv, v. dX, dX,’. (46) 
wi? and wi are given by Eq. (44). It is convenient 
to express all vectors and tensors in terms of the unit 
vectors 
e, =k/k, e, =k « B/(k, B) and e,=k xB x k/ (kk, B). 


The cartesian components of k, v and B are (k. cos «, 
k sin a, kz): (—v,sinB, v.cosf, vz); and (0,0, B). 
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Therefore v =v, €,+ 1, €. +103 @, 
I ° , 
where %=V-e=F7 [kz vz —k, v, sin (Bp — «)] 
Vs v, cos (p %) 
k er 
Vs ? yp vi sin (p x). 


We can associate with these components certain 
symbolic components 


0") — (ke vs 


no,)/k 
Jn’ (bk, a)lJIn (ke, a) 
k k- 


s(n) . - ’ 
Vs V> NOM. 


” kk 


v,(" ) i v 


The purpose of the symbolic components is to express 
quantities like v, exp [i k,acos(f —«)] in terms of 
Bessel-function sums. For example, 

v,exp [ik acos(p x) | 


DS Ink ajel'"@—2+ 2) (k.v.—k, v, sin(P—x)]/k 


n 
. Vn (k a)e! n(p x 3/2) v,”. 
n 


The result for Eq. (46) is 
[ dk 


(2 2)3 } “2 grt 


(j (xO j(x’. 0)) — 
S” Si (k. p) ey > 
—- 


where 
(k a) qi" vpn )* 
Pp j ikv,™” 
n 
ne Pp . (v\dy J? (k a) Val") 
(k Lp)? ¢ (kK —4 f© (v) ¢ Pay p+ ike” 
n 


2 (k a) np * 


s tease (1) 
Pp ike 


Sin(k, p) — ne*{f (eydv yr” 


. [ f (v)dv S” In . (47) 


n 
A conductivity tensor is defined as follows: 


Opt sea ee XB (Bo). 0 


ct cox me cv m 
V2@D tn ne| {fide i]. 
At t OO”, f 


f (v) and the external field 


E (x, ¢) =lim E (k, m) ei ~ 14+ eik-x 
0 


j 
is switched on adiabatically, 2 is of order [e}. 


The linear response is calculated and 


jx (X, 8) ne|v, df (x, v,t) dv 
jx (kK, wm) el lor +k»); 


Ie (k, «) Oxp (k, ia) Es (kK, «). 


FLUCTUATIONS OF PLASMAS 
Placing p=iw, the result for o,, is 
Ox, (k, p) 


ee | - 

0 jJavie (v) v, Jee ( zr) ek Ix’ (-)-xle-ptdy 
iL 

iced i ai ae 

(k Lp)*« (k, p) jd V (v) v, 

Jik- v’( 


tyeik-Ix'(—-)-—xXle-ptdr 


(dv f (vy [ vp’ tei k Ix (~)-—xle-ptdy } ‘ 
0 : 


(48) 


The orbit functions x’ (1), v’ (r) are given by Eq. (44). 
After making Bessel function expansions and carrying 
out the angular integrations, we find that Sj, (k, p) 
Oo. (k, p) which is the fluctuation dissipation 
theorem. 
In order to establish a superposition principle, con- 
sider the Hermitian spectral density 


Sy, (k, ) Sia (kK. im) [S35 (k, im) ]|* 


and substitute 


I ; n) P 
o+ key” MIO (Hm 4 kv,‘ 4 o + ko” 


into Eq. (47). The result is 
S,.¢(K,@) 2ane* [a vf (v) 


VW U,2(k a) vy vg * db [ao ! kv, 
yo ' 


" 


ne? f iw t A b * -  * 
(k Lp)? \e (ki o) (°? 1 Ha) (Sg 116") 
i@ 


E j aw 2. 2 _)\ 
e* (K.i @) (Sa 1 Hx) (Se 1 6 y 


where 


&, (K.) a)" | dV f(v) S72 (k, abvsd [om } kev,” | 
n , 
. : {© (v) Jy? (k a) vy") 
Nx (K, &) or d\ [w+ ket) . 
n 
This can be put in a more suggestive form by intro- 
ducing the effective velocity 
l io 


6V,(k.im) — (Lp)* tk.io) [é. i Hal » 


in terms of which 


S,2 (ko) 27 ne* ‘dy f (v) SW U,2(k a)ydlo+ko™ 
d : — : 


n 
Al al [v,”) 


° > (n) 
[v. 


dVe|*. (49) 


We shall now obtain this result by superposing 
independent dressed test particles. The current density 
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at X) due to a dressed test particle at X can be found 
by solving the test particle problem [2]. 


jx (Xo, X) ev, 0(Xy — X)—ne|v, df dy 
- dk 
Jansch 9 1 (kx) 
where 
I, (k, v) LO a Jn(k, a) ein(@B— x 2/2) 
s ‘ia vm) 
x = - 
\ (k Lp)?  (k, —ikv,") 


ya y! $0) (v’) Tm? (ke, a’) vy) \ 
m ‘ 


[v,™) — 9) —j A] j 


— ee—ik | acos(B— x) Wn (k a) ein(B— a + x2) 
oe 


n 


x {v,(") — bV, (k. —ikv,™)} . (50) 
We can now compute 
(j (8.4) j (Xt) 


[ic X,) jx’, X’,) Wy, (Xt; XC) dX, dX,’ 
f ak 6rd ¥4 
| (2x) | = eik-rert S'Ssa(k. P) Cap. 


ap 


The result is 


Sip (k, Pp) n e2 lf (v) d DP a (k a) 


ik v,) 


x fo.) — dV, (k. — ike”) | 


[v3 — OV, (k, ikv,”) |* . 
The Hermitian spectral density clearly agrees with 
iq. (49). The anti-Hermitian spectral density is the 
Hilbert transform of the Hermitian spectral density 
so that the superposition of dressed test particles 
gives completely equivalent results. 


2. Non-equilibrium states with Coulomb forees 


2.1 INTRODUCTION 


A hot plasma may exist in a state quite different 
from thermodynamic equilibrium for a substantial 
length of time. Indeed, it is upon this fact that the 
hope for fusion power is based. Such states are ap- 
proximately stationary and it is of some interest to 
consider fluctuations. 


The states about which we shall examine fluctuations 
are stationary in the sense of our expansion. They 
will be adequately described for our present purposes 
by specifying the one-body distribution function to 
lowest order. This in turn uniquely determines the 
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two-body correlation function. For example the one- 
body distribution function will be a solution of 


(0) (xX oe 
f (X’) d2 - 0. 


of) ne? rc 


| Cc 
cx m Jox x— 


We shall consider only spatially homogeneous so- 
lutions f(® — f(y). There are two restrictions on 
the function /(v). First of all, there must be no 
current density 


j=- ne | f (v) vdv—0, 


because the magnetic field term is absent in Eq. (1). 
Second, the secular equation 


e (Kk, p) l dv = 0, 


wy" = - OF, M/Ev 
ke? J p+ik-v 


must have no roots in which p has a positive real 
part, i.e., the state /(°)(v) must be stable. 

The two-body correlation function satisfies the 
equation 


c c — 
v- pg ) P(X.X’) 
cx cx 
net af, re | germ 
: ~! | s- P(X’, X")dX 
m ov Jox |x x 
ne? of, ¢ ¢ l - as 
ed ee iS 
m CoV Jjyaox x x 
e? ¢ 1 ef, of, 
. (0) (y’ ‘1 (9) (y ‘i 
mox |x—yxX’ lf ( “oy hi (¥) ov’ 
(2) 


This equation determines P (X, X’) when /,( (v) is 
given [3]. This information is sufficient to determine 
the auto-correlation function and spectral density for 
any quantity such as electric field or current density. 
Calculations will be made for a plasma consisting 
of electrons and infinite-mass ions, electrons and finite- 
mass ions and then a constant magnetic field will be 
added. 


2.2 JOINT PROBABILITY FUNCTIONS 


This treatment will be quite similar to Section 1.2. 
It is however more convenient to introduce condi- 
tional probability functions for our present purposes, so 
that we shall repeat some of the previous discussion. 
The function D, (Xt; X’t’) satisfies the Liouville 
equation in the co-ordinates X’, t' and the initial 
conditions 


D, (Xt; X't) = D, (Xt) 6 (X’— X). 

The function C (Xt | X’t’) is defined by integrating 
out all initial co-ordinates but one, i.e., 

fy (Xt) C (Xt) Xe) =V[D, (Xt; Xr’) @X)N-? 


(3) 
where 


fy (X,t)=V[D, (XQ (a XyX-3 
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C (X,t| X't’) satisfies the Liouville equation in (X’, t’) 
and the initial condition 
C(X,t X't)=V D, (Xt) 4 (X',— Xf, (X10. (4) 
The s-body functions are defined as in Section 1: 
F, (Xt) X,'-- Xf. 1.t’) 
-Vs{C(X,t X'r) dX,’ aX! 
92, (X,t 'X,'- - X;',t’) 
V5(C (Xyt| Xt’) dX! .4-- dX, 


2? _— d xX, 


fs (X,-- Xs; = VS [D, (Xt) (dX)% 


The initial conditions for one- and two-body functions 
are as follows 
Q, (X,'t) 
22, (X,', X_'; t) 
F, (X,', t) 
F, (X,' X;'; t) 


V 6 (X,'— X,) 

V db (X,'—X,) fo (X,. Xo: Of, (XO 
fy (X1 Xo's Of, (4X1 O (5) 
fy (Xq, Xo’, Xg 3 Oh/fy (X, 0b). 


(The abbreviated notation 2, (X,’ t’) will be employed 
instead of 2, (X,t| X,'t') wherever this can be accom- 
plished without confusion.) 

F, and Q, are determined by taking moments of 
the Liouville equation and then expanding; i.e.. 


FP, = FO + FO 4 


where the parameter of expansion is e, m, or 1/n. This 
procedure has been carried out in detail for the test- 
particle problem [2]. Essentially the same equations 
apply to the present problem. However the initial 
conditions are different in the present case; in partic- 
ular we do not wish to assume that the field particles 
are initially in thermal equilibrium. It is assumed that 
a partial specification of the initial density in phase 
space D, (Xt) is given in terms of its moments. For 
a spatially homogeneous plasma 


A (XO =f, (WIth WO =f (V1) 
fo (X, X,t)=f, (Vi, 8) fy (Vet) + P(X), X4) 
fg (X, X.Xg5 0) =f (Vi 8) fi (Vet) fi (V3.4) 
+ fy (vy) P(X, Xq) +f (v2) P(X. X35) 
+f, (v,) P(X,, X,). (6) 


P (X,, X,) is first order in the expansion parameter, 
symmetric with respect to the interchange of X, and 
X,, and depends on the spatial co-ordinates only as 
x,—x,. It is determined by /,)(v,) according to 
Eq. (1). It is convenient to introduce a conditional 
probability defined by 


P(X,, X) =f, (vy) G(X, | X,) (7) 


For present purposes it is necessary to calculate 2, 
to zero order and F,, to first order. The required initial 
conditions are from Eqs. (5) and (6) 

92, (X,' t)= V 6 (X,'— X,) 

F,© (X,’ t) f, (v,’) (8) 

F\ (X,' t) =f, (vo 0+ (X, | X,’). 
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The zero-order functions satisfy the differential equa- 
tion 


| c P c 
vy; 
ler cx, 
. ed 2, (X,’, t’) 
E yy (x t : \ 1 ed ) ( 
m eM (X, ) év,’ J Fi (X,’, ¢) . (9) 
where 
. P l 
E (0) xr a re 7 (0) reg r+ 
um) (2, t’) D Vex: x, — &’ F, (X,'t') d X,’. 


The solutions are 
Q, (X,’ t’) 


F,® (X,’ t') 


V d[x,’—x,— V, (t’—#)] 6 (v,'—v,) 
f, (v,"). (10) 


The equation for the first order contribution to F, is 


ti y Ts * oer4 hia diel ie ve OX,” 

f l PY (X,'t’) r rl P 

| Xx,’ xX; Vv, (0 t) ' n| X. X,/ oXsi StF}. 
(11) 


This is the usual equation for the field particle distri- 
bution [2] except for the term St {F,}. The form of 
this collision operator is 


(Pp. ner ¢ l 
St{ Py} m l oxy x,'—X; 
. 2 2 —X3 


c rer owerignt re 
jy, P(e Xe td Xs’. 
P (X,', X,';t') depends only on x,’—x,' so that 
St{F,} is independent of spatial co-ordinates. 

The solution of Eq. (11) subject to the initial con- 
dition of Eq. (8) is obtained in the usual way [2] by 
integrating along the characteristic or unperturbed 
orbits and making use of Fourier and Laplace trans- 
forms. The result is 

y 
Fy) (X,'U') =f, (wg' t) + | St {PF} dt” 
(Pant 
1 d ‘ 
sik « (x, — xy) Pap re 5 G 9 
n hore ik: v,"\" k(V, Vo’) 


ic 


lf d@k 
” | (2 =)8 


ik-€f,;/Ov." wp? l * Ge (Vy VY) te | 
e (kK, p) k? |p + i(K-y¥,) n| (p + ik-v) ” j 
(12) 


In this expression, 


Wy” ( ik-¢ Ie V 


e (k, p) l i) ptik-v 


dy 
and G,(¥, ¥,) is defined such that 


3 |dk ei: “Dry (Vy Vo) . 


The particular moments of D, (Xt; X't’) that are 
usually required are 


Wj (Xit; X;' ’) = V? [ D,(Xt; X't') (dX)! (d X'\N-!, 
The only two independent moments are 

Wy, (Xt; XU) =f, (X, 0 2, (Xt) X,'), 

Wyo (X,t; XQ’ t.) =f, (X,0) Fy (X,t | X,'t’). 
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We shall require W,, only to zero order and W,, to 
first order. The results for these quantities are as 
follows 
WO (Xt,; X,'’) = Vf, (v,) 6 [2,’—x,—v, ('—0)] 
6 [Vv,’—V,] (13) 
f, (V,) tf,” (v,’) 
fy (vy) A (ve) 
* dk 
(2 x) 


WO (X,t; X,'t’) 
WX Xe) 


+ fi (v,) [ St {Py} de” 


‘=e 


Ay? (vO) fF, O(ve’) 


eik - (x,"-x,) 


° d , : : 


where 


l l ce 
a r ik - v,) - Py. (V,, Vo) 


k-dfM/Ev, . wp? fw, 
P 


W pk(¥, Vo) 


e(k,p) | & + ik-v, 
' Px (¥), V) Il 
ioe | (p+ ik-v) j 


and Px (Vy, Vo) =f," (Vy) Ge (Vy | Vo). 
With the present restriction to a spatially homogen- 
eous plasma, there is never any contribution from 
W® or the first three terms of W(). They will 
henceforth be simply omitted. 

For some applications additional moments are 
required of D, (Xt; X’t’) such as 
Wiju(Xi, Xjt; Xt’) =V3| Dy Xt.X't')(d X)N—2(d XN 

(14) 

The independent functions are W,.,, Wy.. and W,,, 
which are obtained by a simple generalization of the 
procedure employed to calculate W,, and W,,. The 
problem is one of two singled-out test particles, which 
to the order considered in the present calculations, 
do not interact. The results are as follows 


WO) (X,, Xo, t; X,' t’) = VF, (v,) f, (v,) 
6 [x,’—x,—V, (t’—#)] 6 [v,’—v,| 
VAs (Vi) A, (Vo) 

0[X_'—X.—V, (t’/—1t)] 0 (v.’—V.) 
WD), (X,, Xo, t; Xq' t’) =f, (vs') P (X,, X-) 

+ fs (v,) WW (Xt; X,'t’) 

+ fy (v.) WW (Xt; X,' 0’)... (15) 
In the latter expression we have omitted terms such 


as f, (v4’) f: (vo) f,:" (Vt), which give no contri- 
bution for a spatially homogeneous plasma. 


WY, (X4.X ot; Xy't’) 


2.3. ELECTRIC FIELD FLUCTUATIONS 
The ensemble average is calculated as in Section 1.3: 
(E (xt) E (x’t’)) 


r ' —— c e oO e » _ 
| D, (Xt; X't) D5 aay ox” x OX EX 


In 
ne? ¢ ¢ l c l . . ; 
(0)( ¥.¢-X¥.'7¢’ r y 
“ gee 7c WO(X,t;X,'U)d Xd X, 
P c ] r , yr ty , rv 
pmee2/ © bt wu(X,t; X,'t’)d X, dX, 
Jox|x—x,|0x’|x’—x, : . 


After carrying out the integrations as far as possible, 


; ee d * dk 
(B (xt) E(x't’)) = [5 en [ SX 


where t= t’— t, r=x’—x and 


eik- '$+(k,p) 


(4 7)? ne? 7 


{ a dv,dv, 
p+ik-y, J p+ik-v, 
; Wy” k -¢ f,/é V, | 1, (v,) nf 2 Poly vies \ 

k? e (k, p) p+ik-v, ): 


S* (k. p) 


( Px (V;. Vo) 





To achieve a more manageable form the following 
quantities are introduced 


- rf. (vy) dy 


z Jp ik. y Ae AY) 


n [ P. (v.v')dv 


In terms of these quantities 


a l 
S+ (k, p) = (42)? ne kA ec (k, p) 
= 7c, p) 4 [mt adds | 3 
Xv | (k, p) | p- ik-v, J’ re) 
and 


—s l j= 
(4n)° nero, e (k, i «) = 


- lim = ke” (Va) dV 
J a + K+ Vv, — iA) 


A—0 


S: (k, im) U (k, im) 


where the interpretation of the integral is such that 


ai P 
= (@ K- v, iA) rid(o+k- Ve) 4 »+ kev, 


To make any further progress we must make use of 


some of the properties of the pair distribution func- 
tion Px(V¥,,V,). The Fourier transform of Eq. (2) 
is 

lim [k - ( 


Vo — V,) —iA] nm Pr (Vj, Vo) 
A—>0 
alt (0) 
- Of, | 
| 
After dividing by k-(v,— v,)—iA and integrating over 
v, we obtain an integral equation for hy (v,) 
I j 
ih —ik-v Ve 


ik-éf, oP [x ,, ‘ e 
ev, k? li (k. —ik- ¥,) 


~ Af A (va) | he (V;) 


[fi (Va) + de® (¥, a> 


he (V;) —e(k, —ik-v,)] / (v,) 


r —he* (v,) dv, | 
+ Vik ea |}- (1%) 


Let Hy (u) [dv hy (Vv) 0(u—k-v/k), multiply Eq. (17) 


by 0(m+kK-v,) and integrate over v,. The result is 
Hy (—c/k) oar {[1 —e (k, i)] Re U (k, ie) 


= Ime (k. im) li U (kK, im) 


( hy* (v,)dv, 


rJijesk-v,-nyy: 





W 
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V 


16) 





We can now substitute this result into Eq. (16) and 
obtain : 


S* (k,im) — (47)? ne? + ; 
ju e (k,i @)] 1 - Hy ( 7) k)\ 
= Re U (k. im) a 


Since S* is a symmetric dyadic, the spectral density is 


S (k, «) 2 Re S+ (kK. ia) 
—\2 2 kk 2x j Re U(k, i @) Im Hz ( o/k) 
(4x)'ne k4 k \ \e(k,io) ? ' Im « \. 


It has been previously established by LENARD [3] that 
Im Hy (— w/k) —0. The final result is therefore 
kk 2= ReU (k,io) 


ar\2 2 ( 
(Anna te kia? |) 


S (k, ») 
This is formally the same as Eq. (27) in Section 1. The 
previous derivation can easily be generalized to apply 
to a plasma consisting of electrons and ions. Eq. (19) 
still applies with the following new definitions 


» k  fO(v)d 
va. - + Sj 20) 
j 


wif ik-2h/0v 
e(he,p) = 1— Se f TR -PHMIEN ay, 


J 


where pj? =47 ne?/m; and the summation is over 
particle species. 

To indicate some of the features of non-equilibrium 
states, the electrostatic energy per degree of freedom 
will be calculated. That is 


(E(x, ¢) - E (x,¢)) tdkdw .,, 
R= (2=)* W(k,) 


where 


4xzne? = ReU(k,ia) 


W (ky) k? k \e(k,io)/? 


(21) 


and the energy per degree of freedom is defined as 


0 (k) iL: 2" 
| ~ W (ko) . (22) 
Consider for example, a plasma in which the electron 


and ion distribution functions are 
3 
fe (¥) (,76-}' exp[-- m,.v?/20,| 
3 
sea) exp|— mv? /20)] , 


fi (Vv) | 


where 0; < O,.. Asymptotic forms for U and ¢ can 
be employed in various regions of @, k space as illus- 
trated in Fig. 2. The following definitions are employed 
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Fig. 2 Asymptotic forms for U and « in various regions 


of o, k space. 


i) Plasma wave region: If k <1/L, and mw >kxy, 
the asymptotic forms are as follows: 


+ “3G, 2 iy 
> 2x 


V/ 2x v7 


Re U (k,iw) = 


e om = 
. since > 
V/2nve kui? kve 


xi{@\? 1 (i) 
2 len) (kL) © 


where (py? = pe? + Wpi?. The denominator in Eq. (21) 
has a resonance at m=». The result obtained from 
integrating across this resonance is 


Dp” a 
€(k,im)? = [1 a oe | 


5 for k- ; : (23) 


4€ 


A(k) 


» 


ii) Jon wave region: If kL; <1 and ky > w >kv, 
the asymptotic forms are as follows 


Re U (k,im) } e 
V2e 


e(k,im) ? | l 


_ 
™ 
6 

—_— 
“~ 


The resonance now takes place at 
Wg? = Wpi® (k L,)? | (1 + (k Le)*] (24) 


The resonant width is 

1 1 |/2 "-< 
> Vo [1 + (AL) 

Mo 
\( Me \ 2, \3 - l & l ) 
ot (o,)? exp 2 6; 1+ (kL)? if" 


which remains sufficiently small for approximate 
integration as long as 0, > O; and kL; < 1. The 
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result obtained from integrating across the ion reso- 
nance is 


9 (k) O- (kL)? 








2 2 14 (kL)? 
{| Me | Oe 1 ©. l 
| mj ' 0; = 2 6; 14 ex | 
V2: + (e)texe[—2 6 14 a9] 
| mM; a 2 6; 1+ (kL)? } 
(25) 
If kL. <1, then O(k)~O, (kL,)?, provided that 
me|/m; > (O./O;) exp (— O./O;) and O (k)~O; (kL)? 


for the other direction of the inequality. For kL.~1, 
O (k)~ +O, or +0; according to the sign of the same 
inequality. For kL, >1 the exponential terms will 
eventually dominate and 0 (k)~ Oj. For moderately 
high electron temperature, the energy/degree of free- 
dom increases monotonically with k from zero to 
, 9;. For very high electron temperature there is a 
maximum in the neighborhood of kL.~1 which is 
about | 0. 

Another case of interest is where there is a small 
number of runaway electrons. For example, 


fev) = Evin) exp| ; o | 
(27 U9") . ° 


In l , 1 (v+ V,)? 
3 exp | 2 v,* 


vt “a 
(2 x v,*) # 
fi (v) O(V T Vi). (26) 
For simplicity the ions are assumed to have infinite 
mass. If nV;=V.An there will be no current as 
required for a spatially homogeneous plasma. The 
requirement for stability is 
~\IV , \e 
. =! y( *) exp : | fo |. (27) 
nv Yo a) =~ \% 
The validity of the present calculations is restricted 
to cases where Eq. (27) is satisfied. However we can 
consider the energy per mode as A n increases up to the 
limit given by Eq. (27). Asymptotic forms for U and ¢ 
can be employed for various regions of wm, kz space as 
indicated in Fig. 3. The z-axis is taken to be in the 
direction of V,, and we consider only modes for which 





b= kh, =0. 
Re U (kz,ic) exp| ~ (,” )'| 
V 2x v9? 2 \kzv%> 
, An l exp | 1 (w—kz V-)® | 
| MN A/2xv ? 2 (kzv,)? 
For wm >kz v, and kz < wp/v4 


e(k,im) ? 


272 
Wp* |2 wT o Op 
1--—--| 4 e ) exp 
| wo ce kev kz : 
Ve Wp? In 


( 
kzv, = n(kzv,)? exp| 5 
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(an) | 
ee) I 


0 (kz) 0. | 
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Fig. 3 Asymptotic forms for U and ¢ in various regions 


of w, kz space. 


A resonance takes place at @ 


m3 Va tlicn) e[—2 


@p of width 


- “e_)" | 
Vo 


(@p—kzVe) wp? An _ l (~ kz Ve\?]) 
kev, n(kzv,?*P|— 2 kee, - 
Provided kz <m)/vg and An/n < (v,/V-)?, then 


lw/mp < 1 so that the resonance is sharp. The 
result obtained from integrating across the resonance is 
given in Eq. (28), at bottom of page. The latter 
term of Eq. (28) comes from the region of kz >0, a<0 
where the first exponential always dominates. As 
long as kz > w»/V_. or kz < yp/Ve the first expo- 
nential dominates and 0 (kz) ~ 9... However when 





kz Mp] ( Ve V1) Op] Ve, then 
0 (kz) oF 
5 = "% 
| exp (V. va| + (UAn/v,n) | 
cJq4 ; 
| exp (Ve ra) (An/n) (vg / 01)? (%9/ Ve) | 





(29) 

As long as Eq. (27) is satisfied, this result remains 

finite. However the energy for modes in the neigh- 

borhood of kz ~ mp/Ve becomes very large and ulti- 
mately infinite as 


1n v1\2/ Ve 1 / Ve\2 
(2) (%)exp|— 3 (24. 
n Vo Vo = \o 
THEOREMS RELATING TO FLUCTUATIONS 


The electric field due to a test charge is defined as 
follows: 


oof c e o®@ ef) 
ct ’ ox of m Cx CV St {f} (30) 
V?®@ — 42e [d(x —x, — v, 0) n| df dy}. 
Uo *| ais (@p — kz Ve)? 
nt v) ex} 2 (kzv,)? | | 





(28) 
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This differs from the thermal equilibrium problem in 
that St {f}, the collision term for the field particles 
does not vanish. However, for a spatially homogeneous 
plasma it is independent of position, and can be neg- 
lected because it only drives the k = 0 modes. The cal- 
culation is therefore identical to the thermal equili- 
brium problem formally. The electric field at a point x 
due to a fully dressed test particle at x, with velocity 
Vv, is 

ik 


dk eik-(x— x, 
ik-v) 


E (x, X,) 47e| (2 =)8 k? « (k, 


and the superposition theorem is retained i.e., 
(E (x, t) E (x’ t’)) 
> [EB (x, X,) E(x’, X,') WO (Xt; XU) dX, dX,’ 


leads to Eq. (19) for S (k, «). 

For the same reason the calculation of r 

[4x/(@ | e |?)| Ime (K,im) in Section 1.5 remains 
formally correct. Therefore the fluctuation-dissipation 
theorem takes the form 

S (k, m) — 20 (k, ) r, (kK. m) k k/k? (31) 

where 
4-*ne? w Re U (k, iw) 


O(k,w) ke k Ime(k, iw) 


Consider for example, the case of electrons and ions at 
different temperatures : 


OA (k,w) = O, » 
m, \+ 
| mi ): sii | 


l 

2 

Me ; - l 
»xXD - 

(= “= 2 


w \2 0, \3 si 1 w \2)° 
en) 1+ (6 *exp| “a (en) | 
(32) 
If 0.=@0; it is clear that O (k,m)=0.—0;. Many 


limiting cases are possible for 90, 0;. For example, if 
2.>0;, then O (k, w) ~ O; for w< kv; and O (k, w) = 
~ 9, for w>kv-. It is clear that for non-equilibrium 
states the fluctuation-dissipation relation is not very 
useful. 

The previous calculation of the absorption coeffi- 
cient in Section 1.6 also remains formally correct, i.e., 


a (k, w) 2 Im e¢ (k, io). 


According to Kirchhoff’s law we should expect that the 
emission per unit volume from the plasma would be 


¢ (kK, m) = a(k, @) W (k, w) 
4-ne? 27m Re U (k,io) Ime (kK, i o) 
k? k e (kK, i @) |? : 


(33) 


The force on a test particle is —eE (x,, X,) so that 
the spontaneous emission from nf (v,) test particles 
per unit volume is 


k-v’ Ime (Kk. i @) 


af €2 i ’ ? 
Annet) oa /AV IO ee ie P 
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Since Re U (k, iw) —=[f (v’) dv’ d(m +k-v'/k), this 
reduces to j 
( dk [ dw 


J (2x) J 2x 


e (k, «) 


where e (K, @) is given by Eq. (33). In a situation where 
instability is approached, Re e—0, Im e—0 so that 
e (k, m) co. However, the emission 


‘dw 
e (k) 5 ¢(k, @) 
remains finite. For example if /; (v) is given by 
Eqs. (26), the result from integrating across the reso- 
nance at @ =p is 


Wp* { _ 
(kz v,)* \° xp 


ee [a + (SY (1 -—-225)] 
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op —keVe\N 
cexp[— 3 S| OD 


e (0,0, ke) a.| ; 





(a2) | 


which remains finite when kz ~@,/V, and 
in v, \2 Ve 1 /V.\2 
>| exp > , 
" Vo a) =~ \U/ | 
2.5. FOKKER-PLANCK EQUATIONS 
The fact that Im H; =0 is sufficient to determine 
Im hy (V,) in Eq. (17) and the collision operator 


e? ¢ r dk 4-k ; — 
St {f} a “| On Imhe(v), (35) 
is therefore determined as shown by LENARD [3]. It 
is however instructive to obtain this result by the 
present methods. 

The number of particles in (X’, dX’) at time ¢ is 


t(X',t’) >» ox’ Xn’ (t’)] O[v’ —vn' (t’)] (36) 


where xX,,’ (t’), v,’ (t') describe the orbit of the n' 
particle. f (X’, t’) satisfies the equation 


™ e ‘ , , c | ,? , 97 
+ V¥+—; a E(x): oy f(X0) 0 (37) 
with 
. ’ ’ c l 
E (x’, t’) ean ow 
l#n 


Eq. (37) can be integrated along the unperturbed linear 
orbits and the result can then be substituted back 
into Eq. (37) to obtain 


c , c ryt gf 
er Ly’. rate t’) 
e ¢ : {E(x’ t’) f [x’ v(t’ t’) y’: t}} 
m ov’ 4{A, » ’ aT 


t’ 


e\s ¢ a tet ar | em ce tan ’ ” 
(<<, -E(x’,t’) (dE [x’+ Ve — 0); 07] 


c 


~fix’+ v' @’—?), v';t"] (38) 
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The next step is to take the ensemble average of each 
term in the equation. Thus 

f(x’. v'; ')) 
| 3° 5(x’ —xn') 5 (v’—vn') D(Xt; Xt": X't)dXd XX" 
: n 

nf, (X',t’) 

where /, is the usual one-body function. 
(E (x’, t’) f [x’— v’ (t/— 2), v’; t}) 

. e 1 ; e F ; 

le a, oy wow OV 9 —) 

lAn 


x 6 (v’— vn) D(Xt; X"t"; Xt’) dX dX" dX’ 
1 
x’— x,’ 


sf ra) (v’ 


n? e| 5" iin --7 ¢—O—2, 


V,) Wy. (Xyt; X,'U') dX, dX,’ 
Making use of Eq. (13) we finally get the result 


‘ r dk tdp e? “—4 nik 
2» f. (0) (y’ b 
nt ef, © (N )| @n)*| 2ri k*e(k,p—ik-v’) 
tr €¢ Pi, v¥') 1 at 

1 p+ ik-(v’—v) 7 np ( —€)f. 
As usual, it is assumed that this expression goes to its 
asymptotic form, determined by the pole at p=0, 
in a time sufficiently short compared to observable 
times, that the asymptotic form is always a good 
approximation. Thus 

(E (x’t’)f [x’ —v’ (t’ — 8), v’; t}) 
nf dk 4xk Ime(k;—ik-v’) 
ze meh) se pe 

nE (x’, X’) f,(v’). 
In the second term on the right hand side of Eq. (38), 
it is necessary to make use of Eqs. (15), the probability 
distributions for two singled-out particles. The result is 


(E (x’t’) E[x’ + v’ (t’— t’); ¢"] f [a’ + v’ (t’—@), v'; t”]) 
nCt [v’ (t’/— tt"), '—t"] fF, (v’) 
where 
ik ¢tdp , 
C+ (r,t) ; sar} — ept+ik-r §+ (k, p) 


and §+ (k, p) is given by Eq. (16). The form of the 
Fokker-Planck equation is therefore 

f o n me o \ 4! L 

lar 7 ee f(x’ t’) = St ff} 
where 


St {f} 


e so : E (x’, X’) 1, (v’) 


m 
—t 
j e 2 C 1" 7) ral ~ ' 
T (-<-) dv’ | drt C+ (V T,T)- a f (v ) (39) 
0 


Ct (r, t) =C (r, tr) (r>0) 
0 (r<0) 
so that C+ can be replaced by C in the integration. 
C is a symmetric dyadic in the present case so that 
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C (r,t) —C(—r, —r). If most of the integral comes 
from values of t less than any observable time, we 
can use the asymptotic value; i.e., 
t'—t . 
> ir 
|dr Cti(v’r1W~; | C(v'r,r) dr 
0 « 
le d k . - 
x] Qn) S(k,—ik-v’). 


Now, substituting from Eq. (19), the final result is 


4-xe7 ¢ ( dk { Ime 


k 
. (9) (y’ 
St {f} m @v’ J(2x)® \ \e(k,—ik-v’)|? k? hy (v) 
map? ReU kk ef, ) 
k3 el? k2  @y’ f : (40) 


Although this is in a different form, the result is iden- 
tical to that of Lenard. The purpose of the present 
calculation has been simply to express the Fokker- 
Planck coefficients in terms of the electric field fluc- 
tuations. 

There is another problem in which at ¢ —0 all par- 
ticles but one have the distribution function / (vy) 
which is spatially homogeneous. One particle is singled 
out and initially has the arbitrary distribution func- 
tion {2(X). The lowest order one-body function for 
the singled-out particle is 


W (X, t) (2 (Xo) 6[X —Xy(t)]dX, (41) 


where 6 [X — X,(t)] = 6 (x —X,—Vot) 6(v—v,). The 
first order equation for W is 


f c ae Olwsyv ay 
lor +’ aay 4 (Xt) = St{W} 
The determination of St{W} has previously been 
accomplished in the case where the field particle 
distribution is Maxwellian [2]. The equations previous- 
ly employed are applicable with some alterations that 
will be cited. The collision operator takes the form 
St (W} 1 Spwo.t. wol 42) 
\ / OV | OV J = 


mic 

with 
F ne {KE (x, x’) 6f (X, X’; 1) dX’ 
T ne | E (x, x’) @ (X, X’; 1) dX’. 


Of is determined by the equations 


ce 8 2 Ae of 

jor 7 ox aoe ns 
e af  ~e@(X,x’,t,) (0) (y’ ‘ 
7m ov’ ox’ la lta = 


V'?@(X,x’,t) =47e6(x’ x) +4rne[df(X,X',0dv’. 


In this case the only additional term is St {f (v’)} 
given by Eq. (40). Since it only drives the k = 0 modes, 
it can be omitted and the result is formally the same 
as_ before. 
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G is determined by the equations: 


‘ee Ly. 5a + y’. of G(X, X's) 
e f(O) c 
= * a . oe A(X, 2x’; #) a oe y (x, X’), 
(44) 
V'2 A (X, x’; t)=42ne (G (X,24 :0dév', 
and 
yp (x, X’) 4ne| eat — =” [KO (W!) + he (v’)] 


where hy (v’) is given by Eq. (17). It is a straightfor- 
ward matter to solve these equations and show that 


e 


St {Wa {E (x, X) W (Xt) 


l dk 


é [ 
2 mJ (2=)* 


Cc 
cv ; 
S(k,—ik-y)- Wo (Xo. 
Cc 

(45) 
The coefficients are the same as before. This is a 
Fokker-Planck equation of the classic type where the 
coefficients do not contain the dependent variable. 
/ (v) is required to be spatially homogeneous, but 
W® (Xt) is not. 


2.6 FLUCTUATIONS WITH A CONSTANT MAGNETIC FIELD 


The calculations follow the same pattern as in the 
case of zero magnetic field. The details of the calcula- 
tions will be omitted here. The velocity coordinates 
(v;,P,vz) will be employed where the magnetic field 
is taken to be in the z-direction. The spatially homo- 
geneous one-body function /® (v, , vz) is independent 
of p. 


The joint probability functions are as follows: 
WO)(Xt; X't’) 


VH(v) d[x’—x(r)] PS) 6(v-"-0.)(8"— Bent) 
(46) 
where t=t’—#t and 
x(t) = x + alcos(P + wt) — cos p] ex 
+ a[sin (f + ,t) — sin B] ey + vz Tez 
Wyo (Xt: X'U’) = f(y) fO (v’) 
t faaef ae ert ik-«tWyy(v,v’) (47) 


’ 


where r=x’— x, k=(k_, , a, kz), 


Woe (¥, v’) = (1/n) exp [—ik, a’ cos (p’— «)] 


z= Jn’ (ki a’) jr ein’ (8’— 2) 
p+ i[K-v Jn’ 


n 
. Wp? [K-ef/ev’]n’ 
k? e(k, p) 
n in(B—«) 


; [fore acos(s-a) S$" In(k aire 
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{n Px (v, v’) 


Pp i[K-V¥]n 
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d v"n Py (¥, y” ) e ik , a”cos(8”— a) 


D In(k a”)i" eit & x) 
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[K-V]n = ke ve + nem, 
[k. | ie me Be 


ev ~ Oz a ev 
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Dp? 1 J? 4 tf j i. f n 
e (k, p) Oy (avy (k i [K-Of/EVIn 


ks | Pp + i{K-vV]p, 

n 
Quantities analogous to hy (v,) and Hy (u) in Section 2.3 
are introduced as follows: 


hy (¥) [n Px (v, v') dv’ 


en ik aco) Shin(v, .v2)In(k a)irein 2) 


n 


H (u) | hn(v,,vz)Jn2(k, a) d(u—[k-V]n/k) dv. 
The results for the electric field fluctuations are then 
formally the same as the zero magnetic field case 
including the theorems discussed in Section 2.4. For 
example, 

S* (k, iw) 

P kk xifl 
ee 
(47)? ne MoE 


H (—w/k)\ 


e (kK, iw) Re U (48) 


eIlme Im« 


where the present definitions of « and H apply and 


y ke Jn? (k a) 
U (k, p) ~ fav fry) SY = oe ; 


It has been established, that Im H (u) =0 in the pre- 
sence of a magnetic field, Rostoker [4]. Therefore 


o Kk 2= Re U (kK,io) 


S(k,w) = (4a)? ne? a c(kiay? 4%) 
and 
S+(k, iw) i 2S 4 = P [ — — S(k,«’). (50) 


It should be noted that Eqs. (48), (49) and (50) imply 
an explicit expression for Re H (u) 


Re H (zu) | 


Ime 


e |? Ime 


Ree (k, ee) Re U 


l p{ dut Re U (k, nto I (51) 
zx J@ u \e(k, —ikw’) |? 

By means of the procedure employed in Section 2.5, 
the Fokker-Pianck equation for a spatially homoge- 
neous plasma with a constant magnetic field is 
obtained. The result is 


Va wee Pa = vx B- {(Xt) St tf} (52) 
St {f} = — 2 E(x, X) f(y) 

( ) 7 - |drC(r(r);7)- = f (v) 
, ‘ 4 p , dk ik ik  acosy x 
E (x, X) 4ne| on) k k (8 — x) 


y Ja (k a) it elt @ x) 
a e (k, i{kK-V¥]n) 


(53) 
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and r(t) =x (t) —x where x(t) is given in Eq. (47). 
It should be noted that C (r (1); 7) AC (r (—1); —rT) 
so that the limits of the t-integration in Eq. (52) 
may not be changed from (0, co) to (- 
we have 


co, co). Instead 


[ drC(r(z);7) 
0 
r dk ; ee ; 
Jn Jwlk n— wn ei(n — n’)(B— 2) 
Fen (k a)J, (k a)i e 
x $+ (k, —$ [k : Vn) . (54) 


where $+ (k, im) is given by Eq. (48) or Eqs. (49) 
and (50). The only dependence on « is through the 
operators 


k Py = : cos (p a) 5 k 4 sin(p : a) “ 
thes (55) 


so that the «-integrations can easily be carried out. 
This accomplishes the following reduction of the 
Fokker-Planck equation 
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ee ere Sk & | J (ka) 


n 


Sti{f} 


j f 7 i Wp” 
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.. ‘4 dw’ Re U (k,io’) € \ 
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| (56) 
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[K ov , ke Ovz a ov iin v; JIn(kya) Op 


Since é f/@ B = 0 for a spatially homogeneous plasma, 
the result is simply 
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ReU[k-°F") | . (57) 


ks 
This result has been obtained previously [4]. We note 
that the terms involving the Hilbert transform of 
the spectral density have all dropped out, not because 
of symmetry of C[r(z), rt], but because /( (v) is 
independent of f. In the case of a test-particle problem 
the Fokker-Planck equation takes the form 


7) o ? 
i ae 


eo 
lee! ex me x B- ay) (XN St{w} 


where 


St {w} = - E (x, X)w (X, t) 
2a Pf , ; : 
(<) ev | dr C(r(z), rt) - 53 w (Xt) (58) 
0 


and E (x, X),C [r(z), t] are the same as in Eq. (52). 
In this case however w®) (X, t), the lowest order one- 
body function for the singled-out particle is arbitrary 
so that 6 w/e P40. 


The collision operator can be expressed as 
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The coefficients in this collision operator are obtained 
from Eq. (56). 
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These coefficients are the same as in the spatially 
homogeneous case. The additional coefficients are 


.f 42 & Junk a)In' (kh) a) Ree 
2 C n 
F,=4nre | (27)3 pay e(k, —i[k -V Jn)? 


n 


; 5 ( dk k.* eo [dn’(k, a)]*Re U 
2rew,)? 

oq = (2m ¢0p)* | ions 6 Oe |e (ke — i(k Wh) 

n 


(2xemp)? — dk k n , 
T op - , | (2x)3 KS Zz a J n(k a)Jn (k a) 


n 


fore) 


Re U (k,i@) 
e(K,i@) 2 


[ d @ 
@ 


n [k - Vn 


. (2 =e wy)? r dk k ke ’ 
_ -*s ea ia dD, Intk a) Jn'(k, a) 


l dw’ ReU(k,ia) 
J @ [K-V]|n e(k,iw)? ° 





tu 


58) 


(9) 


iv. 


1ed 


v In) 


lly 
are 





2.7 DIFFUSION IN THE PRESENCE OF 
MAGNETIC FIELD 


A CONSTANT 


Consider the test-particle problem where the lowest 
order one-body function is 
yw) (X’ Fr") 


’ O(v , ’ ’ ) 
d(x’ — x ”? b(vs — 2) 0(6’ — B+ x7) 
and x(t) is given in Eq. (43). This function simply 
describes the motion of the test particle on its unper- 
turbed orbit. We shall be interested in the quantity 


(r,?) jw (X't')d X'r 2 
where 
r? = [x — x(t)? + [y’ — y())*. 
If w (X' t’) = w (Xt), it is clear that (r,?)— 0. The 
collision operator, however, has the effect of spreading 
out the distribution function so that if w (X’ ft) 
w+w), then (r,*)40. To calculate w™, we 
integrate Eq. (58) along the unperturbed orbits: 


wl) (X’ t’) | dt” St fw) (¢”)} 
("mt 
where 
w( (t”) — 6 {2 +a’ (cos [B’ + a (t" t')] — cos p’) 


x —a (cos [B +, (t” t)] cos f)} 
Lane (t" t’)| sin fp’) y 
ton, (t”’ —t)] 


vz (t” —b)| 


6 {y' +a’ (sin [p" 

a (sin [p’ 
db [2’ + v2’ (t”’ —t’) —2z 
d(v;’— v,) 


sin #)} 


vz) O[p’ p om, (t t)]. 


(60) 
Eq. (59) is employed for St {w}. To calculate (0 , *) 
we first carry out the coordinate integration, then the 
velocity integration and finally the time integration. 
It will be apparent that only two terms in St {w®} 
produce anything so that the others will be omitted. 


r 2x : 
r.> dt” |dp'}v ‘dv,’ 
t 0 0 
[ {a’ (cos [p" + « (t” — t’)] — cos p’) 
a(cos[P + o,(t” — t)| — cos[B + a(t’ — t)))}? 
{a’ (sin [B’ + o(t” — t)| — sin p’) 
a(sin[B +o, (t” — t)] — sin[p + w(t’ — ))}| 
1 (Te @ ‘—m Sees 
a = a 7 —? T 98 == 
m low 2? @,? vw’) Ov PP av’, t 
4d (v’ ” 


L— Ss) $f — 6 — x ¢’ — 9). 


Now integrate by parts twice. It is apparent that the 
only contributions obtain when r ,? is differentiated 
twice. The result is therefore 


t’ 


4a* 


(r *) | dt mv? (Vee T' sp ) | ] cos ~, (t t )] 
rot 
4 “Al 4 Al , > 
= iT eo + Tp} tt t) (61) 
m w,* ce 


FLUCTUATIONS OF PLASMAS 


for t' t>I1/m,. In terms of the electric field 
fluctuations 
e? . 
T » }at C(e (zt): t) dr, 
where 
C(r(r), 7) — (E(xt) E(x + r(r),t + 7)). 


Therefore (r,?)=Di(t' 
efficient is 


t). where the diffusion co- 


. ae [ar <E (xt)-E, (x 4 r(x),t+7) (62) 
and 

, , B-E 

E E a 8. 


An elementary derivation of a formula similar to 
Eq. (62) has previously been given by Spitzer [5]. 
Eq. (62) is, in fact, the same as Spitzer’s formula for 
a zero-velocity test charge; i.e., r(r)—9. 

Spitzer has discussed the effect of an instability 
of the collective modes of oscillation on the diffusion 
coefficient D. It is a qualitative discussion because 
his formula is not explicit and because non-linear 
effects are considered. The present calculations do 
not include non-linear effects since they are restricted 
to stable distribution functions. However we may 
consider a distribution function that approaches 
instability when some parameter is varied such as 
that given by Eq. (26). Only a zero velocity test 
charge will be considered so that 




















4ne*c? p dk k.*? {Re U (k, 1 ,<) 
D B (2=)3 k® | \e(k, ia) * 
Re U (kK, i @,) ) 6 
e(k,i,) |? J (63) 
where 
: , ° ; kz V9 1)? 
Re U(k, + iw) = 5— |dt lexp IMT = _— 
(k, a, COS (), 7)| 
ln , . > (kzv s 
: exp iat + ik-V_t : a A 
vi - 
(k a, cos@,T)| (64) 
lg V9/ Mc; a, U1/Me, 
; ; = ¥ 
e(k, = io) (EL) i texp[> io,T] 
0 
(kz Ve t)? 2 
a, &XP > (k a)? COS, T) 
1 % \2¢ . , » 
— | 2 Jdtexp| = ia,t + ik: Vt] 
1) 
kev, t)? ' 
. exp (fz ; ") (k a,P(l cosen.t) |} 
(65) 
where 1 /L,? = wy? /v,? . 
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We assume that mp>«, and. (A n/n) (v,/v,)? <1. 
In is the parameter to be varied to ultimately pro- 
duce instability. Eq. (63) can be evaluated by con- 
sidering various regions of k-space in which U and e¢ 
have simple asymptotic forms. For example if k > 1/Lp, 
exl, Re U~1/V2x0,? and 


4vV/2 a,2e? In (kmax Ly) (66) 
3x = L,* M Vy ; 

where kmax is the usual cut-off at the inverse of the 
closest distance of approach. This is the usual classical 
result. Now consider the contribution from the region 
kay<1 where 


7 , k l o, 2 
Re U (k, + iw.) = _ a exp| - (;, - | 
z | B ~ zo 


1 in (+ @—kzVe)? \ 
an[—Hegenreny 
zvy 


l 
V2nv,? n 2 (k 
: kz wp\?]? 
e(k, iw)? =~ [1 — 2) | 
™ 1 { 


4 on a l We )'| 
2 (k Ly)* \ | ke | % xp| 2 (5 ve) | 


(Fac—kzVe) An | v4 \2 ; 1 { Fa, — kzVe \2]\2 
kz|v, n | v; er |- 2 | kzv, _ 


It is more convenient to carry out the integration 
in spherical coordinates i.e., kz =ku, ky) =kV1—p’, 
dk = 2nk* dkdu. There is a resonance for py? = 2/m,? 
that is sufficiently narrow to permit approximate 
methods of integration as long as ka,<1 and 
(An/n) (vg/v,)?<1. After integrating across the 
resonance 
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I/d9 
4 are? 1 (&B 3 fpeap (67) 
D (2x)* L,? mv, | Wp 4 | k? dk 
0 
: l Op 2 Vo in ; l [Mp kV. 2 
| exp 5 Ee) | — exp 5 ke, | | 
5 l Wp 2 Wp kVe Vo 3An ; l Op kV. 2 | 
5 xp| 2 (; 7 | Op | v, n — >| kv, 
If An/n —0, the result is small compared to Eq. (66). 


However, if 





r\2 Ve _ 1 Ve |? 
a -(") vy ad ; 2 % | ; 
the denominator in Eq. (67) becomes infinite for 
k~,/V.. We may therefore expect significant contri- 
butions to the diffusion coefficient from the collective 
modes when they become unstable. The present 
formalism is not suitable for calculating the diffusion 
coefficient under these circumstances, since it diverges. 
It should be possible to treat the linear phase of 
instabilities by an extension of the present formalism 
in which the time-dependence of the Fokker-Planck 
coefficients is retained. 
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EQUILIBRE ET STABILITE D’UN PLASMA EN SYMETRIE DE 
REVOLUTION AVEC PRESSION ANISOTROPE 


C. MERCIER ET M. CoTSAFTIS 


GROUPE DE RECHERCHES DE L’ASSOCIATION EuRATOM-CEA SUR LA FUSION 


FONTENAY-AUX-ROSES, SEINE, FRANCE 


Dans ce travail, on étudie la stabilité des plasmas en symétrie de révolution avee une pression 
anisotrope en généralisant les méthodes employées dans un article précédent [Fusion Nucléaire 
1 (1960) 47]. On étend la condition nécessaire de stabilité déja trouvée en pression scalaire et 
de plus apparaissent deux conditions nouvelles toujours vérifiées dans le cas précédent. 


Introduction 


Dans un travail précédent [1], l'un de nous avait 
obtenu un critére local généralisant le critére de 
SuyDAM en géométrie de révolution avec pression 
scalaire. Nous allons ici étendre les résultats précédents 
au cas de la pression non scalaire en géométrie de 
révolution. Le fait nouveau est l’apparition de deux 
conditions entre les pressions paralléle et perpendi- 
culaire qui doivent étre vérifiées en tout point du 
plasma pour que la stabilité soit possible. Elles 
s écrivent : 


l : a 
oO = <Oo ] (1) 
en posant: 
Pp Pp Pp 
- B? . B? 


et en utilisant le systeme de Gauss rationalisé avec 
e=8, 

Ces conditions sont identiques a celles de R. List [2] 
et de L. I. Rupakov et R. Z. SaGpEEv [3] obtenues 
pour un plasma homogéne infini dans un champ magné- 
tique uniforme. Quand ces inégalités sont satisfaites, 
on établit un critére analogue a celui du cas scalaire. 


Etudes des équilibres 
Ils sont régis par les équations: 
j «B—divp=0 
div B—0, (2) 
oll nous supposerons en analogie avec [2] que: 
p-p_ il 


avec e le vecteur unité B/B et | lunité dyadique. 
Le systéme peut alors s’écrire sous la forme: 


(l—o_)rotB «B 


ee) 1 Pp ee 


B(B-grado_) = grad p— + B? grado 
div B—0, (3) 
en posant: 
B?= B?, p=+(p,+p,). 


En symétrie de révolution la solution de div B — 0 
sécrit: 


B— Byes ~ Be, =(T |r) (I/r)eg « gradpy (4) 


avec les mémes notations que dans [1], voyez l’ex- 
pression (1), page 47. 

En projettant sur les trois axes (y, #, 7) du systeéme 
adapté défini dans [1], voyez page 48, on obtient: 


T (1 o_)—g (y) 


op BP? da Q 
Ox 2 Ox 
T oT je ep B? @e - 

(1—o_) r? Oy “= ae ; “= 0 (5) 
avec: 
1 er r a er 

; J B*) eo + ». (6 
, rJB éy *y J @yp CM) e+s oy ey (6) 


ou g (wy) est une fonction quelconque de y. 
Jy 1 1 Y 


Remarque 


Les conditions aux limites, si le plasma est supposé 
entouré d’un conducteur parfait, imposent que la limite 
soit une surface y — constante et que o_ soit constant 
sur cette limite. Un moyen simple de réaliser cette 
condition, et peut étre le seul, est de supposer que: 
o_—oa_(y). Dans ce cas le systéme précédent se 
simplifie considérablement et devient: 


o_ —a_ (yp) 
T —T (y) (7) 
Ppp (yp) 


et y est déterminé pour |’équation: 


Hy 7 grad py * 

.7, (ra—ey—- = 
aves: | 

ad ar ar ' a3 . 


Le systéme est alors parfaitement analogue au cas 
scalaire. Dans le cas plus particulier ol o_ est choisie 
constant, la derniére équation s’écrit: 


Hy 4 (T?)'— r? py’ (9) 


12] 
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ou 


P 
? 
we Te 
qui est identique a l’équation dans le cas scalaire; 
ce qui montre que dans ce cas l’introduction d’une 
pression non scalaire ne modifie en rien |l’équilibre 
a condition de définir une pression fictive py. 


Stabilité 


On part du 6Wer de REeRNsTEIN ef al. [4, p. 27] 
qui s’écrit: 


OW, - jar{ Q ?—j-Qx«& + dive vi grad p_) 
o_(Q +Bdiv&é + (B/B?)€.- grad } B?) 
(Q + Bdiv& + grad&-B—§ x j) 


(BV) & - B/ B?| div (o_ B? &) 
+ 4o_[(B-V)E-B/ BP + > p, (div ®)? 


, P. [div —(3/B?)(B-V)& Bp) 
Q roté » B. 


(10) 
(11) 


Le terme de surface disparait avec la seule condition 
n-&—0 dans le cas ot o_ =constante sur la surface 
limite. 

Dans le systeme adapté, en utilisant les équations 
d’équilibre, le 6 Wr devient: 





OWe — 4 [Idpd0dy 
l dl o_)r? (AU =m 2 £48 
I TAB (DX)? J Ox oy r 
, _ ox 1 @JB? 
(1—o_)JB en a0 dy JB? dy x) 
icant. Sty EM os au y\? 
2JKX#+ 2 P. (2 IX) 44 = pz) 
l pi fa : au , 
a Pee eee | D-Z 
- - -(. 1 @BP 
pe (D (Tl BeZ) + IX(z—, a 
Z OB? , oF o = O you 
2 dy az hl 4 T ley O44 Sy 
: —— -(. 1 @Be 
D-Z Png + BPZ) +I X (2-5 SG) 
Z OB? v sc) 
2 oy Ox 
3a i 27 rf. 1 OB, 
ape | DIT! Bez) + IX (2—, ic) 
Z OB? U oT 72 
2 Oy Ox 
éa -7{ 1 0B Tear 1 : 
Ox | XZ 2 Gy r2 oy J oy (J B*) 
T 2/[JT\ , BP2d\ ome aU ‘ eU 
TetT a i) ~2 B82, , 27. Cx 
oX ( oi aes oXZ Z* 3,7 
20S +2 (PK 0) 4+ BLE + = n | 
y y y’ - x 
Co é (rux = x2), op Boe (12) 
Op Cx y 4 CX 





ou: 
rBt,=-<z 
(Z,/r) T é,/(r? B) =U 
E,/B=Z 
D c J J c 
CX r= 00 
P : oT 1 ¢ (J B2) 
at cy B cy 
> : _é J C . 2 
2IK fe yr (2, B) 
wae A J Co 
l oy ‘, Ca)|a e.) J cy | 
On développe en série de Fourier les X, 


X > x ," cos m 7] 
m 
v y | i ™ 
m 


7 sinm@ 
—s 


Z ), 2" cos m @ 


et on pose: 


X," sin m0 


Tm 
2 


cos m @ 


+Z,™ sin m 6, 


= X — j i  f Pe 
Das T oe | i Uv." 
Ba Z Pa n i Z.". 
; r 
En analogie avec [1], voyez page 


les déplacements définis comme suit: 


Xm 

Zm 

Ow 
avec: 


4 


q m [ (J T |r®) dx 


a 


o (py) exp (i@). 
(i k/m) Xm. 
h An 


(c/o) ihe 


v (wp) Zz. 


(13) 


(14) 


50, nous étudierons 


(15) 


Les fonctions arbitraires h (vy, y), k=k (y. py) seront sup- 
posées réelles et bornées pour m—> + « 


22K 


Xo 


m 9% 


v (py) 


Nous cherchons un critére 
2x K 

poserons nous @(y) nulle a wy, +4 
non singuliéres a wy, seront prises avec leur 


surfaces y=y, ou 


en wp» dans J. 


Dans ce cas v s’écrira: 


op 
9, Q- dy. 


2 


m,—0. 


v (wy) = (y——po) i ), m(y 
, é : J T A " a 
w= 2 Oe exo dz. 


local au voisinage 
Aussi 
Ay et les quantités 


(16) 


des 
sup- 


valeur 


Wo)’ 


(17) 


En reportant ces déplacements dans 6 Wem on 
constate que le minimum s’obtient pour m 


6 We. 


s’écrit: 


OWer. 


sido (p)dpdy 


co. Alors 


(18) 











13) 


14) 


ns 


mn 


rs 


S) 








g~—e-} "| - . HL — Ee" (p—Yo) . > nf 
(lo) SBR ype 6 J BY 
2K FL. thy 
rk ail! (= > ae Tes 


ail T n'y —Yo) - e + +-Jh- 2yl 
B? | od : c Be) as OD OE 
ae ere 
J cy cy os 
Ty’ rz Yo) = + Jh [ 
’ . JT ‘yy , 4 Al , 0” 
ert AT, i Tye Ty (y Yo) 0 


Tle l | 


» 


yBe| 


cy 
Ceci peut étre écrit: 
J-ah 


avec: y=(y 


2bhy+cy+2dh+2ey+f (19) 


yo) wk. a—J Be[l+(2 p /BP)], 


b Pi: c=3 p, /J, 
oJ é JT 
d (I + F)E+2 2p 5, + TU) 
J p, eB, 


; (30 > p a5 o_\ cB, p ed 
: BP} J B? 2), J ey 
3T? p T? E?r? 
f [1 - Be Be’ *?- Be | T2 
on{ “(—e (F a 
2E| JT T oy 72) 
p 1 ed 3p 1 ¢éB? ¢hz8 
B? J éy | \ Be 0-) ops dy I (1—0_) 
i J l 
22|(1 o_)r? 7 a _ : J(l—o | 
Cy r 2 cy 
Hd o_) T? C $ C log : Co cB, 
oy r* ¢ 2 Gy cy 
2p [ed ) p, @J cB 4p,\—p J (‘ B? \2 
J \ey Be cy oy 4B? ey : 
(20) 
ou: 
, 7 *C J 7 ——-s v0 0” 
S=7 oy Tu Tye’ (y—Yo) +z. (21) 


Si on n’impose aucune condition sur h et k, lappli- 
cation de la méthode de Lagrange a dWr.. fait 
apparaitre une singularité pour k en (yw — yw ,)~! non 
admissible. En prenant des déplacements bornés de 
méme allure que ceux ainsi trouvés, sauf au voisinage 
de la singularité, on peut montrer que la valeur 
obtenue pour 46 Wr, est aussi voisine que l’on veut 
de la valeur obtenue sans condition. On peut ainsi 
ne pas tenir compte des conditions de régularité des 
fonctions h et k. 


EQUILIBRE ET STABILITE D’UN PLASMA 


Deux cas se présentent: 


1) ac b?<0 en un point quelconque sur la surface 
y=, Dans ce cas, en peut toujours trouver 
un déplacement qui rend 6 Wr. négatif. Par 
conséquent une condition nécessaire de stabilité 
écrit: 

> P.*/p<2(p_ +, Be) (22) 


Cette formule est identique A l'une des conditions 


données dans [2] et [3]. Elle s’écrit encore: 


_ Oo 


7 
3 

0 

] 2 ao 


oO (23) 


2) ac b2>0 


Le minimum s’écrit alors: 


d2 (ae bdy 


M =f (24) 


a a(ac — b*)° 


La minimisation sur 0 (y) se fait comme dans le 
travail précédent [1]. On se raméne a la forme stan- 
dard: 


dWr. > | [oa az| dy 





rr Cc F 9 \9o 9 x4 
= (yp Yo)" (eo 2+ A o* | d y (25) 
dont le minimum s’écrit: 
6 Wr. = 02(4+ 4) (26) 
= 9 4 
soit encore: 
?, - T n'\2  y- 
6W; 79 (os) + (2am +p) -y 
aw" po | (27) 
=. (1 —o_)r? B 
” I cy r Jz . JT? B? 
1oT 2 
’ ; ) 
aw +p (1 T és B3) 
9 3 a l Jz? i c J | 
Tee \ 6.) BP? ae / ™ siees 
eT @ JT T?(é@ JT\ 
(I o-) cy Cy r (I ° 7 Ba\ cy r 
] y &9 cB, 2p fed p, eJe Be 
@ * J | 


Becw cy 


4p Pp ( = ] [2 éJ 


cy 


7 (1 0) 5 ee | 
ane | o_)p T ‘ — 
p ~ Be go.) + - ea . 17 ay 
P , 2h \f 


Il reste encore a minimiser par 
fonction f qui représente le 


rapport a une 
choix du paramétrage 
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en zx des courbes méridiennes des surfaces y — con- 
stante. 


Si x et 7» sont deux paramétrages différents, on a: 


4=—f (yo) avec Jdy—-JSyd yo et dy dy =A 


L’expression 4 minimiser est de la forme: 


O(PF2+Qf) dz (28) 
ou: 
ru’ B\2 
P =(l—o le : (29) 


Si P est négatif en un point quelconque de la surface 
y =Ypo,. On peut toujours trouver un déplacement tel 
que 6 Wer.. soit négatif. Une deuxiéme condition 
nécessaire de stabilité s’écrit donc: 


P>0 soit o_ <1 (30) 
Cette expression est identique a l'autre condition 
donnée dans [2] et [3]. 
Si P est positif, le caleul du minimum donne le 
critére suivant: 
0 =0:+02+93>0 (31) 
avec: 
1 


: B? 
49 (1 — c_)r? B? 


d tJT 
IT ay 


dy J r* 


Q, | 
Jdyz 


oh m?P Jd 2 ; l ( y : 
20To a o_)r? B? % 4 o_) B* \ey Jy 


’ J op 
+Ovl “- . )‘ d; 
AY ¢ A; ~ |op * 


Qs. as | = mdz OT oe VJdy 
t ‘ - yw § 
4 ye pe 2 eX 
4 Be T ,Co m ’ » . 
-O age To Idz- OV Jay! 
, Bilp,? T ep 
, pe (Bi cy Be 6 BAC o 7 
Q,— OJ dy BX?" - 150.2+90_6, + 30-4] 


x l oJ 1 oBe x @ Je 
. Joy ' 2B2 éy JBRéy r 


3o_(1 + 20,)+ 0, (3+ 50,). 


Remarques 


1) CHANDRASEKHAR ef al. [5] ont donné aussi deux 
conditions nécessaires de stabilité en pression 
non scalaire. L’une d’elles est identique a |’ex- 
pression (30) tandis que l'autre est différente 
et plus sévére. Elle s’écrit: 


o_> oO (32) 


1+206 
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& comparer avec 


l ; 23 
ee! ee rs (25) 
2) Quand A tend vers zéro, Q tend vers co, il 


y a done toujours instabilité. 
Quand o_ tend vers 1, le terme Q, devient infini 
et en utilisant la relation d’équilibre: 


3 


— 


T (1 —o_)=g (y) (33) 


peut sécrire: 


, Be TIdz]-1[/4 me pJdzxz\? 

genta (prensa 

(IT (ep, <IT?, LIT EpP2, CIT, 
Naa (21) dx 9 aptZ — Ope Sy) dx 9-2 ay 
1\{ BePT Jdzy\ épéc_,, ‘ a ae 
,® 2 B Til TJay| + termes finis. (34) 


y 


pee 
= 


Les trois premiers termes sont négatifs par 
application de linégalité de Schwartz. Si sur 
une surface y, o. = 1 en un point, cette surface 
ne peut étre qu’une surface limite (sauf si o_ = | 
est un maximum) parce que d’un cété ou de 
l'autre la condition de stabilité ne serait pas 
vérifiée. Par suite des conditions aux limites, 
o 1 partout sur toute la surface y. Le plasma 
ne peut exister que du cété ot a_ décroit. Si 
la pression est nulle a la limite, p ne peut qu’aug- 
menter dans le plasma et par  conséquent 
(6 p/e yp) (6 o_/éy) est négatifet Q tend vers — oo. 
Il y a done instabilité au voisinage de cette 
surface. 

Sio o_ (py), Y, =90. Si en outre sur une surface 
o_ —0,Q, est identique au Q obtenu dans le cas 


scalaire [1] et Q, = Q[50, /(50. + 3)|) B2X2 J dy 


qui est positif, ainsi qu’on pouvait le prévoir 
sur la forme méme du 6We. 
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VOLTAGE CHARACTERISTICS OF A ROTATING PLASMA 


B. LEHNERT 


Roya INstTITUuTE OF TECHNOLOGY, STOCKHOLM, SWEDEN 


The balance of forces is investigated for a rotating plasma contained in a long cylindrical vessel 
and placed in an axial magnetic field. A relation is deduced between the voltage which arises 
in a radial direction in the plasma and the electric charge being transmitted through the system 
from an external source. It is found that the equivalent capacity, which describes the electrical 
behaviour of the plasma, depends upon the transmitted charge and upon the constitution of the 
vessel wall. An explanation is suggested for the voltage limiting effect earlier observed in the 


Ixion device. 


1. Introduction 


The study of a rotating magnetized plasma is of 
importance both in astrophysics and in research on 
controlled thermonuclear fusion. Most of the con- 
figurations discussed so far are axially symmetric and 
include a poloidal magnetic field in planes through 
the axis of symmetry. The field confines the plasma 
in a radial direction and guides it in the rotation 
around the axis. The present paper concerns the 
situation where the rotation is produced by an electric 
current which is generated by external sources and 
which flows across the magnetic field. Arrangements 
of this kind have earlier been reported by a number 
of authors [1]—[4] (see also [5}). 

It has been found by ALFvEn [6] that a plasma 
moving across a magnetic field behaves in the same 
way as an equivalent capacity where the stored 
energy corresponds to the kinetic energy of the motion. 
Both ANDERSON ef al. [2, 3] and Boyer et al. [4] 
point out that this capacity will be modified in a 
rotating plasma when the centrifugal force becomes 
large enough to deform the magnetic field. Part of 
the energy fed into the system will then be used to 
increase the potential energy of the field. 

In the present paper the distortion of the magnetic 
field and its influence on the equivalent capacity will 
be investigated. In particular, the situation will be 
studied where the energy is fed into the system 
from a condenser bank. This gives information about 
the voltage characteristics which describe the relation 
between the voltage of the bank before connection 
to the plasma device and the voltage across the 
plasma when full rotation has been established. Due 
to the deformation of the magnetic field the equivalent 
capacity will depend upon the voltage applied across 
the device and upon the constitution of the walls 
of the discharge chamber. As a consequence, the 
characteristics will not become linear and the voltage 
across the plasma may sometimes have a tendency 
to saturate when the voltage of the energy source 
is increased. 

These phenomena will be studied in the following 
sections for the simplified situation of a long, 
cylindrical configuration. 


2. Theory on the balance of forces 
2.1 Basic EQUATIONS AND APPROXIMATIONS 


Consider a quasi-neutral, dissipation-free plasma 
of density 0 where the centre of mass of a fluid element 
moves with the velocity vy and the electric current 
density is i. Conservation of mass and charge is ex- 
pressed by 
1 do 


div Vv 
0 dt 


(1) 


and 
div i—0, (2) 


where d/dt = é/et +v-V. Conservation of momentum 
is represented by the equation of motion 
dy 


Oa ix B—Vp (3) 


and by Ohm’s law 


m—Me,. 


0—E+vxB ixB . (mj Vpe—me V pi). 


(4) 
where B is the magnetic field, E the electric field 
and p is the sum of the ion pressure p; and the electron 
pressure pe. The rest of the symbols used in Eq. (4) 
have their conventional meaning. In Eqs. (3) and (4) 
the time changes are assumed to be slow enough and 
the radii of gyration small enough for terms con- 
taining i-V and d (i/o)/dt to be neglected. 

To the system of Eqs. (1)—(4) are added Maxwell’s 
equations 
curl B= poi (5) 
eB 
ot’ 


curl E (6) 
where jy indicates the magnetic permeability in vacuo 
and MKS-units are used. 

Introduce the velocity 


v* =v — (mj — m) i/e 0 (7) 


and substitute E from Eq. (4) into Eq. (6). Observing 
that div B=0 and using Eqs. (1) and (2) together 
with well-known vector operations for curl (v* « B), 
the result becomes 
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(5, + v*- V7) (Bio) 
(* -¥)v* 


When v* —v and the pressure terms vanish, Eq. (8) 
becomes identical with a relation earlier deduced by 
WALEN |[7|. Observe that the pressure terms vanish 
when the pressure and density gradients are parallel. 


=; (mj V pe — me V pi) x Vo. (8) 


insulator 
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Fig. 1 Axially symmetric configuration with axial 


magnetic field and radial electric field which set the plasma 
into rotation in the g-direction within the dotted regions 
of the figure. The upper parts of the figure show the 
ends of the configuration and the lower parts the central 
region which is assumed to be situated far from the ends. 
a—situation at the beginning of the rotation; b——situa- 
tion when a radial expansion is caused by the centrifugal 
force. The voltage ,, across the rotating plasma is 
applied between the cylindrical wall of the chamber and 
the edge of the hole of the insulator. 


The discussion will now be restricted to a simple 
cylindrically symmetric configuration where the 
following assumptions are valid and apply to Fig. 1: 

(i) All field quantities are independent of g and z 
in a cylindrical co-ordinate system (r, gp. z) with 
z along the axis of symmetry. 

(ii) Initially there exists a homogeneous magnetic 
field B, along the z-axis within the space to 
be studied by the present theory. The region 
occupied by the plasma has a constant initial 
density 0p. 

(iii) An electric field component £, is applied in 
the radial direction which creates a_ total 
current density i, and sets the plasma into 
rotation around the axis. This gives rise to a 
centrifugal force, a radial expansion, an in- 
duced electric field H, and a current i,. 

(iv) The radial expansion velocity v, of the 

centre of mass of the plasma is much smaller 
than the velocity v, of rotation. 
The magnetic field generated by the current i, 
is neglected; only the field arising from 1, 
is taken into account. Consequently, the re- 
sulting magnetic field B will be directed along 
the z-axis. 


(v 


— 
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With these assumptions the basic equations (3), 
(4), (5) and (8) reduce to 


p oB op 
ov,?/r — (Big) — 4 50 : (9) 
e vy c Ug V¢ . 
jain B. 0 
° ot ovr er r + B (10) 
0=—E,+v,B ae ,B 
€o 
, a a 
(m: i me —P1), (11) 
eo or or 
Blo — Bo/og- (12) 


For a rough estimate of orders of magnitude, space 
derivatives can be approximated by inverted 
characteristic lengths. In doing so, it is found that 
the ratio between the pressure term in Eq. (9) and 
the left hand member of the same equation is of the 
order of the square of the ratio between the thermal 
velocity of the ions and the velocity of rotation v,. 
The result is valid when the characteristic length of 
the pressure variation is of the order of the dimensions 
of the configuration and when the electron temperature 
does not exceed that of the ions by very much. The 
following discussion will be simplified by assuming a 
temperature which is low enough for the pressure 
gradient to be neglected in Eq. (9). 

Further, the magnitude of the third and fourth 
terms of the right hand member of Eq. (11) is likely 
to become small compared to that of the second term 
of the same member. This occurs when the gyro- 
period of an ion is much shorter than the time required 
for the mass flow to make one revolution around the 
axis and when the thermal energy of the particles 
is much less than the energy corresponding to the 
radial potential difference across the whole con- 
figuration. 
2.2. VOLTAGE CHARACTERISTICS 

CAPACITY. 


AND EQUIVALENT 

When the terms containing the radial velocity v, 
in Eq. (10) are neglected, combination with Eq. (12) 
gives 

Ve By Q (t)/2 % roo. (13) 

where the electric charge which has been transmitted 
in a radial direction per unit axial length is 
t 
|2rri,dt (14) 


v0 


Q (t) 


and the initial condition v,(0)=0 is imposed. It 
should be pointed out that the terms containing », 
in Eq. (10) cancel when v, has the form (13). Con- 
sequently, Eq. (13) is a good approximation not only 
for cases where the radial displacements are small 
compared with the distance r from the axis. Also 
observe that the velocity of rotation in Eq. (13) is 
independent of the state of deformation of the 
magnetic field as well as of the pressure gradients 
in Eqs. (9) and (11). Since viscous dissipation has been 
neglected, the result that v, is inversely proportional 
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to r does not contradict the equations of motion. 
The omission of viscous effects provides a good 
approximation at high temperatures and in strong 
magnetic fields where viscous interaction between the 
fluid layers is strongly reduced in the radial direction. 
It should also be observed that the force 7 V? v 

(1/3) 7 V (div v) due to dynamic viscosity 7 van- 
ishes for a velocity field y—0, const./r, 0. 

When the pressure term in Eq. (9) is dropped, 
according to the assumptions of the preceding para- 
graph, the magnetic field in the plasma obeys the 
equation 

OB 5) B, a’ . a My Q* (15) 


er r 8=x*o, 


This is deduced from Eqs. (13), (9) and (12). Thus, 


B= B, (6" a?/r?) (16) 


in the plasma region where 6” is a constant of inte- 
gration. The magnetic flux contained between surfaces 
at rm and rp is 


Tn 
Pin |2z7 Bdr 
an 


TB, b” ("7 u*) 2a B,a@ log (Tn I'm) - ( 17) 


The problem is now specified by considering the 
configuration of Fig. 1 which is closely related to 
the conditions of the Ixion device [4]. Assume a 
very long cylindrical vacuum chamber where the 
wall of radius r, is used as one electrode. The ends of 
the chamber are arranged as shown by the upper 
half of Figs. la. and Ib. and are assumed to be far 
away from the central region shown by the lower 
half of the same figures. The ends are provided by 
a pair of hat-shaped insulators. Plasma is injected 
and fills the space of the chamber. A voltage is applied 
between the wall at r, and the central part of the 
plasma which is projected through the hole in the 
insulators as shown. The part of the plasma shown 
by the dots in Figs. la. and Ib. will then be set into 
rotation and the voltage across the rotating part 
will be given by @,,. The potential applied at the edge 
of the insulator hole will project itself along a magnetic 
field line to a surface of radius &, in the lower part 
of Fig. la. This figure shows the situation before the 
radial expansion by the centrifugal force has taken 
place and when the magnetic field is homogeneous 
in the central region of the device. In Fig. lb. the 
expansion has moved the inner surface of the plasma 
in the central region to the radius r,. If the electrical 


resistivity of the wall at r, is high enough, part of 


the magnetic flux may diffuse through the wall during 
the expansion and part of the rotating plasma will 
be “‘seraped off” at the wall. The two extreme cases 
of infinitely-conducting and non-conducting wall are 
treated here. This is done by introducing a second 
infinitely-conducting wall at a radial distance R and 
assuming the resistivity of the chamber wall to be 
infinite. Then, R=r, and R->oco give the two 
situations to be studied. 


CHARACTERISTICS OF A ROTATING PLASMA 


The configuration consists of three regions: 

(i) the space inside the inner boundary of the 
rotating plasma (r<r)), 

(ii) the region of the rotating plasma (r,< r rs). 
the only region where volume currents are 
assumed to flow. and 

(iii) the region between the chamber wall and the 
external wall (r,<r< R). 

Quantities in these three regions will be denoted 
by superscripts (’), (") and (’’’), respectively. 

When no surface currents are assumed to exist at 
the boundaries between the regions, the magnetic 
field becomes continuous; this then requires that the 
following relations are fulfilled: 


B’ — B,b" 
B' — B,b" 


B, a?/r,?, (18) 
B, a2/r,2. (19) 


Further, the total magnetic flux inside the infinitely 
conducting wall at r 


R? B, 


R should be conserved, i.e., 
r,” B’ +(r.2 — r,?) B,b’ 


2 a® B, log (r,/r,) + (RP? r*) B”’, (20) 


where use has been made of Eq. (17). Finally, the 
magnetic flux inside the boundary r = r, of the rotating 
plasma should be conserved since the latter has been 
assumed to have zero resistivity. This gives 


2. 27" 2/y 2 ‘ 
EP=r? (b a®/r,*). (21) 
Introduce the notations 
L=P,/%o; Lqg=—Alre; 2 = &,/r¢. (22) 


Combination of Eqs. (18), (19), (20) and (21) now yields 


b’ — BB, = «,2/22, 23) 


b” —1+2,? + (r,/R) 2,2 log (x-*), (24) 

b'” — BY" By =1 + (re R)* x¢2 log (x~), (25) 
and 

x Wit (26) 


1 + a9? + (r,/ R)* 2,2 log (a-?) 


With the approximations introduced in Section 2.1 
the voltage @,, across the rotating plasma can be 


found from an integration of Eq. (11) by which 
Ia , 
Pie | vy Bdr — rz Be Yy2/(2 Ho Oo) * (27) 


" 


where 


Wio = Xl 1 + a_? + (r,/ R)*x,? log (x~-*) | log (a~?) 


2° (x-? — 1) (28) 
and use has been made of Eqs. (16) and (24). 
From Eqs. (15) and (22) the electric charge trans- 
mitted per unit length becomes 


Q 2nr,x,(—**)2 ; (29) 


Ho 


Eqs. (27) and (29) can be used in a formal deduction 
of an equivalent capacity per unit length 
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4 092% 
Sa 
By? v12 


CO (30) 
which depends upon the deformation of the magnetic 
field, upon the transmitted charge Q, and upon the 
constitution of the chamber wall. Roughly speaking, 
a considerable deformation of the magnetic field takes 
place when the parameter 2, exceeds unity. 

In the special situation where the transmitted charge 
consists of a constant contribution Q,. together with 
the charge supplied from an external condenser bank 
of capacity C, and initial voltage V., the total charge 
per unit length becomes 


Q=Qy + Cs (Vs 


where L is the effective axial length of the rotating 
plasma. Eqs. (29) and (31) yield 


®)2) | L. (31) 


1 
Vis— Myo = (L/Cs) [2 ry Xo (2 Oo /Uy)? (32) 


Qo] 


The voltage characteristics which describe the relation 
between the voltage V., of the energy source and the 
voltage @,. across the plasma are determined by 
Dqs. (26), (28), (27) and (32). 

Because of diffusion through the chamber wall the 
magnetic flux ®,, inside r —r, will be changed by the 
relative amount 


A®,,/Po. = [1 (r,/R)*] x,? log (a-*) (33) 
as calculated from Eq. (25). 

Before a studying a specific example we shall ex- 
amine two limiting cases: 


(i) Small transmitted charge: 
When 2, is much less than unity, x approaches 
x, and there is negligible deformation of the 
initial field. Then y,. tends to 2x,-log (1/2x,?) and 
the equivalent capacity is 


2709 


Co B,* log (x,~') 


(34) 
as earlier shown by ANDERSON ef al. [3]. The 
constitution of the wall does not influence the 
result at small transmitted charges. 

(ii) Large transmitted charge: 

When 2, becomes very large, 2 approaches unity, 
i.e., the plasma is expanded violently towards 
the wall at r=r,. A series expansion of Eqs. (26) 
and (28) then shows that y,, tends to (1 — 2,”) ay 
for an infinitely-conducting wall (R=r,) and to 
(1—za,‘)/2 2, for a non-conducting wall (R —> oo). 


When the transmitted charge becomes large the 
magnetic field is heavily distorted and there is a 
marked influence by the constitution of the wall. For 
an infinitely-conducting wall the magnetic field will 
“lean” against its inner surface and the equivalent 
capacity tends to 

' 4705 


_ _ 2Cylog(2,~') 
~ 0 


= = (35) 


2 
x,*) 


As an example C,.,/C,)=2.29 for the I[xion where x, 
is about 0.375. The increase in the equivalent capacity 
is caused by a storage of potential energy in the magne- 
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tic field as pointed out by Anderson et al. [3], who 
have deduced Eq. (35) in a different way. All the 
magnetic and kinetic energy stored in a dissipation-free 
plasma with an infinitely-conducting boundary can 
be recovered. However, when the bounding wall has 
finite conductivity and the magnetic field can diffuse 
through it, part of the energy will be dissipated when 
the plasma is “scraped off” the wall and cannot be 
recovered. In the limit of large transmitted charge 
it can then be seen from Eqs. (13), (16), (23), (24), 
(25), (29) and (30) that the kinetic energy within the 
plasma and the change in magnetic energy both ap- 
proach the value z (1 — 2x,*) r,? B,?/2u, per unit length 
however large the passed charge Q becomes. 


3. Applications to experiments 
3.1. EXPERIMENTAL CONDITIONS 


The present theory will now be applied to the expe- 
riments with the Ixion reported by Boyer et al. [4], 
BAKER and HAMMEL [8, 9], and BAKER and Rise [10]. 
According to BAKER and HammMeEt [11] a cylindrical 
plasma beam with an effective diameter of 0.09 m acts 
as centre electrode. The diameter of the cylindrical 
wall of the chamber is 0.24 m and the length 0.9 m. 
Consequently, we put &, = 0.045 m, r,—0.12m and 
x, = 0.375. The magnetic field at the surface of the 
end insulators is 2.2 times stronger than that at the 
median plane. 

Boyer et al. report an experiment where deuterium 
is injected corresponding to a pressure of 1.5 

10-* mmHg and that impurities of H, C!!, Fe!, Fe!!, 
Sil, Sill and O!! are released from the walls at an 
early stage of the discharge and take part in the rota- 
tion. The amount of the impurities corresponds to 
about 10-* mmHg in the experiment described by 
Boyer et al., i.e., about 40°, of the total number of 
particles. Impurities contribute to the density also 
in later experiments with the Ixion [11]. 

The present theory for the balance of forces will 
now be applied to the median plane of the Ixion where 
the magnetic field is nearly homogeneous. In order to 
determine the actual density within this region of the 
rotating plasma we have to estimate the effective 
axial length L. The axial contraction of the plasma 
towards the median plane produced by the centrifugal 
force then has to be taken into account. As shown by 
the author in an earlier paper [12] this contraction 
can become considerable when the mirror ratio of the 
device is large. 

An estimate of the actual density in the median 
plane can be made by applying the present theory to 
the measurement by Baker and Ribe [10] on the dia- 
magnetic effects of the Ixion. With a capacity 
Cs = 140 uF, a voltage V, = 7.5kV,a drop to @,,~ + Vs 
when B, is about 0.7 V sec/m? the diamagnetic effect 
gives a field reduction 6’ =0.6 at the centre of the 
device. Then, x? = 0.234 according to Eq. (23). This 
gives x,” = 0.219 for an infinitely-conducting wall and 
2»? = 0.122 for a non-conducting wall and, according 
to Eq. (32), L* 09 1.4 x 10-® and 2.5 = 10-* kg/m’, 
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respectively. In the experiment by Baker and Ribe 

there is a considerable deformation of the magnetic 

field within an axial length of about 0.2 m. Assuming 

the main part of the plasma to be situated within 

this region by putting L —0.2 m, we obtain o,~ 3.5 
10-° and 6.2 « 10-° kg/m, respectively. 

With the data given by Baker and Hammel [9, 
11| for the experiment on voltage limiting in the Ixion, 
the deuterium has a density of 5 x 10-* kg/m* before 
axial contraction. Then 0,~ 5 = 10-5 kg/m? if L =0.2 m 
and 20°, impurities of a mean mass number of 30 are 
assumed to be present. The equations determining 
the voltage characteristics are not very sensitive to 
changes in the density. In the following discussion 
we put 0, —5 = 10-* kg/m® in the median plane and 
L =0.2 m. 


3.2. VOLTAGE CHARACTERISTICS OF THE IXION 


In the experiments on voltage limiting in the Ixion 
(9, 11] a first bank of 120 microfarads capacity and 
7 kilovolts initial voltage was connected to the device 
to produce a rotating plasma. After the rotation had 
been established the first bank was disconnected and 
a second bank of capacity C,=149u4F was imme- 
diately switched in its place. The voltage V, of this 
second bank could be varied up to 20 kilovolts and an 
external series resistance of 1.33 ohms was used to 
limit the current through the plasma. In the experi- 
ments a voltage increase was observed, the peak value 
®,, of which is shown as a function of the bank vol- 


9 (kV) x0 
‘ 
? 2 
B,-055 Vs/m 
6 
5 Rt 
nie 
4 Se 
—- RI 
3 — — 
A 
rd 
2 ya 
14 ti eeestear 
| —R-+ co 
V.(kV) 
04 


£4 4 © O82 2 OS SS 
Fig.2 Voltage %,, across the rotating plasma in the 
Ixion as a function of the second capacitor bank voltage 
V;. The value of B, is 0.55 Vs/m*. Dashed curves give 
experimental results for the peak values of ®,, according 
to BAKER and HAMMEL [9]. Full curves give calculated 
voltage characteristics at full charge transfer for an 
assumed plasma density 0, =5 = 10-5 kg/m* and an 
effective axial length L = 0.2 m. An infinitely conducting 
chamber wall corresponds to R =r, and a non-conducting 
wall to R oo. The radial diffusion of the magnetic 
flux across the wall at r =r, can be simulated by a proper 
choice of R. The intermediate full curves demonstrate 
the case R = 1.12 r,. Dot-and-dash lines give the charac- 
teristics which would have been obtained for a field of 
infinite rigidity. 
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Fig.3 Voltage %,, across the rotating plasma in the 


Ixion as a function of the second capacitor bank voltage 
V;. Same as Fig. 2, but with B,=0.94 Vs/m?. 


tage V., by the dashed lines in Figs. 2 and 3. As pointed 
out by Baker and Hammel [9] the peak voltage across 
the plasma shows a tendency to saturate when the 
second bank voltage is increased up to 20 kV. After 
the peak the voltage decreases and passes the value 
before the connection of the second bank after some 
50 to 100 4 sec. 


By means of Eqs. (27), (28), (31) and (32) the vol- 
tage ®,, across the plasma has been calculated as a 
function of the second bank voltage V, for the magne- 
tic field strengths 0.55 and 0.94 V sec/m?. The cal- 
culation applies to the situation where the charge 
has been shared between the bank and the plasma. 
The results which are shown by Figs. 2 and 3 have 
been determined from the data of this Section 3.2, 
where the first bank determines the initial charge Q,. 
The full curves demonstrate the cases of infinitely- 
conducting chamber wall (R=r,), non-conducting 
wall (R--occ) and the situation with R?/r,? =1.25 
which allows part of the magnetic flux to leak through 
the wall at r—r,. Dot and dash lines give the charac- 
teristics which would have been obtained without 
any deformation of the magnetic field. 


$. Discussion 


The equivalent circuit of a rotating plasma device 
consists of a capacity, a parallel resistance and an 
internal series impedance [5]. The latter is determined 
by the resistivity of the plasma, the Hall current, the 
presence of neutral gas and by the state of motion. A 
determination of the magnitude of this impedance is 
not within the scope of the present paper. We shall 
only discuss the situation where inductances as well 
as charge leakage across the parallel resistance can 
be neglected. There are two possibilities: 

(i) The internal series impedance is negligible. The 
largest voltage which can occur across the plasma 
is then reached when the charge has been shared 
between the plasma and the condenser bank. 
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(ii) The internal series impedance is comparable to 
or exceeds the external series impedance. A 
jump of the voltage across the plasma then occurs 
when the second bank is connected, the jump 
being determined by the ratio between the inter- 
nal and external impedances. If this ratio be- 
comes very large the voltage jump may even 
exceeds the equilibrium value which is approach- 
ed as soon as the charge has been shared between 
the second bank and the plasma. 


A comparison between the voltage characteristics 
of Fig. 2 obtained from the Ixion experiments and the 
calculated curves shows that a possible explanation 
of the saturation can be provided by the present 
theory. A very large ratio between the internal and 
external series impedances should give a voltage jump 
nearly equal to the second bank voltage; this seems 
to be ruled out by the experiments. If the same ratio 
is not too large, however, a saturation of the voltage 
will be produced by the increase of the equivalent 
capacity through deformation of the magnetic field, 
as soon as the charge has been transmitted to the Ixion. 
In Figs. 2 and 3 the theoretical curves for an infinitely- 
conducting wall show a strong reduction of the plasma 
voltage as compared to a situation (the dot and dash 
lines) corresponding to a magnetic field of infinite 
rigidity. Observe that the reduction is larger in Fig. 2 
than in Fig. 3; the magnetic field is weaker in the 
former figure than in the latter. For a non-conducting 
wall the same figures show that the plasma voltage 
would even drop far below the observed experimental 
values. 

A rough estimate of the field diffusion through the 
chamber wall can be made by considering the time 
constant for a circulating azimuthal wall current. 
With a thickness d, and conductivity o, of the wall 
the time constant becomes about 


To = che Gale dy. (36) 


In the experiments on voltage limiting a stainless 


steel wall of d,—1.78 x 10-3m thickness has been 
used [11]. With o,=1.6«10§°Q-"'m-' this gives 


To™ 210 w sec. 


For the bank voltage V,= 20 kV and the conditions 
applying to Figs. 2 and 3. Eq. (33) would give about 
70% reduction of the magnetic flux inside the device 
if the chamber wall is non-conducting. In the actual 
case, connection of the second bank gives an increase 
in the Ixion voltage which lasts for about 30 yu sec. 
The current induced in the wall by the expanding 
flux will decay by about 15°, when the same time 
has elapsed. The effect of a flux reduction of 15°, by 
diffusion through the wall can then be simulated by 
putting R=1.12r, which gives the intermediate full 
curves of Figs. 2 and 3. From these curves is seen that 
even a slight diffusion of the magnetic field through 
the chamber wall in an early stage of the discharge 
reduces the calculated plasma voltage to values nearly 
equal to the observed ones. 
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As time is proceeding the magnetic field continues 
to diffuse through the wall and the plasma approaches 
a state corresponding to a non-conducting wall after 
a time of the order of t,. The voltage across the device 
will then decrease appreciably and part of the plasma 
will be “scraped off” at the wall. This gives one pos- 
sible explanation of the observed decrease of the vol- 
tage [9], about 100 uw sec. after the connection of the 
second bank. In particular, it would be interesting 
to see if the voltage characteristics can be modified by 
the presence of a chamber wall made of a highly con- 
ducting material such as copper. 

Finally, if there is an increase in the amount of im- 
purities when the bank voltage is increased, then the 
density of the plasma may become an increasing func- 
tion of the voltage. This would also contribute to 
the effects which produce a saturation in the voltage 
characteristics. 
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l by 
con- Plasma accumulation (without energy losses) in a device in which energetic ions are injected 
‘ J 
and trapped has been discussed by Stmon [J. Nuclear Energy €1 (1960) 215]. Simon has presented 
im- a general steady-state theory for devices, such as the OGRA device, where trapping is initiated by 


the interactions with background gas. For such devices there is usually a critical input current or critical 
plasma density (a function of input current) above which plasma density builds up to a value limited 


— by Coulomb scattering losses. For a specific regime of operation (600-keV hydrogen molecular 
Moe ion injection and dissociation, highly efficient ion-pumping action of the trapped plasma), simple 
tage approximate formulas are derived which describe the critical current or density for plasma build-up. 
Second-approximation formulas are derived which describe with about 10 % error the overlapping 
segments of the density versus current curve for a broad range of parameters. 
The analysis is then applied to a system in which the initial trapping is accomplished by a 
Luce carbon arc, e.g. DCX-2. Two new aspects emerge: (1) if the are is turned off slowly or if 
an are of lower density is used, then the critical current for plasma build-up with are is nearly 
's to an order of magnitude less than previously estimated; and (2) the critical are density, below 
mos which plasma build-up occurs after the arc is removed, is sufficiently low that energy losses to 
data fixed-temperature arc electrons are not significant. 
The time-dependence of plasma build-up, certain aspects of the impurity problem, and electron 
heating effects are also considered. Numerical examples are given for OGRA and DCX-2. 
1. Introduction entire range and give values for the so-called critical 
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results. 
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algebraic expressions relating density and current. Day et al. [6], and Grcpert et alt [7]. One of the 
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Bee. with an error of ten percent or less. The resulting for- section will begin with a description of the DCX-2 
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then be given and the magnitudes of the individual 
terms evaluated for the expected DCX-2 regime. Fi- 
nally, the local-approximation formulas will be derived. 


2.1 DCX-2 


In the DCX-2 experiment, now being designed at 
Oak Ridge National Laboratory, trapped protons 
will be accumulated in a magnetic mirror field by the 
dissociation of a beam of hydrogen molecular ions. 
The device will be fed by 600-keV H,* or H,* ions, 
in currents up to 500 ma, which will produce a plasma 
estimated at 100 liters in volume. Either a high- 
vacuum are [9] or the background gas may be used 
as an initial trapping (dissociating) agent. If an are is 
used, the procedure will consist of building up a 
plasma sufficiently dense that, after the arc is removed, 
trapping will continue and further build-up will ensue. 
For this to take place, it is necessary that molecular 
ions be injected in such a way that their path length 


in the trapped plasma will be in the order of tens of 


meters. With the scheme now under consideration, 
those molecular ions which are not dissociated will 
tend to remain inside the vacuum chamber and will 
constitute a large influx of hydrogen gas. It is pro- 
posed to rely almost entirely on the strong ion-pump- 
ing action of the plasma to remove this gas. Ion- 
pumping consists of the ionization of gas molecules 
in the plasma and their subsequent transport along 
magnetic field lines to a region outside the magnetic 
mirrors. If, after recombination, the return path 
through the mirrors is impeded by a constriction, then 
the gas can be pumped away by comparatively modest 
conventional pumps. 


2.2 BASIC EQUATIONS FOR AN OGRA (NO ARC) 


The first equation is a balance equation relating the 
capture and loss of protons. Capture takes place by 
the dissociation of molecular ions and loss by charge- 
exchange and by scattering through the mirrors. The 
equation given by Simon (in altered notation) is* 


C+ C, Ce 
I P . , P t l (1) 


. oS C4 C Ce 


The notation is as follows: J is the molecular ion 
current; V, the plasma volume; C, the “efficiency” of 
a given capture (dissociation) process, as defined 
below; n,, the ion density; and 1, the time constant 
for a given loss process. The subscript refers to a 
process involving trapped ions; o, background gas; 
and ec, cold ions formed by ionization of the back- 
ground gas. 

The ratio Yeof( yc) is the fraction of mole- 

ant _ 

cular ions which are dissociated. This form is based on 
the assumption that in the absence of trapping the 
molecular ions do not have a fixed path length through 
the plasma but have a mean free path, L. 


* A tabulation of the notation used in the present 
paper is given in Section 4. 
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An assumption is necessary for the evaluation of 
the capture terms; namely, that the sum of average 
internal neutral gas (atom) density n, and cold ion 
density ne is equal to the external neutral gas density 
Hq. The assumption is plausible but impossible to eva- 
luate without more information than is generally 
available. Thus 

C n, op lL (2) 
ho OB L. (3) 


For convenience, all targets are taken to have the 
same dissociation cross-section apn. Removal of this 
restriction will be discussed. 

The losses are due to charge exchange and to scatter- 
ing through the mirrors: 


Np Ox V (4) 
T 


ns 6.0 P, (5) 
TT. 


where ox is the charge-exchange cross-section, v the 
proton velocity. o, the effective Coulomb cross-section 
for 90° scattering [3]. and P the fraction of a sphere 
subtended by the mirror loss-cone. 

The average internal and external atom densities 
are related approximately, see Srmon [10], by: 


No — Noll + (ny, oq v L/vg)| = ng + Ne. (6) 


Here, oq is the cross-section for “destruction” of a neu- 
tral and is equal to the sum of the ionization and charge- 
exchange cross-sections; / is the mean chord length of 
the plasma volume (equal to four times the volume 
divided by the surface area); and v, is the mean velo- 
city of the neutral particles. Throughout, it is assumed 
that the neutral gas is H, and that a molecule is 
equivalent, as regards cross-section, to two atoms; 
v, is the molecular velocity evaluated at the tempera- 
ture of the chamber wall. The final results will be 
generalized to include other gases. 

The second balance equation is that for neutral 
atoms. The rate at which these are removed by the 
plasma’s ionizing action is 

, n,ogvtV : 


n Ny O4 (7) 
: l (7, ¢q UL/v%) 7 


where f is the fraction of the cold ions which are per- 
manently removed from the system ; that is, it is the effi- 
ciency of the plasma pumping. The factor in brackets 
is thus the pumping speed 4, of the plasma considered 
as a vacuum pump. Other pumps on the system will be 
assigned a pumping speed 4). There are two gas inputs 
to the system, one equal to N,4, where N, is the 
neutral density in the absence of beam or plasma, and 
the other equal to /’ J where J’ is a constant. (For H, 

input, clean chamber walls, and no removal of un- 
dissociated beam, /’=2.) Thus 


1 +04 Ng =o (0, +6,). (8) 


Eqs. (1), (6), and (8), with the definitions Eqs. (2)—(5) 
and (7), give a complete description of the system. 
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The analysis which follows is aimed at bringing out 
the results in physically evident and easily accessible 
form. 

2.3 PARAMETERS AND MAGNITUDES OF TERMS 


For 600-keV H, 


w 300-keV protons in hydrogen, 
on 4-107 em? {IL} 
oa = 5 X10-" cm? [12] 
6x =9 x10-* cm? [13 
Go =3 xX10-" cm? [3] 





108 cm/sec. 


7.7 
1.8 « 10° em/see. 


A representative set of conditions for the DCX-2 


experiment is: 









V 100 | 
6, = 104 I/sece. 
Ny, =3 «10 atoms/em* 
l=25 cm 
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P—0.15 
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J (mo 
Fig. 1 Plot of equilibrium ion density (em~*) versus 
input current in milliamperes for representative DCX-2 
parameters. Curves are labeled by molecular-ion path 
length in plasma. H,* at 600 keV is used. 


Accurate density-current relationships based on 
these parameters are shown in Fig. 1. The S-shaped 
curves are characteristic of a system in which the 
trapped plasma plays a significant role in dissociating 
molecular ions and in pumping out neutral gas. The 
center branch of the curve represents an unstable 
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equilibrium. A density above that portion of the curve 
will move up to the upper branch, and one below it 
will move down to the lower branch. The unstable 
branch thus describes a critical density which one 
might attempt to exceed by means of a temporary 
trapping mechanism in order to permit build-up to the 
upper branch. The high-current end of the unstable 
branch is characterized by an “upper critical current” 
Ive. above which high-density accumulation occurs 
with no supplementary trapping. Once the high den- 
sity is achieved, the current may be lowered to the 
“lower critical current”? J, before the density drops 
to an uninteresting value. 

We wish to get an idea of the relative importance 
of the various terms in the calculation near the critica] 
points. From Fig. 1, we select an ion density of 
10! em-3 and an input current of 500 ma. Using the 
parameters listed above, 


Rel %e=— 15 C 4~ 10-3 
0, =2 x 10° I/see. Ca+C.=1.2 x 10-4 
0, Ng —50 ma equivalent 1/t,=1.4 sec.-! 


Ng =3 10" atoms/cm? = 1/t, =3.5 x 10-4 sec! 


2.4 First-ORDER FORMULAS; UPPER CRITICAL CURRENT 


Noting 9,<4, and 6, N,<J'/, we find from Eq. (8): 
ri 
(‘) 


“oo na Og vi VY 

where the second subscript zero indicates a_ first 

approximation. For DCX-2 parameters, 9 is accu- 

rate to about 30°,, for J > 150 ma, n 1.5 «102 /em3, 
Combining Eqs. (6) and (1) 


ril 
[Vivy (10) 


, . Very . 
Noting I/t 1/t, and pa i<1, Eqs. (1) and 


(9) give: 


” 


I'l . vn aqel I ox (11) 
ne agus Yo foqoy L 
Identifying terms by comparing Eq. (11) with Eq. (1), 
we note in passing that the charge-exchange loss rate 
term is independent of current and density and that 
the cold-ion capture is independent of 
density. 

In the unstable region of the S-curve, dissociation 
on trapped ions outweighs that on other targets. Thus, 
to a rough first approximation, the density in this 
region (“critical density”) is given by 


“efficiency” 


I ox 


(Ho ger 1.1 x 104 (12) 


foqopnl 
for DCUX-2 parameters, independent of current. 

For L=10m, both correction terms (Cy, and C,) 
should be included in a second approximation. For 
larger L, and thus lower n,, Cy becomes important 
and C, less so. Dropping C,. permits converting Eq. (11) 
to the form 

° Vl 


n° n > =» 
( ok ih joa v| 


(13) 
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This is a parabola whose extremum defines the upper 
critical current, identified by 


l 
(2+ o)UC 2 (N+ CR (14) 
Pits J l 9 ~ 
foa ov 4 (Mo eR (15) 
or 
(uc hes tit (16) 


4foqop® L?’ 


Distinguishing between the cross-sections for disso- 
ciation on ions and on neutrals, op* and op®, leads to 
the replacement of op? by og* op®. Strictly speaking, 
op* should be replaced by og* v;/ v where v, is the 
relative velocity between molecular ions and trapped 
protons and the bar indicates an average over angle 
and, possibly, energy. At present, probably the best 
estimate of this quantity would make use of a calcu- 
lated cross-section given by ALSMILLER [14]. Eq. (16) 
has been given by Brneau ef al. [8]. 
We note in passing that 
(ny 9)UC- (17) 


(Noo)UC 


2.5 BETTER FORMULAS 
Correcting for C, gives to the next order for uc: 


Pvoxl 


(1))ue (1))uc 1— (18) 


2fvopl 

The correction term is a measure of the extent to 
which burnout, defined [3] as the reduction of ny, 
relative to ny, has proceeded. For DCX-2 parameters, 
the correction is modest. The notion that the pheno- 
menon of burnout is necessary for the formation of 
an S-curve is incorrect. 

For the somewhat special DCX-2 parameters, the 
high-current end of the S-curve is well described by 
Kq. (13). Extrapolation toward larger L or smaller V, 
which leads to lower critical densities and currents, 
requires the use of a better expression for nv». To the 
next order, it becomes 

1+(0,Ny/PD) 
~*~ > (05/5) Y "o0- (19) 


The resulting analogue to Eq. (13) is: 


mi2—y(negerme=— 7 (20) 

from which, to first order: 
(Ni )UC=Y (Ns 9)UC (21) 
(1,)ve=y U)vc. (22) 


In case either the numerator or denominator of the 
expression for y, Eq. (19), differs appreciably from 
unity, it is necessary to substitute explicitly for y in 
Kq. (20) and to find Ju from the condition d I/dn, =0. 
There results a cubic expression for 7uc whose solution 
should agree quite well with the exact value. The only 
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approximations which enter into it are neglect of 
1/7, and of n/n». The expression is: 


(PD? (1 + 0,.N,) 
-PUue |(1— 


Where 6,0, Li'oxvV <1, a 
results which gives: 


6,0R L 


pe an I1+6,N,| — 0. (23) 


quadratic form 


ri=-1ri,'14 ji a al (24a) 
ig # 
6) No 


(24b) 


9 


PI, + V0NI' ly 1+ = 


The combination of Eqs. (19) and (20) gives a form 
which is quadratic in n, for a given J and which accu- 
rately describes the entire lower half of the S-curve. 

Further complication arises when the residual back- 
ground gas differs from that brought in by the beam. 
Using a subscript r to denote quantities appropriate 
to the residual gas and o those appropriate to hydrogen, 
the first-order corrected (n,)uc and Jvc corresponding 
to Eqs. (21) and (22) are 


0-Ny OxrGaaf 
a ; om I r xr %do Jo 25 
(m Jue (m+o)uc | Pr (I9)uc Oxo Far fr ( 
[: 4 Oy Ny Sxr Fdo fo 
ot : I (Iy)uc Sxo dr fr 
(Li) ( (Lot ( [ . 0, N; one Cao fo | . 
L I (1o)uc SBo Sar fr 
(26) 


A nearly exact expression for (/)yc neglecting only 
6,, Ce, and 1/t, is the solution of a cubic equation 
in J,. In the limit of large residual gas effects, 


P(Up)ve = | Ne PU pvc 22552822807". | 2 (27) 


Fx" OBr Far fi 


| , Pi,’ Oxo0%arh; 
0,Ny OxrSdolo 

| _ Ly’ eBo tar ht 
Oy Ne oBr %do fo 


(1,')ue (1y)ue (28) 


2.6 APPROXIMATE FORMULAS; LOWER CRITICAL 
CURRENT 


In the region of the lower critical current, 6, <4, 
and ny+N <n; however, 6,N, and l/r, are 
significant. The balance equations becomes 


9 I opl Ox 


%.°— = } ar ; ; 
V opt P foacevP I 


(TI +-6,N,5). (29) 


This expression describes the upper half of the S-curve 
with good accuracy. 

For 6N,> I'l, the lower critical current, defined 
by dI/dn, =9, is given to first order by 
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To second order 


r I, 1 r I, 
(1,)uc fl°( Ms \ [1 | (Lo) LA 


211) 
(Uo) }-36°x see) |ey. BD 


0 o* 


The extension to heavy residual gas evidently in- 
volves oxy, fp, and oq, in Eq. (30a) and the appropriate 
ratios in Eq. (31). 


3. Extensions 


3.1 TIME DEPENDENCE OF BUILD-UP 


The first-order approximations readily lend them- 
selves to rough estimates of the time constant for 
density build-up near critical points. The procedure 
consists of setting the sum of the terms of an approx- 
imate balance equation (e.g. Eq. (11). multiplied 
by Ion L/V) equal to dn, /dt. Thus, near the critical 
density Eq. (11) becomes 


din  ™ 
ae > n ophl in (32a) 
(1/V)oyL[n (rso)cr} (825) 


from which 


Ns (Ns pCR 


[ns (t = 0) (ni o9)cr] exp (+ Lop Lt/V). (33) 


That is, the time constant is just the time for the ion 

density to increase by a factor e by trapping on itself. 

Near the upper critical current we write an analogue 
of Eq. (13): 

dn, I 

dt V 


PPoglh I lox 


ni OBR L c. = ° 
Ma foqvl - J oq 


(34) 
This expression is based on the assumption that the 
neutral atom density comes into equilibrium with the 
ion density in a time much shorter than the ion-density 
time constant. The neutral time constant is equal to 
the chamber volume divided by the total pumping 
speed exhausting the chamber. For DCX-2 parameters. 
it is of the order of tens of milliseconds, while the ion- 
density time constant is of the order of seconds. The 
assumption is thus well justified. 

Eq. (34) is readily integrable. However, it is more 
instructive to determine the value of (1/n.) dn, /dt 
(the instantaneous fractional build-up rate) at the 
density for which it is a minimum. Straightforward 
algebra gives 


N+ (Tmax) 2 7B : (35) 
(Tmax)! = [1 (,)ucl(onL/V). (36) 


once again a result almost evident from first principles. 


3.2 ARC TRAPPING 


One possible route to a high-density plasma con- 
sists of using an are or other trapping plasma to achieve 
a critical density as described in the previous sections. 
It is now recognized that particle losses associated with 
the arc itself may set an upper limit to the density, 
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so subsequent removal of the are would be essential 
to burnout and the realization of a mirror-loss-limited 
density. As was pointed out by Simon, superposition 
of an are-determined curve of xn. (J) with an S-curve 
indicates the input current necessary to attain the 
critical density. Once this point is reached, the are 
density may be reduced at an arbitrary rate, and 
plasma build-up will ensue. 

A closer study of the details of plasma-density varia- 
tion as the are density is changed shows possible 
advantages which have not previously been realized. 
The analysis proceeds by adding, in Eq. (1), an are- 
capture term 

( 


‘a = Na OBa La Na (OBa La L) L (37) 


and an arc-loss term, 1/t,4, assumed proportional to 
are density ra. Representative of the carbon ares 
used in DCX-1 are a density of 10'* ions/em*, a loss 
time-constant of 10-* sec., (implying 1/T, = 10~! na) 
and (dpa La/L) =8 «10-7 em?. 

Immediately noticeable is that the capture effi- 
ciency of the are, for L = 10 meters, is 8/9, compared 
with a plasma capture efficiency of 4 x 10~-* for n, 

10% em~3. The plasma density determined by a 
DCX-1I are is thus given by 

I Ca l 


a C. <= (38) 


n ; =. (39) 


The product Cy Tt, is independent of are density. 
The effect of reducing arc density, then, is to reduce 
the value of the denominator, 1+ C,, from 9 to 1. 
That is, if the are density is reduced slowly enough 
for the plasma density to maintain an equilibrium 
with it, the eventual achievement of a given plasma 
density will require only one-ninth the input beam 
current required for a full-density carbon are. Alter- 
natively, the same results may be achieved by opera- 
tion from the beginning with an arc whose density is 
about 1°, of that of the carbon are. 

An approximate expression for x, (/) follows from 
a version of Eq. (1) which includes are terms but 
ignores 1/t*, Cy, and C,. The mean neutral density is 
given by Eq. (19), ignoring 6,/6,. For the low are- 
density regime (Cy, < 1), the result is: 


I lox ’ Ox 9 No 
V foa « oq V 
n : 40 
(1/V) op Ll (1/tq) 


Figure 2 shows plots of n,(/) for various values of 
Ny. For Ca < 1, the transition from an are-dominated 
plasma to an S-curve relationship is seen to involve a 
monotonic variation of n, with na, the sense depending 
on whether a critical current is exceeded. For ny 

10° em-, the n.. (7) curve follows the exact L = 10m 
curve of Fig. 1 within 10°, in the range 10 ma 
I< 300 ma, 10"%< n, <4 « 10" em-3. 

The critical arc density rac, below which an S-curve 
forms, is that for which dJ/dn, —0 at the critical 
current J,: 


10-1 * nae I onl. (41) 
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Fig. 2 Plot of equilibrium ion density versus input 
current for various trapping-arc densities. Curves are 
labeled by are densities in ions per cm*. 


That is, the critical are density is that density for 

which the are loss rate is less than the filling rate by 

dissociation on trapped ions. From Fig. 2, ni 
1.7x10"em-% and J.=36ma; thus nae 

9 x 10!° em-%. 

This low critical are density is quite significent for 
(two-body) energy loss considerations. Since the are’s 
density at this point is comparable to the plasma den- 
sity, and since the are occupies only a few percent of 
the plasma volume, the are electrons should play a 
negligible role in reducing the energy of the trapped 
protons. Thus, an extremely cold trapping plasma can 
be tolerated if its gpa is as great as that of the carbon 
are. 

For na = Nac, the numerator of Eq. (40) must equal 
zero; this gives, approximately and then exactly: 


Tox V ‘ 

Leo 2foqop Ll Cata (42) 
1 24 No « 

In = 5 Zeo(I } | b+ 5" }- (43) 


It is revealing to express 1/t, in the form ma oa ”, 
where oy is an effective loss cross-section averaged 
over the plasma volume. Then Eq. (42) becomes 


T'ox o,avV 
Z. x La ’ 44 
” 2 foaop L opa La (44) 
The form is remarkably similar to that of the upper 
critical current, Eq. (16). 


Combining Eqs. (41) and (42): 


lox 


Ca Na OBa La > 
2foa 


(45) 


3.3 OGRA 


An approximate formula for the upper critical 
current in OGRA has been given in the survey article 
by Kurcuatov [2]: 


oxVv 


(Iuc = 40,7 L? 


(46) 


Our expression, Eq. (16), differs by a factor 16 x/faq, 
which turns out to be just equal to the equilibrium 
trapping efficiency if 1/t, is neglected and ny is 
given by Eq. (9). (This factor appears significantly 
in Eqs. (40) and (45).) Its value (with J’=2, f=1) 
at the relevant proton energy (100 keV) is 0.2 or 
0.06 depending on the choice of ox. The two measured 
values of ox at 100 kev differ [2], [13], by a factor 
of 4, implying a factor of 16 discrepancy in (J,)vc. 
Actually, for the lower cross-section, a better approxi- 
mation Eq. (24b) must be used for (J,)uc and the 
two values are not quite so far apart. A former discre- 
pancy in oy, which amounted [4] to a factor of 2.5, 
has been partly reduced by two recent measurements, 
SWEETMAN [15] and Postma [11], which agree on an 
intermediate value: 9 x 10-17 cm?. Using the other 
parameters chosen by Simon [4]. the high and low 
values of (J)uc are 600 ma and 70 ma. 

If nitrogen is chosen as the background gas (initial 
pressure 10-7?’mm Hg; 64, =40,0001/sec) the lower 
figure becomes about 100 ma. The most likely im- 
purities in a moderately clean system (CO, CH,) are 
apt to have comparable cross-sections. With the large 
assumed pumping speed this represents a 25 ma- 
equivalent gas input and is an unrealistically high 
value, probably by an order of magnitude. Since 
cold heavy ions can also serve as charge exchange 
centers, a good first approximation to including their 
effects would be to neglect burnout for them; i.e. 
to make the charge exchange contribution of the heavy 
gas proportional to its density external to the plasma. 


3.4 ROLE OF THE ELECTRONS 


Without interpretation, the formulas given above 
do not include the effects of energy exchange in the 
plasma. It has been pointed out by Rose [16], 
Fow er [17], Lazar [18], that where this is a signi- 
ficant factor, the most important correction consists 
of replacing the lifetime t by an average over the 
energy of the trapped particles, t. The corrected 
treatment of op has already been mentioned (Sec. 3). 
If the main effect is energy loss to electrons, if energy 
dispersion is insignificant, and if charge exchange 
is the dominant loss mechanism, Rose [16] gives: 


t 








te | dtexp ( dt’ r9| (47a) 
0 0 
Ey Ey 
nc [(d Ble) exp|— F*foxrd Ble (7b) 
E, E 


in which ¢ is time measured from a particle’s injection; 
ne is the electron density, equal to n,+n.; E is 
instantaneous proton energy; H, is injection energy; 
E. is a cut-off energy, at which the argument of 
the exponential goes to infinity; and ¢ is a proton’s 
rate of energy loss per electron. Factors in the 
integrands are functions of the variable of integration. 

For a Maxwellian electron velocity distribution. 
e is described by the Chandrasekhar formula, see 
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SPITZER [19]. The integration has been performed by 
Rose [16], for several fixed electron temperatures, 
such as would be encountered with initial are trapping. 
It was remarked above (Sec. 3.2) that the critical 
carbon-are density would be sufficiently low that 
energy losses in it would not be significant. For an 
are with a much smaller dissociation cross-section 
and thus a higher critical density, this might not be 
the case. 

FOWLER |17| has performed a self-consistent energy- 
loss calculation. His assumptions were an electron 
throughput equal to the rate of gas ionization and 
a plasma potential whose depth for electrons is equal 
to the electrons’ mean energy. His results were as 
follows: For L=20m in DCX-2, there results an 
electron temperature (7'.) of about 100 eV. The hot 
electrons are roughly as effective as the protons in 
ionizing the background gas, approximately doubling 
the effective oq. The final result is an upper critical 


current of 600 ma and a lower critical current of 


150 ma. The last figure appears to set a lower limit 
on the critical current for plasma build-up using 
initial are trapping. A smaller but still significant 
effect is the electron contribution to molecular-ion 
dissociation. 

Since a large fraction of the electron velocities 
are less than the ion velocity at 7. = 100 ev, it would 
seem unlikely that the energy loss rate would be 
highly sensitive to departures from a Maxwellian 
electron energy distribution. However, KILLEEN and 
HECKROTTE [20], using numerical analysis of Fokker- 
Planck equations do find a reduced transfer rate. 


1. Notation 
The following tabulation lists the basic definitions 
for the symbols used in the paper. 
Basic symbols 
C “efficiency” of a given capture (dissociation) 
process, see Eqs. (2), (3), (37); used with 
subscripts +,0,¢,a 
C; generalized C; > i Ci. +C,+Ce 


E, Ey, E. instantaneous proton energy, injection 


energy, cut-off energy, respectively; see 
Eq. (47) 
f fraction of cold ions permanently removed 


from the system; also used with the sub- 
scripts 0,r 

I molecular ion current; also used with the 
subscripts CR, LC, UC 

I,, 1, first and second approximations to J, see 
Eq. (18) 


B critical current, see Eq. (41) 

i mean chord length of plasma volume (four 
times ratio of plasma volume to surface area) 

L mean free path of molecular ions through the 


plasma in the absence of trapping; also used 
with subscript a, see Eq. (37) 

n gas (atom) density; used with subscripts 
-,0,e¢ and additional subscripts 0,1 
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Be average internal neutral gas (atom) density 
No external neutral gas (atom) density 
. . » OP herd . 
Na trapping are density, see Eq. (37) 
Rac critical are density 


N, density of neutrals in the absence of beam 
or plasma 


N, density of neutrals in residual background 
as . ry 5 
gas, see Eq. (25) 

P fraction of a sphere subtended by mirror 
loss-cone 

t time 

is Al 

Te electron temperature 

v proton velocity 

vy relative velocity between molecular ions and 


trapped protons, see discussion following 
Eq. (16) 
V volume of plasma 
y ratio of second to first approximations for 
the internal neutral gas (atom) density, see 
Eq. (19) 
a constant, see Eq. (8) 


€ proton’s rate of energy loss per electron 

4, pumping speed of the plasma considered as 
a vacuum pump 

9, pumping speed of other pumps in system 

oR dissociation cross-section; also used with 


additional subscripts 0, r 


Ow effective Coulomb cross-section for 90 
scattering 
Od cross-section for “‘destruction’’ of a neutral 


(sum of ionization and charge exchange cross- 
sections) ; also used with additional subscripts 
O.r 

Oa effective loss cross-section averaged over 
plasma volume, see Eq. (44) 


Ox charge-exchange cross-section; also used with 
additional subscripts 0, r 
T lifetime for a given loss process; also used 


with subscripts +, 0, see end of Section 2.3 
and with subscript a, see Eq. (37) 

T lifetime averaged over energy of trapped 
particles 


Subscripts 


0,c used to refer to process involving trapped 
ions (+), background gas (0), and cold ions 
formed by ionization of background gas (c), 
respectively 

0,r used to distinguish residual background 
gases (i.e. residual gas and that brought in 
by the beam); 0 refers to hydrogen, r to 
other background gas, see Eq. (25) 

0.1 subscript added to denote degree of approxi- 
mation; thus first and second approximations 
of n, are n,, and n,, respectively; see, for 
example, Eqs. (9), (18) 

a refers to arc-capture process, see Eq. (37) 

CR __ refers to critical region, i.e. the unstable 
region of S-curve, see Eq. (12) 

LC refers to lower critical current 

UC refers to upper critical current 
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Superscripts 
0 used to distinguish between dissociation on 
ions and on neutrals, see e.g. 
following Eq. (16) 


discussion 
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THE DAMPING OF RAYLEIGH-TAYLOR INSTABILITIES IN A 


THETATRON DISCHARGE 


H. A. B. Boptx, A. A. Newron anno N. J. PEAcock 


A.W.R.E., ALDERMASTON, BERKSHIRE, ENGLAND 


A high-speed framing camera has been used to photograph deuterium and helium discharges 
in which flute instabilities are driven by the inertial force of a radial acceleration. The wavelength 


of the instability increases with decreasing initial pressure, suggesting the damping effect of 
viscosity; in some cases this damping apparently prevents the growth of flutes entirely. A simple 
theory of viscous damping is in qualitative agreement with the observations. An instability due 
to the radial acceleration accompanying a rotation of the plasma appears at about peak field. 


1. Introduction 


Recently GREEN and NIBLETT [1] have discussed the 
observation of the Rayleigh-Taylor instability in a 
magnetic field-plasma interface in thetatron discharges. 
The temperatures were about 6eV where resistive 
damping was operative; the present paper describes 
observations at higher temperatures achieved in much 
more powerful discharges [2] where viscous damping 
of the instability is predicted. A similar type of 
instability in the linear Z-pinch has been reported by 
LATHAM et al. [3 

The thetatron discharge is produced by applying 
a rapidly rising axial magnetic field (generated by 
a single-turn coil) to a gas, which breaks down at 
times when the magnetic field is close to zero (peak elec- 
tric field). A discharge, which can therefore be initiated 
at the first or subsequent current zeros, begins with 
an implosion which excites radial oscillations that 
decay as the gas is further compressed. The instability, 
which occurs with like and reversed trapped field, 
takes the form of approximately uniformly spaced 
flutes in the cylindrical plasma surface which develop 
radially whilst the plasma is accelerated. When the 
acceleration ceases, the smaller flutes stop growing 
and the larger ones continue with constant velocity 





to the tube wall, where they cause local regions of 


intense luminosity. Flutes are observed to grow during 
the implosion phase and, at higher initial gas pressures, 
during the oscillations phase. The acceleration and 
also the wavelength and growth-time of the flutes 
are usually different in the two phases of one discharge. 
In some discharges the plasma is observed to rotate 
about its axis of cylindrical symmetry as _ peak 
magnetic field is approached and flutes are also found 
to grow during this rotation. 


2. Theory* 
The growth of the instability is given by 
A,= A, exp (t/T), (1) 
where A, is the amplitude of a flute growing to A, 


in a time ¢t. The e-folding time. 7, is related to the 


* See discussion in reference {1}. 


acceleration, a, and the wavelength 4 by 
(2r/A)at?=1. (2) 


It is assumed that the medium is infinite, bounded 
by a region of zero density, (the external magnetic 
field) and the disturbances A,, A, are small compared 
to their distance apart or wavelength, 4. The growth 
of the instabilities may be damped either by resistive 
diffusion of magnetic field into the plasma or by 
viscosity. The effect of damping is to put a lower 
limit to the wavelength of the fastest growing in- 
stability, this being the “wavelength of maximum 
instability’, Am. For viscous damping Am is found 
by equating t to the characteristic time for the 
transport of momentum across a distance equal to 
a wavelength, 


~ 
sit 
a 
oe 
a 
— 
w= 
2 
ain, 
t 
~,| © 
1 
wa 
t 


where vy is the kinematic viscosity. Thus A, is given by 
1 2 
4 3 3 ‘ 
Am 2ra v ° (3) 
The viscosity of a fully ionised plasma in the absence 
of a magnetic field has been given by MARSHALL [4] 


5 (kK Tj) 2 
1 1 
8x2 nm2etinA 


where 7; is the ion temperature, mj the ion mass, 
e the electron charge, m the density, k is Boltzmann’s 
constant and A is a collision integral tabulated by 
SPITZER [5]. 

For deuterium 


1.6 101% 7; 2 
v '. (¢.g.s.) (4) 


ninA 


where 7; is in electron-volts, and one obtains: 


which increases with temperature. 
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This simple theory only applies when (a) the ion 
mean free path is less than a wavelength and (b) 
the ion collision time, T,, is less than the growth-time 
of the flutes. The effect of the magnetic field on the 
viscosity is not taken into account, an approximation 
which is valid if the ion collision time is smaller than 
the ion cyclotron period. 


3. Apparatus and measurement 


The experiments were performed on the “Maggi I”’ 
low-inductance capacitor bank of 100 4F operating 


at 20kV with a period of about 10 sec. Details of 


the bank have been given by Frrcu and McCormicx [6]. 
The bank was coupled either to a straight coil 21 em 
long, 6.6cm internal diameter or to a mirror coil 
of the same length and internal diameter with a 
geometrical mirror ratio of 1.44. The discharge tube 
was of transparent quartz 4.4m internal diameter 
and the discharge was photographed axially through 
a plate glass window by a high speed framing camera. 
The camera took 30 successive pictures and was run 
at a rate of between 3 and 7 = 10® pictures per second. 
The acceleration and growth-time were measured by 
comparing successive pictures, and the wavelength 


TABLE 1. 


Implosion Phase 


Initial Pressure (« Hg) ......... 50 78 
Camera Pictures/second ......... 
Acceleration a, 10'* em sec™? .... 1.8 4.0 
Wavelength 4,,,cm ............ 3.5 6.1 
Growth time 1, 1077 see ........ 2.2 a 

ot Se TE eee eee 1.6 
Ion density at instability, 

ed a ee ee 6.8 17 
Temperature from viscosity, eV .. 40 97 
Oscillation Phase 
PE Dice csevddyicetwnes la 2a 
Acceleration a, 10"* em sec? .... ain nid 
WOVGIEGE 2... OM cccccccicses 3.5 4.5 
Growth time 1, 1077 see ........ 

ee DS Seckrwiacaseeseess 
Density at instability, 10! ions/ce 87 60 
Temperature from viscosity, eV .. 95 -100 


Mirror Coil 


was found by dividing the plasma outer circumference 
by the number of flutes counted at the earliest time 
they were visible. It is assumed that the observed 
2. is Am although / may be less than Am, since an upper 
limit is set by the plasma circumference, the largest 
possible wavelength being 13.8cm, the internal 
circumference of the tube. 


1. Results 


Table | shows seven examples in D, of instability 
during implosion and four during oscillations (three 
in D, and one in He). Four examples of stability 
where oscillations are present are noted with the upper 
limit of the observable wavelength, that is, the plasma 
circumference. It is known that all the gas is swept 
up during the implosion [2] so that the density, », 
can be calculated and used to find a lower limit 
of the temperature from Eqs. (3) and (4). 

Figure 1 shows framing camera sequences cor- 
responding to examples 4, 4a, 6, 6a, 7 and 7a showing 
typical features of the instability at three different 
pressures. It is seen that at 3004 Hg, instability 
is very prominent and of relatively short wavelength. 
At 1504 the wavelength is longer and the instability 


Instabilities in Implosion and Oscillation Phases? 


Straight Coil 


3 4 5 6 7 8 
Deuterium Helium 
100 150 300 80 300 300 
5 x 106 3 x 106 7 x 106 5 « 108 
2.6 1.5 1.4 2.0 4.2 
3.4 1.6 0.95 2.0 1.0 
* 1.35 1.0 3.5 1.3 
1.05 0.95 0.8 7.4 
21 64 44 44 31 
67 59 37 58 40 
3a 4a da ba 7a Sa 
* * 0.5 1.1 aia 1.7 5.6 
3.5 1.0 0.5 4.5 0.55 0.8 
1.33 4.0 4.2 1.8 
0.60 22 35 1.3 
143 162 302 60 714 eee 
115 52 51 100 88 


+ The values of a, 4, ¢ and the number density are averages over the whole period of the inward acceleration. 


* Inadequate number of frames for a measurement. 
* 


*+* 
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No instability visible. The maximum wavelength possible in the discharge is quoted. 


This is a second-cycle discharge containing unknown amounts of impurity from the walls. 
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DAMPING OF RAYLEIGH-TAYLOR INSTABILITIES 


®@000000000000 





1-43 1-57 
EXAMPLES 7 AND 7a PF, * 300 MICRONS 
0 20 40 60 80 1-20 
EXAMPLES 4 AND 40 P, = 150 MICRONS 
33 67 133 2°00 
EXAMPLES 6 AND 6a P, . 80 MICRONS 


Fig. 1 Framing camera photographs of discharges in deuterium viewed axially. The time in microseconds from 
the start of the discharge is shown under each photograph. 


is much less marked, while at 80 4 Hg the wavelength 
is still longer and the instability rapidly damped out. 

Figure 2 is an axial streak-photograph taken across 
a diameter, viewing along the axis of a helium dis- 
charge at an initial pressure of 3004 Hg. The in- 






stability is seen to grow during the implosion and : 
a jet of plasma strikes the walls during the oscillation = m 
phase. In some examples there was a tendency for = = 
the largest flutes to grow linearly with time, this being 3 % 

oa 


similar to observations during the later stages on 
gas-liquid interfaces described by Lewis [7]. 

A discontinuity in the acceleration between 
examples 1 and 2 occurs because the discharge takes 
place in the third, rather than the second half-cycle 
of the bank oscillation; a similar consideration applies | 
to the straight coil, examples 6 and 7, where the 0 
transition pressure is higher. Figure 3 shows an 
example of an instability observed when the plasma Fig. 2 Axial streak photograph of a helium discharge at 


7 2 ~ a 
TIME, MICROSECONDS 


is rotating and Table II gives values of the acceleration 300 microns Hg initial pressure. 


6 WS 
|-8 2:90 2°2 2:4 2:6 2:8 


Fig. 3 Axial framing camera photographs showing plasma rotation and the associated instability in deuterium, 
100 microns Hg, 20 kilovolts. 
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(due to the rotation) wavelength and growth time 
of three examples of this instability, together with 


values of (27/ A) a 7?. 


TABLE II. Rotation Phase Instabilitiest 


Example number 3b 9b 10b 
rs hth hk ar thos blade me aa eee D, He 
Initial Pressure (« Hg) ....... 100 95 300 
Camera pictures/second....... 5 x 108 3 x 10° 

Acceleration a, 10™ em sec™? .. 0.8 0.2 0.3 
WEVEROOU Ay OU 0.6.5 sccsens 0.95 1.1 1.1 
Growth-time r, 1077 see ...... 2.2 4.0 4.5 
SIE cakcwes ees su eee 2.5 1.8 3.5 


+ The values of a, 4,t and the number density are averages over 
the period of the inward acceleration. 


5. Discussion 
5.1 GENERAL DISCUSSION 


Table 1 shows eight examples (1, 3a, 4, 4a, 5, 6a, 
%b and 10b) which satisfy Eq. (2); (22%/A)ar?=1 
within the limits of experimental error. There are no 
examples with (27/A)at*?<1 and four’ with 
(22 /A)at?>1 by amounts exceeding experimental 
error. A further examination of the results revealed 
that when (27/A)at?~1 then A,<r and when 
(27/A) at?>1 then A,>r, or the amplitude of 
the flute was greater than the plasma radius and the 
assumption of small amplitudes is violated. The effect 
of the finite thickness, h, of the plasma [8] which tends 
to increase t has been neglected; when 2~h/3 and 
the plasma is hollow, this becomes important. The 
appearance of the instability, pointed flutes separated 
by rounded troughs, is the same in all cases during 
the implosion and oscillation phases (not dependent 
on the type of coil) and it is likely that they are 
all due to Rayleigh-Taylor inertial forces. 

From Table II it is seen that (27/A) at?~1 for 
the instabilities during the rotation phase and so 
these instabilities, even although of slightly different 
appearance to the others, can be interpreted as due 
to inertial forces arising from the rotation. 


5.2 DAMPING 


In order to compare the results with the prediction 
of theory, which indicates that 4 — 7° n-?, it is 
necessary to know 7; and n over the pressure range 
of the experiments. Neither of these have been mea- 
sured directly, but n can be obtained from the observed 
compression assuming efficient collection of gas, see 
[2]. In the thetatron the heating is complicated by the 
presence of trapped field in the plasma and the tem- 
perature/pressure variation is not readily predictable 
without a knowledge of 6 =nkT'/[(B?/8x)+nkT)}. 
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Although in some relatively small pressure intervals 
the temperature increases with increasing pressure, 
over the range of the present experiments the tempera- 
ture in general increases with decreasing initial pres- 
sure. This is shown by direct measurement of the 
peak electron temperature in deuterium from spectro- 
scopic analysis of O VI/O V at 300u Hg (7..~20 eV) 
and from bremsstrahlung measurements in the soft 
x-ray region at 100u Hg (7. =100 eV). The relative 
ion temperatures calculated from the instability, 
assuming viscous damping and using Eqs. (3) and (4), 
are also found (see Table I) to increase with decreasing 
pressure. This, together with the observation that the 
calculated temperatures are greater during the os- 
cillation phase (when further compression heating is 
taking place) than in the implosion phase, is consistent 
with the hypothesis that viscous damping is the pre- 
dominant mechanism. Resistive damping would give 
the opposite temperature/pressure variation [1]. 
The examples la, 2a, 3a, and 6a from 50 to 100 
microns had no flutes in the oscillation phase and 
the temperatures calculated are lower limits assuming 
that Am is greater than the plasma circumference. 


None of the conditions noted in Section 2, which 
must be satisfied for Eq. (4) to apply. can be thoroughly 
examined without an independent measurement of 7’. 
However, using the calculated values, it can be shown 
that in the examples during the implosion and 
oscillation phases the conditions (a) and (b) are 
satisfied. The approximation that the viscosity is not 
influenced by the magnetic field is probably satisfied 
as the ion collision time is less than or of the order 
of the ion cyclotron period. 

The observed re-appearance of the instability during 
the rotation, after it had been damped out in the 
oscillation phase, is not predicted by the simple 
theory. It can be shown for a rotating plasma which 
is adiabatically compressed that once it is stable 
against Rayleigh-Taylor instabilities (A, > 27 r) it will 
remain stable on compression when the effect of the 
magnetic field on the ignored, i.e. 
(d/dr) (Am/2 = r)> 0, because the increase in viscosity 
associated with the temperature increase on com- 
pression dominates other terms, and viscous damping 
will continue to be effective. However, if the effect 
of a magnetic field in the plasma, which tends to 
decrease the viscosity [4] [9], is included, then in- 
stability on compression is predicted. This follows 
since the expression for viscosity in the presence of 
a magnetic field has a factor which decreases when 
the ratio of the ion collision period to the ion cyclotron 
period increases; on compression this factor outweighs 
the increase due to the temperature increase, giving 


viscosity is 


(d/dr) (Am/2 = r)<0. It should be noted that this effect 


can be eliminated if trapped field is excluded from 
the plasma. 

It is concluded that in order to account for the 
reappearance of the instability, either the viscosity 
must have been reduced by a magnetic field trapped 
in the plasma or conditions (a) or (b) (see Section 2) 
have been violated. At the time of rotational instability 
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rough estimates indicate that all these possibilities 
are likely. 

It follows from the above discussion that all the 
calculated temperatures shown in Table I are lower 
limits because of the omission of the magnetic field 
correction term in the viscosity. 


6. Conelusions 


Instabilities due to the Rayleigh-Taylor mechanism 
have been identified. Some of the examples observed 
do not comply with the condition set by simple 
theory and these occurred when the assumption of 
small amplitude disturbances was violated. There was 
evidence for viscous damping, increasing in circum- 
stances where the temperature increases, supporting 
the prediction of theory. The instability was com- 
pletely damped in cases where the expected wavelength 
was greater that the plasma circumference. This 
absence of the instability at higher temperatures 
offers encouragement for future experiments with 
high temperature plasma. 
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ABSTRACTS IN ENGLISH 


Statistical thermodynamies of plasmas, H.S. GREEN (University of Adelaide, South Australia) 


Nuclear Fusion 1 (1961) 69—77 


A systematic method for the computation, with arbitrary accuracy, of the thermodynamic functions of a 
gaseous plasma is developed from first principles. The theory of the grand partition function is used to derive 
a set of exact integral equations, which determine the electronic and ionic distribution functions. An approxi- 
mate solution of these equations yields results similar to those of the Debye-Hueckel theory of electrolytes. 
More exact solutions are developed and used to compute the equation of state and other thermodynamic 
functions for plasmas. 


A simplified analysis of the dynamies of plasmas guns, J.G. Linnarr (Euratom Comitato Nazionale per le 


Ricerche Nucleari, Frascati, Italy) Nuclear Fusion 1 (1961) 78—81 


The subject of this report is the acceleration of a cylindrical layer of plasma by an azimuthal magnetic field— 
a process similar to the ordinary B,J, pinch. The magnetic field is generated by a current drawn from a con 
denser. The system can be represented by an L,C circuit in which the value of the inductance is changing owing 
to the movement of the plasma conductor. A simple, but approximate, description of the acceleration of the 
plasma can then be derived using the adiabatic theorem for oscillators together with the law of conservation 
of energy. The resulting approximate solutions are compared with numerical solutions of the appropriate 
differential equations. The approximate solutions are also applied to the rail-type of a plasma gun, previously 
reported by Artsimovich et. al. [Zhurn. Eksptl’ i Teoret. Fiz. 38 (1957) 3}. 


Nonlinear oscillations of rarified plasma, A. A. Vepenov, E. P. Vetikuov, R.Z.Saapeev (J. V. Kurchatov 
Institute of Atomic Energy, U.S.S.R. Academy of Sciences, Moscow, U.S.S.R.) 


Nuclear Fusion 1 (1961) 82—100 


The paper basically is a review of a number of studies devoted to the theory of nonlinear motions of plasma 
under conditions where collisions between particles do not play a determining role. 

The problem is formulated in the introduction. It concerns the evolution in time of an initial perturbation 
of finite amplitude. The resulting physical picture will depend on these competing processes: nonlinear in- 
crease of wave steepness, dispersion, absorption and instability. In a number of cases where adsorption and 
instability are insignificant, it is possible to obtain an idea of the character of the nonlinear motions by applying 
the appropriate linear “‘dispersion law’’. 

The second Section presents certain specific types of nonstationary nonlinear motions permitting exact mathe- 
matical solution, namely: nonlinear oscillations of electrons at zero temperature, nonlinear motion of plasma 
across a strong magnetic field, and ion waves of finite amplitude in non-isothermal plasma where pj; < pe. 
In a number of instances, evolution of the initial perturbation leads to the formation of a multi-component 
current, some peculiarities of which are discussed in the third Section. In the next Section stationary non- 
linear waves are described, i.e. waves not changing their form with time. In a particular case they are the 
so-called “solitary waves’’, similar to waves on the surface of heavy liquid in a channel of finite depth. The 
possibility of the existence of such waves requires linear laws of dispersion of a specific character. The possi- 
bility of “solitary” waves of rarefaction is pointed out. 

The question of absorption of waves in rarified plasma is then discussed. An approximate ‘“‘quasi-linear’’ 
method is developed which permits the kinetic considerations in the absorption of waves of finite amplitude 
to be simplified. The method consists in the representation of the distribution function f(r, v, t) as a sum of 
rapidly and slowly varying terms. In the equation for the slowly varying term a quadratic average effect of 
fast oscillations is taken into consideration. This method is applied to two particular problems: the absorption 
of Langmuir electronic oscillations (in the limit of very small amplitude the equation for wave-damping goes 
over into the well-known formula for the so-called ‘‘Landau-damping”’), and the cyclotronic absorption of 
transversely polarized waves which propagate along the constant magnetic field. 

In the last section some types of instabilities of non-linear motions are shown. In addition to the instabilities 
associated with the multi-component motion, it is shown that waves in a magnetic field (in particular, solli- 
tary waves) are unstable if their amplitude exceeds a certain critical value which decreases as the plasma 
temperature decreases. 
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Fluctuations of a plasma (1), Norman RostTokerR (John Jay Hopkins Laboratory, General Atomic, San Diego, 


California, U.S.A.) Nuclear Fusion 1 (1961) 101—120 
We consider a fully ionized plasma. At time ¢ the state of the system is represented by a point X in the phase Thert 
space of all the particles. We define DdXdX’ ...dX) as the joint probability that at time ¢ the system 


will be in (X, dX), at time ¢’ in (X’, dX’), ete. A systematic procedure has been developed for calculating any 
desired moment of J); as an expansion in the discreteness parameters e, m, and 1/n. Spectral densities and 
autocorrelation functions can thus be obtained without any “‘StoBzahlansatz’’ or Markoffian assumption. 
A comprehensive treatment of a plasma in thermal equilibrium has been carried out. A large class of non- 
equilibrium states may exist in a hot plasma for sufficient time to be considered stationary. Fluctuations 
have been calculated for the class of spatially homogeneous states of an infinite plasma. It is of some interest 
that thermal equilibrium relationships such as Kirchhoff’s radiation law and the fluctuation-dissipation Une 
theorem survive. As an application we have calculated the degree of excitation of the collective modes such 

as plasma waves, ion oscillations, etc. For distribution functions which approach instability as some para- “ 
meter is varied, the energy for some modes becomes very large and ultimately becomes infinite as instability 
is approached. 


Equilibrium and stability of an axially symmetric plasma with anisotropic pressure, CLAUDE Mercier, MICHEL 
CoTsaFTis (Euratom Commissariat a V Energie Atomique, Fontenay-aux- Roses, Seine, France) 

Nuclear Fusion 1 (1961) 121—124 

The stability of axially symmetric plasma with anisotropic pressure is studied by extending the method 

used in a preceding paper [Nuclear Fusion 1 (1960) 47]. The necessary condition for stability, previously 


found for a scalar pressure, is generalized; two additional conditions appear which are always satisfied for 
a scalar pressure. 


Voltage characteristics of a rotating plasma, B. Lennert ( Royal Institute of Technology, Stockholm, Sweden) 
Nuclear Fusion 1 (1961) 125—130 

The balance of forces is investigated for a rotating plasma contained in a long cylindrical vessel and placed 

in an axial magnetic field. A relation is deduced between the voltage which arises in a radial direction in the 
plasma and the electric charge being transmitted through the system from an external source. It is found 

that the equivalent capacity, which describes the electrical behaviour of the plasma, depends upon the trans- 


mitted charge and upon the constitution of the vessel wall. An explanation is suggested for the voltage 
limiting effect earlier observed in the Ixion device. 


Plasma accumulation in a device fed by energetic-ion trapping, R. J. Mackin, Jr. (Oak Ridge National Labo- 
ratory, Oak Ridge, Tennessee, U.S.A.) Nuclear Fusion 1 (1961) 131—138 

Plasma accumulation (without energy losses) in a device in which energetic ions are injected and trapped 
has been discussed by Simon [J. Nuclear Energy € 1, (1960) 215]. Simon has presented a general steady-state 
theory for devices, such as the OGRA device, where trapping is initiated by interactions with background gas. 
For such devices there is usually a critical input current or critical plasma density (a function of input current) 
above which plasma density builds up to a value limited by Coloumb scattering losses. For a specific regime 
of operation (600-keV hydrogen molecular ion injection and dissociation, highly efficient ion-pumping action 
of the trapped plasma), simple approximate formulas are derived which describe the critical current or den- 
sity for plasma buildup. Second-approximation formulas are derived which describe with about 10°, error 
the overlapping segments of the density current curve for a broad range of parameters. 
The analysis is then applied to a system in which the initial trapping is accomplished by a Luce carbon are, 
e.g. DCX— 2. Two new aspects emerge: (1) if the are is turned off slowly or if an arc of lower density is used. 
then the critical current for plasma build-up with are is nearly an order of magnitude less than previously) 
estimated; and (2) the critical are density, below which plasma build-up occurs after the are is removed, is 
sufficiently low that energy losses to fixed-temperature arc electrons are not significant. 
The time-dependence of plasma build-up, certain aspects of the impurity problem, and electron heating effects 
are also considered. Numerical examples are given for OGRA and DCX—2. 


The damping of Rayleigh-Taylor instabilities in a thetatron discharge, H. A. B. Bopiy, A. A. Newton, 
N.J. Peacock (Atomic Weapons Research Establishment, Aldermaston, Berks., England) 

Nuclear Fusion | (1961) 139-143 
A high-speed framing camera has been used to photograph deuterium and helium discharges in which flute instabili- F 
ties are driven by the inertial force of aradial acceleration. The wavelength of the instability increases with decreasing 
initial pressure, suggesting the damping effect of viscosity; in some cases this damping apparently prevents the 
growth of flutes entirely. A simple theory of viscous damping is in qualitative agreement with the observations. An 
instability due to the radial acceleration accompanying a rotation of the plasma appears at about peak field. 
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RESUMES EN FRANCAIS 


Thermodynamique statistique des plasmas, H.S. GREEN (Université d’Adélaide, Australie-Méridionale) 

Fusion Nucléaire 1 (1961) 69—77 
En partant des principes fondamentaux, l’auteur développe une méthode systématique pour un calcul de 
précision arbitraire des fonctions thermodynamiques d’un plasma gazeux. La théorie de la grande fonction 
de partition est utilisée en vue d’établir un ensemble exact d’équations des ions et des électrons. Une solution 
approximative de ces équations donne des résultats semblables & ceux de la théorie des électrolytes de Debye 
et Hueckel. L’auteur établit des solutions plus précises qu’il utilise pour calculer l’équation d’état et les autres 
fonctions thermodynamiques des plasmas. 


Une analyse simplifiée de la dynamique de canons 4 plasma, J.G. Linnartr (Euratom — Comitato Nazionale 
per le Ricerche Nucleari, Frascati, Italie) Fusion Nucléaire 1 (1961) 78—S81 
Dans ce travail, on étudie l’accélération d’une couche cylindrique de plasma au moyen d’un champ magnétique 
azimutal — un processus semblable au pinch By Iz ordinaire. Le champ magnétique est créé par un courant 
déchargé d’un condensateur. Le systéme peut étre représenté par un circuit L, C dans lequel la valeur de l’in- 
duction change en résultat du mouvement du plasma conducteur. On peut ainsi donner une description simple 
mais approximative de l’accélération du plasma par recours au théoréme adiabatique pour les oscillateurs 
ainsi qu’a la loi de la conservation de l’énergie. Les solutions approximatives qui en résultent sont comparées 
avec les solutions numériques des équations différentielles appropriées. Les solutions approximatives sont 
également appliquées au type «rail» du canon & plasma antérieurement décrit par Artsimovitch et al. [J. Eksptl’ 

t Teoret. Fiz. 38 (1957) 3]. 


Les oscillations nonlinéaires d’un plasma raréfié, A. A. VEpENov, E. P. Vettknov, R. Z.Sacprev (/nstitut 
d’Energie Atomique «I. V. Kurtchatov», Académie des Sciences de l’'U.R.S.S., Moscou, U.R.S.S.) 
Fusion Nucléaire 1 (1961) 82—100 

Cet article est essentiellement un apercu des travaux traitant de la théorie des mouvements nonlinéaires du 
plasma dans des conditions ot les chocs des particules ne jouent pas un réle déterminant. 
Le probléme est formulé dans l’introduction: il s’agit du développement d’une perturbation initiale d’amplitude 
finie en fonction du temps. L’image physique qui en résulte dépend des phénoménes concurrents: accroissement 
nonlinéaire de la pente du front de londe, dispersion, absorption et instabilité. Dans un nombre de cas, ot 
labsorption et linstabilité sont négligeables, on peut obtenir une indication du caractére des mouvements 
nonlinéaires en appliquant la «loi de dispersion» linéaire appropriée. 
La deuxiéme partie est consacrée & la description de quelques types particuliers de mouvements nonlinéaires, 
nonstationnaires, qui permettent une solution mathématique exacte: oscillations nonlinéaires des électrons 
& température zéro; mouvements nonlinéaires du plasma en travers d’un champ magnétique intense; ondes 
d’ions d’amplitude finie dans un plasma non-isotherme ou pj <p-. Dans plusieurs cas, l’évolution de la per- 
turbation initiale entraine la formation d’un courant a plusieurs composantes dont certaines caractéristiques 
sont examinées dans la troisiéme partie. Dans la quatriéme partie, les auteurs décrivent les ondes stationnaires 
nonlinéaires, c’est-a-dire celles dont la forme ne change pas avec le temps. Dans un cas particulier, il s’agit 
d’ondes dites «ondes solitaires», qui ressemblent aux ondes & la surface d’un liquide lourd dans un canal de 
profondeur finie. De telles ondes ne peuvent se former que lorsque s’appliquent des lois linéaires de dispersion 
d’un caractére spécial. Les auteurs signalent la possibilité de formation d’ondes solitaires de raréfaction. 
Dans la cinquiéme partie, les auteurs étudient plus spécialement la question de l’absorption des ondes dans un 
plasma raréfié. Ils exposent une méthode quasilinéaire approximative qui permet de simplifier étude cinétique 
de l’absorption des ondes d’amplitude finie. Cette méthode consiste, en fait, & représenter la fonction de distri- 
bution f (7, v, t) comme la somme de deux termes dont l’un varie rapidement et l’autre lentement. Pour l’équation 
relative au terme lent, on tient compte de l’effet quadratique moyen des oscillations rapides. On applique cette 
méthode & deux cas particuliers: 1°) absorption des oscillations électroniques de Langmuir [dans les limites 
des amplitudes trés faibles, ’équation relative & l’amortissement des ondes devient la formule bien connue qui 
exprime |’«amortissement de Landau»], 2°) l’absorption cyclotronique des ondes polarisées transversalement 
qui se propagent le long d’un champ magnétique constant. 
Dans la derniére partie, les auteurs indiquent quelques types d’instabilité des mouvements nonlinéaires. Ils 
montrent — en outre des instabilités des mouvements & plusieurs composantes examinées plus haut que 
dans un champ magnétique les ondes (en particulier les ondes solitaires) sont instables quand leur amplitude 
dépasse une certaine valeur critique, qui décroit lorsque la température du plasma diminue. 


Fluctuations du plasma (I), Norman RosToKErR (John Jay Hopkins Laboratory, General Atomic, San Diego, 
California, Etats-Unis) Fusion Nucléaire 1 (1961) 101—120 


L’auteur étudie un plasma entiérement ionisé. Au temps ¢, état du systéme est indiqué par un point X dans 
l’espace de phase de toutes les particules. Il définit D, dXdX’...dX“) comme probabilité que le systéme se 
trouve au temps ¢ en (X, dX), au temps ¢’ en (X’, dX’) etc. Une méthode systématique est proposée pour calculer 
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un moment queleconque de D; par un développement en série des paramétres de «discreteness» e, m, 1/n. On 
peut ainsi obtenir les densités spectrales et les fonctions d’autocorrélations sans recours au «Stosszahlansatz» 
ou & Phypothése de Markov. Un plasma en équilibre thermique fait objet d’une étude compléte. Dans un 
plasma chaud, un grand nombre d’états de non-équilibre peuvent exister pendant une période suffisamment 
longue pour pouvoir les considérer comme stationnaires. Dans le cas d’un plasma infini, on a caleulé les flue. 
tuations de quelques états stables avec homogénéité spatiale. On observe que les relations d’équilibre ther- 
mique — telles que la loi de la radiation de Kirchhoff et le théoréme des fluctuations dissipatives — restent 
valables. Comme exemple d’application, l’auteur a calculé le degré d’excitation des modes collectifs tels que les 
ondes du plasma, les oscillations ioniques, etc. En ce qui concerne les fonctions de distribution qui s’approchent 
de l'état d’instabilité lorsque certains paramétres sont variés, énergie devient trés grande pour quelques 
modes et tend vers l’infini & mesure que l’on s’approche de linstabilité. 


Equilibre et stabilité d'un plasma en symétrie de révolution avee pression anisotrope, CLAuDE Mercier, Micuen 
CotsaFTis (Euratom Commissariat a Energie Atomique, Fontenay-aux- Roses, Seine, France) 


Fusion Nucléaire 1 (1961) 121—124 
Dans ce travail, on étudie la stabilité des plasmas en symétrie de révolution avec une pression anisotrope en 
généralisant les méthodes employées dans un article précédent [Fusion Nucléaire 1 (1960) 47]. On étend la 
condition nécessaire de stabilité déja trouvée en pression scalaire et de plus apparaissent deux conditions nou- 
velles toujours vérifiées dans le cas précédent. 


Caractéristiques du voltage d’un plasma en rotation, B. LeEHNERT, (Institut Royal de Technologie, Stockholm, 
Suede ) Fusion Nucléaire 1 (1961) 125—130 


L’auteur étudie l’équilibre des forces pour un plasma en rotation, confiné dans une chambre cylindrique allongée, 
et placé dans un champ magnétique axial. I] dérive une relation entre la tension produite en direction radiale 
dans le plasma, et la charge électrique engendrée par une source extérieure et transmise par ce systéme. II 
trouve que la capacité équivalente, qui décrit le comportement électrique du plasma, dépend de la charge 
transmise par le plasma et de la constitution des parois de la chambre. Il propose une explication de effet 
de limitation de tension, déja observé dans l'appareil «Ixion». 


Accumulation de plasma dans un appareil alimenté par la capture d’ions énergétiques, R. J. Mackin, Jr. (Oak 
Ridge National Laboratory, Oak Ridge, Tennessee, Etats-Unis) Fusion Nucléaire 1 (1961) 131—138 


Simon [J. Nuclear Energy € 1 (1960) 215] a traité ’accumulation d’un plasma, sans perte d’énergie, dans un 
appareil ot les ions énergétiques sont injectés et capturés. Il a développé une théorie générale des états stationnaires 
pour des appareils tels que TOGRA, owt la capture est amorcée au moyen d’interactions avee des gaz résiduels. 
Dans les appareils de ce type on observe normalement un courant critique d’entrée ou une densité critique 
du plasma (une fonction du courant d’entrée). Quand ces quantités critiques sont surpassées, la densité du 
plasma s’accroit & une valeur limitée par les pertes dues a la diffusion Coloumbienne. Des simples formules ap- 
proximatives sont dérivées pour des opérations spécifiques (injection & 600 keV de molécules d’hydrogéne 
ionisées suivie de leur dissociation; le plasma capturé se comportant comme une pompe d’ions trés effective). 
Ces formules approximatives fournissent une explication pour le courant et done pour les densités critiques 
associées avec l’accroissement du plasma. Les formules de deuxiéme approximation, qui sont dérivées, décrivent 
avec une erreur de 10°, (pour une gamme étendue de paramétres) les zones de recouvrement de la courbe 
représentant la densité en fonction du courant. 

Par suite, on applique cette méthode & un systéme dans lequel la capture initiale est accomplie par l’are de 
carbone de Luce, comme par exemple dans l'appareil DCX-2. On constate deux aspects nouveaux: (1) si l’in- 
tensité de l’are est lentement diminuée, ou si un are de densité plus basse est utilisé, le courant de plasma est 
presque d’un ordre de grandeur inférieur & celui estimé dans les travaux antérieurs; et (2) la densité critique 
de are (au-dessous de laquelle le plasma croit aprés la disparition de l’arc) est suffisamment basse pour que les 
pertes d’énergie aux électrons de température fixée soient peu importantes. 

On a aussi étudié l’accroissement du plasma en fonction du temps, ainsi que certains aspects du probléme d’im- 
pureté et les effets du chauffage des électrons. Des exemples numériques pour 1TOGRA et le DCX-2 sont 
donnés. 


L’amortissement des instabilités de Rayleigh-Taylor dans une décharge thétatronique, H. A. B. Bopry, A. A. 
Newton, N.J. Peacock (Atomic Weapons Research Establishment, Aldermaston, Berkshire, Angleterre) 
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Fusion Nucléaire 1 (1961) 139—143 
Les auteurs ont étudié — au moyen des photographies successives ultra-rapides — les instabilités caractérisées par 
les stries et produites par les forces inertiales dans des décharges en deutérium et hélium. Les stries sont poussées 
par la force inerte d’une accélération radiale. La longueur d’onde associée avec l’instabilité s’accroit 4 mesure que 
décroit la pression initiale un effet suggérant un amortissement di & la viscosité. Dans certaines conditions cet 
amortissement semble supprimer entiérement le développement des stries. L’hy pothése simple proposée pour l’amor- 
tissement di 4 la viscosité est en accord qualitatif avec les expériences. Une instabilité — attribuée & l’accélération 
radiale associée avec la rotation du plasma — apparait au moment ot: le champ magnétique approche du maximum. 
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AHHOTALMA T1O-PYCCKH 


CraTucTH4ecKkand TepMOJHHaMHKAa W1a3MbBI, X.C. [TPMH, (Adesaudckuii ynueepcumem, KOocnaa Aecmpaausn) 
Anepupii cunte3 1 (1961) 69—77 


MUcxou4 43 OCHOBHBIX NpHHUHMNOB, paspaGaTbiBaeTcA CHCTeEMaTH4eCKHii MCTOA BbIYHCICHHA — C MPOK3BObHOM TOYHOCTLIO 
TePMOAHHAMH4eCKHX SYHKUMHK ra3006pa3HOH NNa3Mbi. Teopus dyHKUMHK PacnpezeseHHA NPHMECHACTCA JIA BbIBOa CHCTEMbI 
TOYHbIX HHTErpasibHbix ypaBHeHHii, ONpeweAOWIMX tbyHKUMHK pacnpeteseHHA HOHOB H 3eKTpOHOB. I1pu6nuxeHHOoe peuieHne 
9THX ypaBHeHH aeT pe3ybTaTbIl, NOMOOHbIe pe3ybTaTaM Teopuu 3NeKTpoNHTOB JleGaii-Xtoxens. Iipusoantca Gonee 
TOYHbIC PewieHHA, KOTOPbie HCNOML3YIOTCA JIA BIYMCIICHMA YPABHEHHA COCTOAHMA WM APyrHx TePMOAMHAaMM4eCcKHX PyHKuUMi 
111a3MbI. 


YupoulenHbii anan3 JHHaMHKH nia3sMenHon nym, JDK. 0. JIMHXAPT, (Eepamom — Hayuonaaonoiii komumem 
no AdepHbim uccaedoeaHuam, Ppackamu, Mmaaua) 
Anepupii cuute3 1 (1961) 78—81 


Temoii 9TOrO OTYETA ABIACTCA PACCMOTPeHHe YCKOPCHHA LMJIMHAPH4eCKOrO M1a3MeHHOrO CJIOA AIMMYTAJIbBHbIM MarHUTHbIM 
nosem — mpouecc noso6HbIi O6bIKHOBeHHOMy B, J» muH4y. MarHuTHOe None reHepHpyeTcA TOKOM OT KOHJIeHCaTOpa. DTy 
CHCTeMy MOXKHO H306pa3HTE uienbIo L, C, B KOTOpO BeM4YHHa HHAYKTMBHOCTH MeCHACTCA B 3aBHCHMOCTH OT JBHXKeEHHA 
nyla3MeHHOrO NpoBOAHHKa. TakuM O6pa30M, Ha OCHOBaHMHK alMabaTHYeCcKO TeOpeMbI JIA OCLIMJIATOPOB HM 3aKOHA COXpa- 
HeHHA IHEP MOXHO BbIBECTH NpocToe, HO mpHOnHxKeHHOe ONMCaHHe ycKOpeHHsA na3MbI. Tlonyyenubie npHOnuxeHnHbie 
PeleHHA CPaBHHBalOTCA C LIM@POBbIMH PeLICHHAMH COOTBETCTBYIOWIMX DHddepeHuMaIbHEIX ypaBHenuii. [1pu6nuxeHHbie 
pewieHHA TaKxKe NPHMeHMMBI WIA Cly4as M1a3MeHHOK MyWIKK “pesbcoBOroO» THNa, pakee OnHCaHHOM ApuMMoBH4eM H Jp. 
[AKyp. aKcnep. u meop. Guz. 33 (1957) 3}. 


Hesmneiiupie KoneGaHnnA pa3pexennoii nia3mMbB1, A. A. BEJIEHOB, E. [1]. BEJIMXOB, P. 3. CATMEEB (Mucmumym 
amomuoi aHepeuu umenu HM. B. Kypuamoea Axademuu Hayx CCCP, Mocxea, CCCP) 
Anepusii cunte3 1 (1961) 82—100 


CtTaTbsa, B OCHOBHOM, mpenctaBnseT Cobo 0630p pana pa6oT, NOCBALLICHHbIX TeOPHH HeHHeHHbIX TBHKeHHH MNa3MbI B 
yCNOBHAX, KOra CTOJKHOBEHHA MeXKAY YaCTHUAMH He MIrpaloT ONpenensouled pom. 

Bo pBenzeHuu (OpMysIMpyeTcA NOCTAHOBKA 32a4H : 06 9BOJIIOLIMH BO BPeMeCHH Ha4aJIBHOTO BO3MYLUCHHA KOHC4YHOH aMILIMTY Abt, 
Bo3HuKalollan du3nyecKad KapTHHa OyfeT 3aBHCeTb OT KOHKYPeCHLIMH MexZY MpowueccaMH: HesIMHeMHOrO yBeM4eHHA 
KPYTH3HbI, AHCNepcHH, NornowieHHA KH HeycTOMunBocTH. B pane cnyyaeB, Korga NormouleHHe HK HeEyCTOM4MBOCTh HecyLie- 
CTBCHHbI, MOXKHO MOJYYMTh NpewcTaBeHve O XapakTepe He/IMHeMHbIX TBHKCHHH, NPHBIeKaA COOTBETCTBYIOLUMM NHHeHMHbIi 
«3aKOH JMCnHepcHH. 

Bropas riaBa NOCBALIeHa H31O%KeHHIO HEKOTOPbIX YaCTHbIX THMOB HECTALMOHAPHbIX HeJIHHEMHbIX TBHKEHHH, NOMYCKalOUIHX 
TOYHOY MATeEMAaTHYeCKOe PewieHHe: HeHHelHbIe KONeGaHHA BEKTPOHOB pu 7 = 0, HenuHeiHbie ABHXKEHHA M1a3MbI NONepek 
CHJIBHOFO MarHHTHOTLO MOA, HOHHbIC BOJIHbI KOHCYHOH AMIMIMTYAbI B HEH30TEPMHYECKOH Mm1a3Me NpH pi< pe. B pane cnyyaeB 
IBOJOUNA HaasIbHOrO BO3MYLICHHA MpHBOAMT K OO6pa30BaHHIO MHOFOMOTOKOBbIX TeyeHHi, HeEKOTOPbie OCOGeHHOCTH 
KOTOpbIx OGcyxaatoTcs B rs. 3. B yeTBepTo rnaBe ONHCAaHbI YCTAHOBUBLUHeCA HeIMHeMHbIe BOJIHbI, T.€. BOJIHbI, He MCHAIOUIHE 
cBOei POPMbI BO BpeMeHH. B yacTHOM Ciy4yae ITO TAK Ha3bIBaeMbie “ye MHEHHbIe>» BOJIHbI, HanO20G6uve BOJIH Ha NOBEPXHOCTH 
TAKEO *KMAKOCTH B KaHasie KOHeYHOH riyO6nHbI. BO3MOXHOCTb CYLUICCTBOBAaHHA TAKMX BOJIH TpeOyerT JHHeMHbIe 3AKOHbI AMC- 
nepcHu OnpeneneHHOrO xapakTepa. Yka3biBaeTCA Ha BO3MOXKHOCTb YeAMHCHHbIX BOJIH Ppa3pexeHHA. 

B naToi rnaBe cneuManbHo O6cyxaeTCA BOMPOC O NOFIOWIEHHH BOJIH B pa3pexeHHOU ma3Me. Pa3sBuBaetca npHOnMxKeHHbI 
«KBa3HJIMHeHHbIM»> MeCTOL, NOIBONAIOLUMK YIPOCTHTb KHHETHYECKOe PACCMOTPeHHe NOPIOWCHHA BOJIH KOHCYHOM AMIMIMTY ABI. 
CyuiHOCTb MeTOa 3akIO4aeTCA B TOM, 4TO dbyHKUKA pacnpenenenna f(r, v, 1) NpencTaBaaeTcA B BHe CyMMbI GbICTpO H 
MeJUICHHO MeHsIOWIMXCsA YacTeli. IIpH 9TOM B ypaBHeHHH JIA MeJICHHO MeHAIOWICHCA YaCTH YYMTbIBACTCA KBAlpaTH4Hbilt 
ycpeaHeHHbIi s9ddekT OpicTpbix ocuMANAUHH. Meton NpHMeHseTCA K JBYM YaCTHbIM 3a0a4aM: O NOrOWIeHHH JIeHrMIOpoB- 
CKHX 3JIEKTPOHHbIX KOeOaHHii (B Mpenese OYCHb MaJIbIX AMIMVIMTY A BbIPAxKeHHe JIA 3aTYXAHHA BOJIH NePpeXOAMT B H3BECTHY!O 
dopmyy 418 TaK Ha3bIBaeMoro «3aTyxaHHA JlaHoay»), O WMKJIOTPOHHOM MOPIOWIeCHHH NOMepe4HO MOMAPH3OBaHHbIX BOJIH, 
PacPpOCTPaHAIOWIMXCA BAONb NOCTOAHHOrO MarHHTHOTO noms. 

B nocnenHeit 6-0 riaBe yKa3bIBaloTCA HEKOTOPbIe THIbI HEYCTOMYHBOCTH HesIMHeMHbIX JBHxKeHMK. Kpome HeycroiunBocteli 
MHOTOMOTOKOBOTO JBHXKCHHA MOKa3aHa HEYCTOMYMBOCTb BOJIH B MarHHTHOM Nove (B YaCTHOCTH, YeMHeCHHBIX BOJIH), eCJIH 
HX AMIMIMTYa NpeBbluiaeT HEKOTOPOe KPHTHYeCKOe 3HAYeHHe, TEM MeHbIee, YeM MCHbIMe TeMNnepaTypa MM1a3MBbI. 


@®noKTyaunn naa3mbi (I), HOPMAH POCTOKEP (Jla6opamopua umenu JIo. Joe. Fonkunca meopemuyecxoii 
u npukaadnoi HayKu, ,,/,a#cenepaa amomuk™“, Can J[uezo, Kaaug@bopnua, CIITA) 
Anepubii cunte3 1 (1961) 101—120 


UccnenyeTcs NOJHOCTbIO HOHH30POBaHHas 111a3Ma. B 11060 MOMeHT BpeMeHH f COCTOAHHE CHCTEMbI NIpeyCTaBsIAeTCA TOUKON 
X B #a30BOM npoctpanctse Bcex yactuu. D.dXdX’ ... dX“) onpenensetca KaK NOMHAA BEPOATHOCTL, YTO B MOMCHT BPpe- 
MeHH f cucTeMa OyzeT HaxOguTECA BCX, dX), a B MOMeHT BpemeHH f’, B (X’,dX’,) 4 T.0. Paspa6oTan cucTremaTH4ecKHh MeTOL 
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BbIYHCNeHHA 1OG0TO MOMeHTa D; nyTeM paciipocTpaHeHHA NapaMeTpoB AHCKpeTHOCTH e, m, 4 1/n. Takum 06pa30M MO>xHO 
NONYYHTh CNeEKTPasIbHble MIOTHOCTH HM PYHKUHM aBTOKOpeiauHH G6e3 ccbuIKH Ha «StoBzahlansatz» u ycnoBua Mapkopa. 
IlpopeneHo ucyepnbiBaronlee HCCeMOBaHHe 111a3Mbi B TeMJIOBOM paBHoBecuH. B ropayei na3me Sonbiuaa rpynma cocto- Te 
AHHH HepaBHOBeCHA MOXeT CyLIeCCTBOBATb B TEYeHHe NOCTATOYHO NPOAOJMKUTeEbHOrO BpeMeHH, 4TOObI MOXKHO GbIO pac- 
CMaTPHBaTb 9TH COCTOAHHA KaK CTalMOHapHbie. PaccynTaHbl @sOKTyauMH DJIA FpynMbl MpOCTpaHCTBeHHO TOMOreHHbIx 
cTaOWJIbHBIX COCTOAHHH B HeOrpaHHyeHHOH mia3mMe. OrmeyaeTca, YTO HEKOTOPbie TemNOBbIe PaBHOBeCHA — KaK Harp, 
3aKOH H31yyeHHA Kupxrodda u Teopema drOKTyalMOHHOK WHCCHNauMM — OCTaroTcA B CHie. B Kay¥ecTBe IpHMeHeHHA MBI 
BbIYHCIIMJIN CTeneHb BO3G6yXCHHA TAKHX KOJIWICKTHBHbIX OO6pa30BaHHii, KAK M1a3MeHHbIe BOJIHbI, OCLIMJIIALIMM MOHOB HM T.J. 
Jina cnyyas dyHkuMi pacnpenenenus, CTpeMALIMXCA K HECTAOMJILHOCTH MO Mepe H3MEHEHHA MapaMeTpoB, HEPA HEKOTOPEIX 
o6pa30BaHHit CHIbHO BO3pacTaeT, CTpemMsacb K GecKOHeYHOCTH Np npHOnwxKeHHM K HecTaOvIbHOCTH. 


Pasuospecne H YCTOH4HBOCTL N1a3MbI C OCceBOH CHMMeTpHeii NPH aHH3OTpOnHOM jlaBieHHH, KJIOJ, MEPCHE, Al 
MUWEb KOTCA®THC (Espamom — Komuccapuam no amomuoii snepeuu, Poumene-o-Po3, Ppanyua) Fi 
Anepusii cunte3 1 (1961) 121—124 

YcToOW4MBOCTh 11a3MbI C OCeBOK CHMMeTPHei NP AHH3OTPOMHOM aBNeHHH M3y4aeTCA NyTeM OO6OOuIeHHA MeTODOB, TpH- 
MeCHEHHBIX B ipeybinyuseh cTaTbe [Mdepnoiii cunme3 1 (1960) 47]. OG6o06maroTca HeOGxOMMbIe yCNOBHA DIA yCTOMYHBOCTH, 


YCTAHOBJICHHbIC PaHee JIA CKaJIAPHOTO JaBJICHHA; MOABIIAIOTCA Ba HOBbIX COCTOAHHA, KOTOPbie BCer ia YIOBJICTBOPAWTCA 
AIA Cily4anA CKAJIAPHOTO aBJICHHA. 


XapaktTepuHcTHKa Hallps@kennaA Bpaliaiomeiica nmia3mMbl, b. JIEHEPT (Koposeeckuii uncmumym mexno.soeuu, 
Cmoxzoaom, ITeeyua) 

Anepusii cunte3 1 (1961) 125—130 

Uccnenyetca PaBHOBecnHe CHI B Cily4ae Bpalllarouleica Jla3Mbl, ylepxUBaemMon B TIPOJOJIBHOM UMJIMHIPHtecKOM cCocylle u de 

HaxOJAleicA B OCEBOM MarHHTHOM nove. BbiBonvTCA COOTHOLICHHE MCX IY HalipAKCHHEM, BOSHHKAIOUINM B PpalIHaJIbBHOM 

HallpaBJICHHH B IJ1a3Me WH TIPOBOAHMbIM 4Yepe3 CHCTeMY IICKTPHYCCKHM 3aPpAJIOM H3 BHELUHerO HCTOYHHKAa. Kouctatupyetca, 

4TO IKBHBAJICHTHAA CMKOCTh, OPC CsIAOMIaA IICKTPHYeCKOe MOBCICHHE MN1a3Mbl, 3ABHCHT OT 34PAa, MPOBONMMOTO Yepe3 


mla3My, HW OT CTeHOK cocyna. Jlaetca OGbacHeHHe 9deKTa, OrPaHH4MBaloOllero Hanpsx*eHHe, KOTOPbI paHee HaGsOMALICA 
B ycTaHoBKke «Mkcuon». 


AKKyMYJIHpoOBaHHe 111a3MbI B YCTaHOBKe NHTaeMOH 3aXBaTOM 3HeEpreTHYecKHX HOHOB, P. JK. MAKKHUH ( Ox- 
Pudseckan Hayuonarsnan aabopamopua, Ox Puds, Tenneccu, CilIA) 
Anepupii cunte3 1 (1961) 131—138 

Caiimonu [2K. Hioxaeap enepdscu C 1 (1960) 215] onuchrBaeT akKymMysMpoBaHHe mi1a3MbI (6e3 NOTepH IHEP) B yCTaHOBKe 
C BBee@HHeM H 3aXBaTOM 3HepreTH4eCKHX HOHOB. CaiiMOoH aeT OOLLyIO TeEOPHtO yCTaHOBHBLUerOcA PexKHMa IIA YCTAHOBOK 
Takux Kak OGRA, B KOTOpbIX Ha4aJIbHbiii 3aXBaT BbI3bIBACTCA B3AMMOCHCTBHAMH C OCTATOYHBIMH Fa3aMH. B cstyyae ycTa- 
HOBOK 9TOrO THMa, O6bIMHO HaGMHOMaeTCA KPHTHYeCKHH BXOAALIM TOK WIM KPHTHY¥eCKad MNOTHOCTh mia3Mbli (yHKUMA 
BXOMALErO TOKA) MPH MpeBbILIeHHH KOTOPO MIOTHOCTb M1a3Mbl BO3PaCTaeT MO BEMYHHbI, OrPaHHYeHHOH MOTepAMH Ha 
Kynonosckoe paccesHue. BbiBponstca mpoctbie npHOnMxKeHHbIe POPMyIbI WIA KOHKPeTHOrO pexHMa paborTs (BBeaeHHe 
MOJI€KyJI HOHH3KPOBaHHOrO BOROpOra npH 600 kev H HX DJHCCOWUMALIMA, NeiCTBHe 3aXBa4eHHOH 11a3MbI Kak BbICOKO-3ppekTHB- 
HOrO HOHHOrO Hacoca). STH npHOnMx*KeHHbIe (POPMYJbI OMMCbIBAIOT KPHTHYECKHH TOK HJM KPHTHYECKYHO MIOTHOCT, CBA3aH- 
Hy! C HapacTaHHeM Mm1a3MbI. BerBogxsTca OpMyJIbI AIA BTOpOorO NpHONWKeHHA, ONMCbIBAIOLUIMe C NOFPeLIHOCTbIO OKONO 
10°/, y¥acTKH MepeKPbITHA MIOTHOCTH B 3ABHCMMOCTH OT KPHBOM TOKa JIA LIMpOKOrO AMaNa30Ha MapaMeTpos. 
3aTeM 3TOT aHasIH3 MPHMeHsAeTCA K CHCTeMe, B KOTOPO NepBOHAYaJIbHbI 3axXBaT COBEPLaeTCA C NOMOLIbIO yrOubHOi 
nyru Jltoca, Hanp. DCX-2. Tlossnsetcsa apa HOBBIX acreKTa: 1) eC Dyra BbIKIHOYaeTCA MEJICHHO, HJM CCIM HCMOUIb3yeTCA 
nyra MeHblUei MIOTHOCTH, TO KPHTH4eCKH TOK HapaCTaHHA M11a3MbI MOyYaeTCA NOTH Ha OHH MOPADOK BeJIM4YHHbI MeCHbLle 
IIP€ABapHTeJIbHbIX OLEHOK, H 2) KPHTM4ECKaA MIOTHOCTh AyrH, (HHxKE KOTOPOH HapacTaHue M11a3MbI MPOKCXOAMT MOC BbI- 
KJIKOYCHHA AY) MOCTATOYHO HH3Ka, YTOGObI MOTeEPH SHEPrHH Ha BICKTPOHbI Ayr MpH uKCHpOBaHHOK Temnmepatype Spun 
He3Ha4HTeJIbHbIMH. 
Vi3yyaroTca Takxke BPeMeHHaA 3ABHCHMOCTb HapacTaHHA M11a3Mbl, HEKOTOPbie NpoGseMbI NpuMeceii HU 9PdeKTbI HarpeBaHna 
anekTpoHos. Jiarotca mpumeppi min OGRA u DCX-2. 


Tamenne neycroiunpoctei Penea-T>iin0pa B TeTaTponHoM pa3paye, X. A. Bb. BOMH, A. A. HbIOTOH, H. JDK. 
MIMKOK (Hayuno-uccaedoeamesvckuii yexmp no amomuomy opyocuro, Oadepmacmon, Bepxwup, Aneaus) 


Anepubii cunte3 1 (1961) 139—143 


®Mortopeructpatop, pa6otaroulMii B pexkuMe JlyMbI BPeMeHH Ob HCMONb30BaH WIA NONyYeHHA PoTOrpadui DeiTepuesBwix 
resIMeBbIX Pa3PADOB, B KOTOPbIX %*KeNOOKOOGpa3Hbie HEyCTOMYHBOCTH NOAAepxXUBAaIOTCA HHEPUHOHHBIMH CHJIaMH palHalib- 
Horo yckopeHua. JinMHa BONHbI HeyCTOMYHBOCTH yBeIM4MBaeTCA TO Mepe YMeHbUICHHA HayasIbHOrO aBJICHHA, 4TO 
CBHJIETEJIBCTBYeT O FacALlleM TeiicTBHM BA3KOCTH; B HEKOTOPbIX CJIy4aAX ITO TallieHHe MOBAAMMOMY TOJIHOCTbIO MpeuOTBpa- 
maetT oO6pa30BaHne *eN06KOB. IIpoctas TeopuA BA3KOFO rallleHHA KAYCCTBEHHO COrslacyeTCA C pe3y/IbTaTaMH 3KCIeEPHMeHTOB. 
Heycroiiunpocth, O6yciOBIeHHadA PaMasIbHbIM YCKOPeHHEM COMPOBOXKaIOWIMM BpPallleHHe T11a3Mbl MOABIACTCA B TOT 
MOMEHT, KOra MarHHTHOe None npHOnMxKaeTCcA K MHKy. 
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RESUMENES EN ESPANOL 


Termodindmica estadistica de los plasmas, H.S. GREEN (Universidad de Adelaida, Australia Meridional) 

Fusion Nuclear 1 (1961) 69—77 
Partiendo de principios fundamentales, el autor desarrolla un método sistematico para calcular, con precisién 
arbitraria, las funciones termodindmicas de un plasma gaseoso. Utiliza la teoria de la gran funcién de particién 
para obtener una serie de ecuaciones integrales exactas, que determinan las funciones de distribucién electrénica 
e idnica. Una solucién aproximada de estas ecuaciones proporciona resultados semejantes a los obtenidos al 
aplicar la teoria de los electrolitos de Debye-Hueckel. El autor obtiene soluciones més precisas, que utiliza 
para calcular la ecuacién de estado y otras funciones termodindmicas de los plasmas. 


Analisis simplificado de la dindmica de los caiiones de plasma, J. G. Lryuart (Asociacién Euratom —C.N.R.N., 
Frascati, Italia) Fusién Nuclear 1 (1961) 78—81 


En este trabajo, se estudia la aceleracién de una capa cilindrica de plasma por medio de un campo magnético 
azimutal, proceso andlogo a la autoconstruccién B/J, ordinaria. El campo magnético es generado por la corriente 
suministrada por un condensador. El sistema puede representarse por un circuito L, C en el cual el valor de 
la inductancia varia debido al movimiento del plasma conductor. Se puede dar una descripcién simple, pero 
aproximada de la aceleracién del plasma recurriendo al teorema adiabatico para los osciladores, asi como a 
la ley de la conservacién de la energia. Las soluciones aproximadas resultantes se comparan con las soluciones 
numéricas de las ecuaciones diferenciales correspondientes. Las mismas soluciones se aplican también al cafién 
de plasma de tipo «riel», anteriormente descrito por Artsimovich y col. [Zhurn. Eksptl’ i Teoret. Fiz. 33 (1957) 3). 


Oscilaciones no lineales de un plasma rarificado, A. A. VepENov, E. P. Vetisov y R. Z. Sacprrev (Instituto 
de Energia Atémica I. V. Kurchatov, Academia de Ciencias de la URSS, Mosci) 
Fusién Nuclear 1 (1961) 82—100 
Este articulo constituye en esencia una resefia de los trabajos dedicados a la teorfa de los movimientos no 
lineales del plasma en condiciones en que las colisiones entre particulas no desempefian un papel decisivo. 
El planteamiento del problema se formula en la introduccién: se refiere a la evolucién de una perturbacién 
inicial de amplitud finita en funcién del tiempo. La imagen fisica resultante dependera de una competencia 
entre los siguientes procesos: aumento no lineal de la pendiente, dispersién, absorcién e inestabilidad. En 
determinados casos, cuando la absorcién y la inestabilidad son despreciables, es posible formarse una idea 
de la indole de los movimientos no lineales aplicando la «ley de dispersién» lineal apropiada. 
La segunda parte del trabajo esta dedicada a la descripcién de algunos tipos particulares de movimientos no 
lineales y no estacionarios, que admiten una solucién matematica exacta: oscilacién no lineal de los electrones 
a la temperatura cero, movimientos no lineales del plasma a través de un campo magnético intenso y ondas 
idnicas de amplitud finita en un plasma no isotérmico cuando pj < pe. En algunos casos, la evolucién de la 
perturbacion inicial da origen a la formacién de un flujo de varios componentes, algunas de cuyas caracteristicas 
se estudian en la tercera parte del trabajo. En la cuarta parte, los autores describen las ondas estacionarias 
no lineales, es decir, aquellas ondas cuya forma no varia con el tiempo. En un caso particular, se trata de las 
denominadas <«ondas solitarias», andlogas a las ondas que se forman en la superficie de un liquido denso en un 
canal de profundidad finita. Estas ondas sdlo pueden formarse cuando rijan leyes lineales de dispersién de 
caracter especifico. Los autores mencionan la posibilidad de que se formen «ondas solitarias» de rarefaccidén. 
En la quinta parte, los autores estudian especialmente la cuestién de la absorcién de las ondas en un plasma 
rarificado. Exponen un método aproximado «cuasi lineal» que permite simplificar el estudio cinético de la 
absorcién de las ondas de amplitud finita. Este método consiste esencialmente en representar la funcién de 
distribucién f (r, v, t) como suma de dos términos, uno de los cuales varia rapida y el otro, lentamente. En la 
ecuacién relativa al término lento, se tiene en cuenta el efecto cuadraético medio de las oscilaciones rapidas. 
Este método se aplica a dos casos particulares: 1) el de la absorcién de las oscilaciones electrénicas de Langmuir 
(en el intervalo de las amplitudes muy pequejias, la expresién del amortiguamiento de las ondas se transforma 
en la conocida férmula del llamado «amortiguamiento de Landau»), y 2) el de la absorcién ciclotrénica de las 
ondas transversalmente polarizadas que se propagan a lo largo de un campo magnético constante. 
En la ultima parte, los autores mencionan algunos tipos de inestabilidades de los movimientos no lineales. 
Se refieren no solamente a las inestabilidades asociadas a los flujos de varios componentes, sino también a la 
inestabilidad de las ondas en un campo magnético (ondas solitarias especialmente), que se observa cuando 
su amplitud supera cierto valor critico, que disminuye a medida que la temperatura del plasma desciende. 


Fluctuaciones de un plasma (I), N. Rostoker (John Jay Hopkins Laboratory, General Atomic, San Diego, 


California, Estados Unidos) Fusién Nuclear 1 (1961) 101—120 
E] autor considera un plasma totalmente ionizado. En el instante ¢, el estado del sistema esta representado 
por un punto X en el espacio fasico de todas las particulas. Define D,/dXdX’ ... dX), como la probabilidad 


de que el sistema se encuentre en (X, dX) en el instante t, en (X’, dX’) en el instante t’, ete. Propone un método 
sistematico para calcular un momento cualquiera de D; como un desarrollo en serie en los pardmetros de dis- 
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continuidad e, m y 1/n. Asi se pueden hallar las densidades espectrales y las funciones de autocorrelacién pres- 
cindiendo del — «Stosszahlansatz» y de la hipétesis de Markov. El autor hace un estudio completo de un plasma 
en equilibrio térmico. En un plasma caliente, puede existir un gran numero de estados de no equilibrio durante 
un periodo suficientemente largo para poder considerarlos como estacionarios. El] autor ha calculado las fluctua- 
ciones de los estados especialmente homogéneos de un plasma infinito. Es interesante observar que siguen 
cumpliéndose las relaciones de equilibrio térmico, tales como la ley de la radiacién de Kirchhoff y el teorema 
de la disipacién de fluctuaciones. Como ejemplo de aplicacién, el autor ha calculado el grado de excitacién 
de modos colectivos, tales como las ondas de plasma, las oscilaciones iénicas, etc. En el de funciones de distri- 
bucién que se aproximan al estado de inestabilidad cuando se hace variar algin pardmetro, la energia es muy 
grande para ciertos modos y tiende a infinito a medida que se va alcanzando la inestabilidad. 


Equilibrio y estabilidad de un plasma de simetria axial con presién anisotrépica, C. MercreR y M. CorTsartis 
(Growpe de Recherches de lV Association Euratom-CEA sur la Fusion, Fontenay-aux- Roses, Seine, Francia) 
Fusion Nuclear 1 (1961) 121—124 
En este trabajo los autores estudian la estabilidad de los plasmas de simetria axial con presién anisotrépica, 
generalizando los métodos expuestos en un trabajo precedente [Fusién Nuclear 1, (1960) 47]. Extienden la 
condicién necesaria de estabilidad previamente hallada para una presién escalar y, ademas, aparecen dos 
condiciones nuevas que se cumplen siempre en el caso precedente de presién escalar. 


Caracteristicas de la tensién de un plasma en rotacién, B. LeHnert (Real Instituto de Tecnologia de Esto- 

colmo, Suecia) Fusion Nuclear 1 (1961) 125—130 
El] autor estudia el equilibrio de fuerzas en el caso de un plasma en rotacién, confinado en una camara cilindrica 
alargada y colocado en un campo magnético axial. Establece una relacién entre la tensién producida en la 
direccién radial del plasma, y la carga eléctrica generada por una fuente exterior y transmitida a través del 
sistema. Comprueba que la capacidad equivalente, que describe el comportamiento eléctrico del plasma, depende 
de la carga transmitida por el mismo y de la constitucién de las paredes de la camara. Propone una explicacién 
del efecto de limitacién de tensién, ya observado en el aparato «Ixidén». 


Acumulacié6n del plasma en un aparato alimentado por captura de iones energéticos, J. R. Mackry, Jr. (Oak 

Ridge National Laboratory, Oak Ridge, Tennessee, Estados Unidos) Fusion Nuclear 1 (1961) 131—138 
Simon ha estudiado [J. Nuclear Energy € 1 (1960) 215] la acumulacién de plasma, sin pérdida de energia, 
en un aparato en el que se inyectan y capturan iones energéticos. Ha formulado una teoria general de los estados 
estacionarios para aparatos tales como el OGRA, en los que la captura se inicia por medio de interacciones 
con gases residuales. En los aparatos de este tipo, se observa normalmente una intensidad critica de la co- 
rriente de entrada o una densidad critica del plasma (que es funcién de la corriente de entrada), por encima 
de los cuales la densidad del plasma aumenta hasta alcanzar un valor limitado por pérdidas debidas a la disper- 
sién de Coulomb. El autor deduce formulas sencillas y aproximadas para un régimen de funcionamiento dado 
(inyeccién a 600 keV de moléculas de hidrégeno ionizadas, seguida de su disociacién; comportamiento del 
plasma capturado como bomba idénica muy eficaz). Dichas férmulas aproximadas describen la intensidad de 
corriente critica, o la densidad critica para el crecimiento del plasma. Las férmulas de segunda aproximacién 
que el autor establece describen con un error del 10 por ciento, para una extensa gama de pardmetros, las zonas 
de superposicién de la curva representativa de la densidad en funcién de la intensidad de la corriente. 
A continuacion, el autor aplica este método de analisis a un sistema en el que la captura inicial se realiza por 
medio de un arco de carbono de Luce, como por ejemplo en el aparato DCX-2. Se observan dos aspectos nuevos: 
1) si la densidad del arco se hace disminuir lentamente o si se utiliza un arco de menor densidad, la intensidad 
de la corriente critica para el crecimiento del plasma es inferior en casi un orden de magnitud a la estimada 
en los trabajos anteriores; 2) la densidad critica del arco, por debajo de la cual el plasma crece después de la 
interrupcién del mismo, es suficientemente baja para que las pérdidas de energia en los electrones del arco 
de temperatura fija revistan poca importancia. 
El autor ha estudiado también el crecimiento del plasma en funcién del tiempo, asi como ciertos aspectos del 
problema de las impurezas y efectos de calentamiento de los electrones. Cita ejemplos numéricos para los apara- 
tos OGRA y DCX-2. 


Amortiguamiento de las inestabilidades de Rayleigh-Taylor de una desearga de un thetatrén, H. A. B. Bonin, 
A. A. Newton y N.J. Peacock (A. W. R. E., Aldermaston, Berkshire, Reino Unido) 
Fusion Nuclear 1 (1961) 139—143 
Los autores han utilizado una camara ultrarraépida para obtener fotografias sucesivas de descargas en deuterio 
y helio, en las que las inestabilidades por estrias son arrastradas por la fuerza de inercia de una aceleracién 
radial. La longitud de onda asociada a la inestabilidad aumenta a medida que la presién inicial disminuye, 
efecto que sugiere un amortiguamiento debido a la viscosidad. En algunos casos, este amortiguamiento parece 
impedir por completo la formacién de estrias. El resultado de las experiencias concuerda en general con la 
teorfa simple del amortiguamiento viscoso. En el momento en que la intensidad del campo magnético se aproxima 
al maximo, aparece una inestabilidad debida a la aceleracién radial asociada a la rotacién del plasma. 
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Page 8 Equation (54) can be simplified. Multiply Eq. (55) by w and integrate over dw, assuming the 
current to be borne principally by the electrons: 


—~[E+1+0u,xB]—vnve 
~) Cc 
. wae [(27¢e* ln A)/m] [ d®w fo (Ww) —" W . Vy + (w) 


This permits one to reduce Eq. (54) to the form: 


20 _9 c 


( mw* _ hw -Vin@ 4 (3 ww— ; w? I) :VU, —| e (r 4 1 U, x B) + VinN | . w} fot 


é 
= Bye Bs WX Vo Ot fot 


2ne*InA 


—_ ? ‘ 2] = ’ 
. 9. { ui | d? w’ f,* (w) ft (w’) g 7 sé [Vw Ot (w) — Vv Dt (w )}} 


It should be noted that no electron quantities are involved. Hence the ions behave like a 
simple gas. 


Pages 22,23 Corrected equations are: 
1\3 
Eq. (116) ye = (1+es)? 
, 1) 3 
iq. (117) A, = (24 wpe) (1 + es) 2 
oe E Y Yc - 
Eq. (120) am & + ie*|——-—, |* 
; (1 “3)2 
Eq. (126) (y/x)—1 ae*"5 at y=oy* 
Eq. (130) y*=1 ; (5 Js 
" , e\if I e\2 1 /e\? | = L V3 
Eq. (131) a? a (3)"[5 + (S)*+4(5) +...) i(5)*}Au+...1 
w* 
Eq. (132) Im 2* = Im — 
pe 
Page 63 In Eq. (12) delete EZ, from exponential preceding the integral. 
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TRANSLATIONS 


A limited number of copies of the translated texts (without figures and equations) of articles which have appeared 
in ‘“‘Nuclear Fusion’”’ will soon be available for subscribers to the journal or for those official agencies, exchange centers, 
governmental libraries, etc. who receive free copies of the journal. 

If you are subscriber, or an official recipient, and wish to receive a copy of one or more translated texts, address 
your request to ““The Editor, Nuclear Fusion, International Atomic Energy Agency, Kaerntner Ring 11, Vienna I, 


Austria”. Include your address and the “TT’’ number (see list below) of the translated texts which you wish. 


TRADUCTIONS 


Un nombre limité d’exemplaires des traductions (sans figures ni équations) des articles parus dans «Fusion nucléaire» 
seront prochainement & la disposition des abonnés et des institutions officielles, centres d’échange, bibliothéques 
nationales, etc. qui regoivent des exemplaires gratuits de la revue. 


Si vous étes abonné & la revue ou si elle vous parvient & titre officiel, et si vous désirez un exemplaire d’une ou de 


plusieurs traductions, adressez votre demande au Rédacteur de «Fusion nucléaire», Agence internationale de l’énergie 


atomique, Kaerntner Ring 11, Vienne I, Autriche. Indiquez votre adresse et le numéro «TT» (voir liste ci-dessous) 


des traductions qui vous seraient utiles. 


TIEPEBOJIbI 


B CKOPOM BpeMeHH OFpaHH4eHHOe YHCIIO 9K3EMMIAPOB MepeBeeHHbIX TeKCTOB cTaTeii (6e3 4epTexei H dbopMyn), NOABMBLUMXCA 
B *KypHase ,,AnepHbii cuHTe3", GyneT MpeaOcTaBNeHO NOANMCYMKaM X*KypHasia WIM TEM O*MUMAIbHbIM Y4YpexIeHHAM, LEHTPaM To 
oOmeHy HHopMauveii, NpaBHTeJIbCTBeHHbIM OuOnHOTeKaM H T.0., KOTOpbie Nomy4aroT GecnaTHble IK3EMIMUIAPbI %*KypHasia. 
Ecuiv Bbi ABJIAETECh NOAMMCYHKOM HIM OPHLMAbHbIM NOsJyYaTeJIeM HM %KeaeTe MOMYYMTL IK3EMIVIAP ODHOTO us Gonee NepeBeneH- 
HbIX TeKCTOB, OOpailaiitecb no agpecy: ,,The Editor, Nuclear Fusion, International Atomic Energy Agency, Kaerntner 
Ring 11, Vienna I, Austria’. Ykaxute Baul agpec u HOMep «TT» nepeBeaeHHBIx TeKcTOB (cM. TaOmMULy HM%Ke) KOTOPbIe BbI 
wKellaeTe MOJUYYTb. 


TRADUCCIONES 


En breve se dispondraé de un nimero limitado de ejemplares de los textos traducidos (sin cifras ni ecuaciones) de 
los articulos aparecidos en «Fusién Nuclear) para las personas suscritas a la revista o para los organismos oficiales, 
centros de intercambio, bibliotecas publicas, etc., que reciben ejemplares gratuitos. 

Si esté usted suscrito a la revista, o la recibe a titulo oficial, y desea recibir un ejemplar de uno o mas textos traducidos, 
pidalos a la direccién siguiente: «Redactor de ‘‘Fusién Nuclear’, Organismo Internacional de Energia Atémica, 
Kaerntner Ring 11, Viena I, Austria». Indique su direccién y el nimero «TT» de los textos traducidos (véase la 


lista a continuacién) que desee. 


* Translated into 

TT-1 Nuclear Fusion 1 (1960) 3—41 R 

TT-2 Nuclear Fusion 1 (1960) 42—46 R 

TT-3 Nuclear Fusion 1 (1960) 47—53 E 

TT-4 Nuclear Fusion 1 (1960) 47—53 R 

TT-5 Nuclear Fusion 1 (1960) 54—6l1 

TT-6 Nuclear Fusion 1 (1960) 62—63 

TT-7 Nuclear Fusion 1 (1961) 82—100 

TT-8 Nuclear Fusion 1 (1961) 121—124 


* E — English, R — Russian 
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